FSPM 0024 CALCULUS @ UTM ©NMI
ASASISAINS SEM 2 2019/2020

CHAPTER 2
DIFFERENTIATION

2.1 The Geometrical Meaning of Differentiation

2.2 Differentiation of Simple Algebraic Functions
2.3 Differentiation Rules

2.4 Higher Order Differentiation

2.5 Differentiation of Trigonometric Functions

2.6 Differentiation of Logarithmic Functions

2.7 Differentiation of Exponential Functions

2.8 Differentiation of Implicit Functions

2.9 Differentiation of Parametric Functions

innovative e entrepreneurial @ global | www.utm.my %TVM




FSPM 0024 CALCULUS

ASASISAINS SEM 22019/2020

The Geometrical
Meaning of

Differentiation

ive @ entrepreneurial @ global | www.utm.my %TVM




FSPM 0024 CALCULUS
ASASISAINS SEM 22019/2020

e Geometrical Meaning of Differentiation
9 Definition 2.1: The Derivative )

Let y =f (x) be a function. The derivative of
a function f with respect to x,

denoted by f', is defined by
PO (2 IR (C),

0x—0 OX

provided the limit exists.
Note that the domain of f'is a subset of the domain of f in which

the limit exists. The domain of f'may be smaller than the domain
G of f. If flexists, then we say that f is differentiable at x.

. A N

J
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e Geometrical Meaning of Differentiation

(0 Definition 2.2: Gradient of the Tangent )

If P(x,, y,) is a point on a curvey = f(x),
then the gradient of the tangent to
the curve at P is defined as

L. f(xg + 6x) — f(x0)
m = lim
o0x—0 6X

provided the limit exists.

G )

. A N
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e Geometrical Meaning of Differentiation
6 The First Principle )

Step 1 Given y = f(x). Write the expression f(x+6x).

Step 2 Obtain the expression difference between
f(x+0x) and f(x), that is

fx+6x) — f(x)
Step 3 Simplify the expression
fx+6x) — f(x)
O0x

Step 4 Find the limit
flx+6x) — f(x)

G cSlalcglo Ox y

. A N
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‘The Geometrical Meaning o
Ify = f(x), then & d ~ £/ = lim [f (x + h> f (x)] when the

limit is exist. If the limit exist, function f 1s said to be

differentiable with respect to x. The process of finding the
differential coefficient of the
function is called
differentiation. The following

notation i1s sometimes used and

f(x+h) - fx)

known as the first principle.

[f(x +h) — f(x)] "

f'(x) = lim

h—0
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‘The Geometrical Meaning of thferentmtw |
@

By using differentiation from the First Principle, Q)
find the derivatives of the following
=9 d 2
a) y= ) Y= ” <
3
b) y=x2+1 e) y:4x-|—2x2 |§
) y=vVx+1 f) .
c = —
’ vx —1
\_
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@

a) Show that f (x) = |x| is not
differentiable at x = 0.
b) By using differentiation from the First

N
X
L. . . I/ _y
Principle, find f(x) if f (x) =x"". Show §
that f(x) is not differentiable at x = 0. 5
Sketch its graph.

.
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The Geometrical Meaning of Differentiation |

The Relationship Between Differentiability and Continuity)

If f(x) is differentiable at x = x,, then f(x) is

continuous at x = x,

Theorem

(x,) = lim f(x) — f(xo)_

X=X X — Xp

J
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The Geometrical Meaning of D

@
Find f'(a) for the given value of a from first Q)
principle.
a) f(x)=3x*—12 xy=2 b
3
b) f(x) =vVx+1 Xo = 3 3
(N
c) f(x)= X = 8
k f Vx + 1 X
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Differentiation of Simple Algebraic Functions

e The Derivative of a Constant Function )

If y =c¢, where c is constant, then

dy_
dx

Theorem

0

J
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Differentiate the following functions with respect
lOo X.

Ay

a) y=3 ) y=m 5
S

3

b) y= 7s d) y=ne 3
- ‘ innovative e entrepreneurial e global |  www.utm.my b
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| e The Power Rule for :Posztwe Integers )

If y =x" and n is a positive integer,

then

Theorem

dy n-1
E — nx

J
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Differentiation of Simple Algebraic Functions |
Q

Differentiate the following functions with respect
lOo X.

@) y=x" 0 y=xt

b) y=x* d) y=x2

.
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e The Derivative Constant Multiple Rule )

If vy =cu, where u is a differentiable

§ function of x and c is a constant, then
S
= @ _

dx dx

J
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erentiation Rules

Differentiate the following functions with respect

lo Xx.
©

a) y=7x°b c) y="¥xl %:
3
IS

b) y=100x d) y=-2xI

\_
‘ innovative e entrepreneurial @ global | www.utm.my \IIII)TVM



FSPM 0024 CALCULUS
ASASI SAINS SEM 2 2019/2020

e The Derivative Sum Rule

Let u and v be differentiable functions

S
§ with respect to x. If y =u + v, then
QV
<
o dy du dv
dx dx dx

J
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.

Differentiate the following functions with respect
[0 X.

a) y=xt+x+3 ¢) y=x10-—5x"+4x°

b) y=Ex*—x)?2 d) y=-2x-3)0°
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F

Theorem

9 The Derivative Product Rule

Let u and v be differentiable functions

with respect to x. If y = uv, then

dy dv du
dx_udx | vdx

J
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Differentiation Rules

@

Differentiate the following functions with respect
lo X.

) y=(+1+3)*
b) ¥y =@~ x)(x+4)°
c) y=x*(bx*+4)?

d) y=@1Q-x)%x+5)°

Q)

fxam_ple 8
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Differentiation Rules .
B 9 The Derivative Quotient Rule )

Let u and v be differentiable functions

with respect to x. If y = o and v + 0

v
then

Theorem

du dv
dy Vr~Vdx
dx V2
Q )

. A N
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Differentiation Rules

@

Differentiate the following functions with respect
[0 X.

Q)

5x3 + x? 1

7 — 3
)y = 3—x d)y=x3—2x+5
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“Differentiation Rules

6 The Power Rule for Integers )
c|| Ify =x"and n is any integer,
QU
§ then
N
= dy
e n—1
— nx
dx
J
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Differentiation Rules

@

Differentiate the following functions with respect
[0 X.

Q
a) y=x" ) y=@+49> K
S
1 1 A5
b) y:F d) y_(x2_3)9

.
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‘Differentiation Rules

\ e The Chain Rule

If g 1s differentiable at x and f is
differentiable at g(x), then the
composite function fo g is
differentiable at x. In other words, if
y =f(gx)) and u = g(x)

dy dy du

dx du dx

Theorem

J

. A N
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| l)i_ erentiation Rules
o
Differentiate the following functions with respect Q)
lo Xx.
a) y=@ -5
b) ¥ =B+ B + D 3
: (x—5)3 S
c) y= S
2x +1 =
d 1—2x
) Y= 1+ 2x
g \
innovative e entrepreneurial @ global | www.utm.my \'IJV
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erentiation Rules

D
@

Find dyl/dx for the following functions. Hence, Q)
find the value(s) of x when dy/dx = 0.
a) y=02x+3)(3x—2) .
2 2
; (16 ) N
= |——x Q
) Y =15 &
c) y=(1x—2)>
\_
innovative e entrepreneurial @ global | www.utm.my \'IJV
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tiation Rules

ijyere

17 (x)
dy du
dx_cdx
dy du  dv
dx dx — dx
dy dv_l_ du
dx_udx vdx

du_ dv
d_yzvdx dx
dx V2

—
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Higher
Order
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igher Order Differentiation

ﬁccasionally, it 1s useful to differentiate the
derivative of a function. In this context, we
shall refer to f' as the first derivative of f and to
the derivative of f’ as the second derivative of f.
We could denote the second derivative by (f')’,
but for ssmplicity we write f''. Other higher-
order derivatives are defined and denoted by

f'". In general, for n > 3, the n'* derivative of f
is denoted by f™ | for example, f@ or f®. /
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First derivative

Second derivative

Third derivative

n-th

S or

e or

S (x) or

or

") or
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igher Order Differentiation

a) If f(x) =4x*— 2x3 + 3, find its first five

derivatives.

b) Findy'andy' for the following: §
1.y =Tx*-5x3-2x §
1. y=(x3+5)(3x+2) §
2 S
jii, y = — v, y = 1
T Y2 YT G+ D2 + 2)
_ ‘ innovative e entrepreneurial e global | wWww.utm.my Iv
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igher Order Differentiation
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@
a) Show thaty =x3 + 3x + 1 satisfies the Q)
equation y'""+ xy'' - 2y'=0.
— E A6 s pi A%y on
b) If y=5xb-2x4 find_—Z ~
dx? &
x=1 Q|
c) Verifythaty=Ax + Bx? (A and B are §
constants) satisfy the equation (X
d’y _ dy
2
X 2x—+ 2y =0
N dx? dx
. . s A
_ ‘ innovative e entrepreneurial @ global | www.utm.my e
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f Trigonometric Functions | onometrw func tums

d
4| — (sinx) =cosx | d
> dx — (cotx) = —cosec? x
e dx
< I
- :
~ — (cosx) = —sinx
g dx d

secx) = secxtanx

g —— (secx) =
< tan x) = sec’ x
=N dx ¢ ) =
Z
= d
7 - — (cosecx) = —cosec x cotx
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Differentiation oj
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rigonometric Functions

: : d du
If u(x) is a function of x | — (sinu) = cosu—
dx dx
d a4 = du d 4 (cotw) = du
CoOSU) = —Sinu — cotu) = —cosec® u—
dx dx dx dx
d 4 ) du d 4 ) du
secu) = secutanu— anu) = sec®u—
dx dx dx dx
d du
— (cosecu) = —cosecu cotu—
dx dx
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rigonometric Functions

Differentiate the following functions with respect
[0 X.

a) y = sin(2x) e) y = COS \/xz + 3

X
b) y = cos(x + 3) f)yzcosZ\/x3—1§

S
o)y =sin®Bx+1) g)y=tan(x*—-1) &
d)y =sinV2x +3 h)y = tan?(x? + 2)

. A N
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fferentiation o

Differentiate the following functions with respect Q)
lo X.

a) y = 3sin(6x? — 12x)
b) y = sin(x?) cos x

c) y = 5x cosec(4x)

fxam_pte 15

d) y = cot(5x + 6)

2
. €)y = cos’ (2 — 3x2)
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Differentiation of Logarithmic Functions

(2

If f(x) = log,x is continuous for x > 0,

and a i1s any base, then

av _1 >0
dx  x pa®r X

If a =e, then log,x =1n x. Therefore

dy 1
— = >0
dx x *

J
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STANDARD
DERIVATIVES

€.

If u(x) is a function of x

1 du

=
— (1 = —] —, u>0 7
1 M_ldu . 0 EE
dx i udx’ “ e T
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Differentiation o

@

Differentiate the following functions with respect Q)
lOo X.
a) y = In(3x)

b) y = In(x? — 2) §
¢)y =Inv3x—1 3

d) y = In(sin 2x) '53
e)y = In(x3 + x)

)y =1In(2 cos” x)

“To
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Differentiation of
Exponential

Functions

innovative e entrepreneurial @ global | www.utm.my

. A N




FSPM 0024 CALCULUS
ASASI SAINS SEM 2 2019/2020

Differentiation o

(2

If y = a*, use the following steps:

Step 1: Take logarithm with base e for both
sides of the expression
Iny=Ina*
=xlna

Step 2: Differentiate the expression with

respect to x
1dy dy

—lna 2—==a*lna

; dx dx

J
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Differentiation o

(2

If vy =¢e* use the following steps:

dy_
dx

ex

J

) N
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STANDARD
DERIVATIVES

€.

If u(x) is a function of x

d du
uy —
= —(a%) = a lnadx

O
&
:
=
<2
Z
<3
T

€.
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Differentiation of Exponential Functions

@

Differentiate the following functions with respect Q)
lo X.
a) | y=>5" f) | y=e™ N
. X
— Ox+5 — psin(2x+3)
b) |y =2 g) y=e §
C) y = 3(2x-1) h) y = p2X — p2x l&]
d) Yy = 10sin(3x+5) l) y = psec X +tan x
innovative e entrepreneurial @ global | www.utm.my \"HV
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Differentiation of Exponential fynctwns
(e Q)
1) Ify=-e*sin 3x, fznc& and F Hence show
X
that
Y 2 10y =0
dx? dx Y= 3
1) Find the derivatives of the following gs.
expressions. §
) eBx b) 2 -
a 4x — 1)e ¥
(x + 1)4 ( )
G
Ty
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Differentiation of Implicit Functions

Theorem

(2 )

If y and x are related in a function,
and explicitly and implicitly defined,
then

dy 1
dy

J
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1) Find the derivatives for 3x* — xy + 3y =
7
a) by writing y in terms of x.

b) by using implicit differentiation.

fxam_ple 19

2) Find the first derivatives for
a) 3y?—2x? =2xy

—b)—xZiny +2x=y?
_ ‘ innovative e entrepreneurial e global | WWW.Utm.my53 v
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Differentiation of Implicit fuﬂct_wns
@
Find =2 for the following functions.
dx
x4(x + 2
a)y = ( ) b) x> —xy +y* =79
x—3 ©
X
c) x*y + e**y? —2x =0 S
- d)y =sin(x +y)? K
e)y =
J @+ D(x + 2)
_ ‘ innovative e entrepreneurial e global | www.utm.my lIJTVM
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erentiation of Implicit Functions

Q
3 Q)
x+1 d
1) Ify = v , find _y
(x +2)Vx + 3 dx g
o
X
2) Ify = X"z cosx , show that S
5 S
x2 d Y Ly dy l (xz _ 1) — 'Eﬁ
| | Yy =
dx? dx 4
_ ‘ innovative e entrepreneurial @ global | www.utm.my K'gvm
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Differentiation of
Parametric

Functions
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Parametric funetwns

If y=f(t)and x = g(t) then

S dy dy dt dy 1
N *d
§ dx dt dx dt X/ g
) F(O)x —
= f'(t)X
g'(t)
dy f'(¢)
dx g(t) y

innovative ® entrepreneurial ® global | www.utm.my?>’ ‘IJTVM
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Differentiation of Parametric Functions

@

1) Find% Q)
dx

a)y =t3 +t, X = t?
b)y =4 — 4t — 42,  x =2t §
d i~
1) Evaluate—y S
dx §
aA)x=t*—-2t, y=t>—-3t, t=4 ™

_ 30 t =2
R T _
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tiation of Parametric Functions

7/

Differen

1) The parametric equations of a curve is

given by x = et and y = sin t.

g WAy -
ind = and -7 in terms of t. g
2 4 3 g
: t L — :
2) Giveny = :_ X = — find @3
dy d*y
—~ift=1 ——— ift =
a) - 1 b) — ift =1
innovative e entrepreneurial @ global | www.utm.my 1V
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