CHAPTER 4
VORTICITY

4.1 DEFINITTION
e Vorticity is defined as w=VxV . It means that rotation rate of flow as an

angular velocity along the direction of vorticity
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e If W=0, the flow is irrotational

Example 1:

. _ a X A
Given vV = 2y2|_2 :
X +Yy X +y

I.  Find vorticity w
ii.  Find streamlines

Solutions:

i.  Vorticity



ii. Streamlines

= From this example, it appears that the fluid is irrotational, but if we observe
an individual particle each of that particles retain its orientation with
respect to coordinates axis as it moves in a circle, W is actually measure
local rotation.

= If the fluid is rotating as each were rigid at angular velocity, Q then

w=2Q or if W=0 each fluid particles is rotating at angular velocity
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Theorem
If Vxv =0, then there exists a scalar ¢, such that Vv=V¢

Proof
VxV@=0 (... Show it)

Since, V-.v=0,if v=V¢
= VV=V-V¢=V?

Show also, from the above theorem, V2 =0(... Show it)



4.2 THE RELATIONSHIP BETWEEN STREAM FUNCTION AND
VORTICITY

a) 2D Flow
Consider V=Vxwpk
We know that W=VxV

=V><(ngy|2j
And by using vector identity, we have
wzv(v-gylij—v%ulé
But, V-l//kA =0

Therefore, W=-V2yk

b) Axisymmetric Flow
I.  Cylindrical coordinates

We know that vV :{—15—'/’ 0 la—‘”}

roz' 'ror
Since W=V xV
2
Then, V_VZ—EDZQ//Q where D’ = §2+ Gar(l a]

ii. Spherical coordinates
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We know that V_{ r2sind 00 rsind or ’O}

Since W=VxV
- 1 A
Then, W=———D?Ad
rsing = "

,_ 0% 1(3* cosd o
where D=2 +r2[a<92 sind ae}



Example 2:

Flow with non-zero vorticity. Given Vv =u(y)i . Find w

Solution:

Example 3:

Flow in circles round the z-axis. Given V, =0 and V, = f(r) Find w if

a) V,=Dr
_C

b) Vg =T

Solution:

a)



b)

c) Model with Vortices

o We only consider 2D vortex: Rankine’s vortex

o This model is chosen because most of all line vertex, w=0, but only
near r =0, (r is radius of a circle).

o For example, if VQ:% means when r—o,V, -0 but when
r—0,V, undefined
Example 4:

Consider

yy=,k forr<a
0 forr>a

where a is a radius of a circle. Find W(r)=0 on r=a and y(r) bounded
when r —0

Solution:



Using boundary condition: y(r)=0on r=a
w (r) is bounded when r —0

Let A=0 (In0: undefined)

Case r >a;



4.3 CIRCULATION

o Let c be any curved in a fluid region. The circulation of fluid around the
curve is defined as

I =¢v-dr where dr = dxi +dyj + dzk

Theorem

If ¢ is reducible within region of flow in which w=0 then I'=0
(irrotationally ~ zero circulation)

Example 5:

Find T if ve—d i -——>— ]

X+y2 Xyl

When c is a curve of circle

Solution:



4.4 LAPLACE EQUATION

Mostly all fluids are incompressible and satisfy the continuity equation

V.v=0
If the flow is irrotational, Vxv =0
Then V=V¢
Therefore, from the continuity equation
V-v=0
V-V¢=0

V24 =0 (is known as Laplace equation)

In cartesian coordinate,

2 2 2
vip-29. 29,79
ox- oy® oz

In cylindrical coordinate,
¢ 1og 1 0%
Vig=—" 4=+ =2
¢ or? ror 17 af’
In spherical coordinate,

2 2 2 2
O PG, L0200, 100
orc rorc r°sin“éoir° ror r 00

Vg
Example 6:
The solution of V2¢=0 in spherical coordinate is given as
#(r,6)=( Ar"+Br"*)(CR, cos 6+ DP, sin6)
By taking n=1, C=1, D=0, P,cosd=cosé
and consider the flow is irrotational when r — o

Show that V = AK

Solution:








