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PARTIAL DIFFERENTIAL EQUATION
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B4 —4AC =0 B%—4AC >0 B%—4AC <0
Parabolic Equation Hyperbolic Equation  Elliptic Equation

Solution Steps:

1. Draw the grid solutions and consider the value of
boundary and initial conditions.

2. Write PDE in the form of finite-difference .

3. Calculate Ui j level by level (molecule graph).

4. Find the answer through the solution of linear
equation system.



Parabolic Equation

Focus: Heat Equation

Temperature distribution: u(x,t)

i

Heat Equation: —=¢C 5 O<x<Lt>0
ot OX
u(o,t)=
Boundary conditions ( ) “
U(L,t):CZ

Initial condition : u(x,0)= f(x)

/

Explicit Finite-Difference
method

Method




Explicit Finite-Difference Method

u(x,t)=ulx;,t;)

Finite difference formula for this method:

au. . U: : —U; ;
Ly _ -+l ML (forward difference)
ot K

O°Uj Uiy j—2U;j+U,

I, ]
ox? h?

+L) (central difference)

k:ti—i—l_ti = At and h:Xi+l_Xi = AX

Hence,
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—=CZ N I ]+l I, ] :Cz 1-1, j I, ] 1+1, ]

ot Ox° k h?



e.q.

Given the heat equation:
ou 4 0%

~5.2-0

ot ¢ ox

with
u(0,t)=u(4,t)=0 t>0

u(x,0)= (sin%)(u cos%) 0<x<4

take h=1.0 and k =0.04, solve the heat equation up
to second level.



Hyperbolic Equations

Focus: Wave Equations

VAN |
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Displacement distribution : u(x,t)

2 2
. u u
Wave equation 8—2 = ¢? 8—2
ot OX
O<x<L,t>0

Boundary conditions

u(0,t)=0
u(L,t)=0

Initial conditions : u(x,0)= f(x) > initial displacement

Zl:( 0)= g(x) = initial velocity

method - finite difference

Finite Difference Method

u(x,t)=ulx;t;)

=U;,

j



Finite difference formula:

2
8ui,j Ui j_1— 2U; j TUi
o2 k2

2
O°Ujj  Ujgj—2Ujj+Uiy
Ox2 h?

Initial conditions (velocity)

Ui iq — Ui ;
(’;E:(XO) g(x)= I,J+12k YT consider this

condifion at Tst level

k:ti+1_ti = At and h:Xi+1_Xi = AX

Thus,




e.g.

Given the wave equation

2 2
5_; _36_121 = O<x<?2
ot 7T OX
where
U(O’t):UZ,t =0 t>0
u(x,0)=sin(mx)
U (x,0) = cos(27x) } 0<x<2

take Ax=k=0.1, solve this equation up to the second
level.



Elliptic Equations

Focus: Poisson Equation and Laplace’s Equation

o)
X
0 a
y
Steady-state temperature distribution : u(x, y)
2 2
Poisson Equation : 0 lZJ+ g ;I = f(x,y)
ox= oy

O<x<al<y<b

If; f(x,y)=0 then,

| . o°u  0%u
Laplace’s equation : st = 0
oX~ oy
O<x<a, 0<y<b

y)=f
Boundary conditions : a,y)=fa(y)



Method| > finite difference

Finite Difference Method

u(x,t)=ulx;.t;)

=U;,

]

Finite Difference Formula:

2
0 ui,j _ui—l,j —2U| j +u|—|—lj

ox2 h?
2
8ui’j |J1 2U +U|J+1
8y2 k2
Thus,
Poisson equation
2 2
‘ ‘;+a 5= f(xy)
oX~ oy

ui—l,j —2u Ij+ul+lj |,j -1 2u +u| j+1
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Laplace’s Equation
o%u  du
;+t 5 =0
ox°= oy
Ui_g j —2Ui j + Ui j +Ui,j—1_2Ui,j U1
h2 k2 -

0

e.g. (Poisson’s Equation)

Use finite difference method to find the approximate
solutions for this equation

azu 82u 2 2 | xy
+ =X+ O<x<20<y<l
K2 oy ( y )e y
with (0,y)=u(x,0)=1, u(2,y)=e*¥ and u(x,1)=e*.
Take AX=h=1.0 and Ay =k =0.25,
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e.g. (Laplace’s Equation)
Use finite difference to find the linear equation system

for
Uy +Uyy =0 0<x<150<y<15

with u(0,y)=u(x,0)=0, u(L.5,y)=u(x,1.5)=2. Take
h=k=0.5.
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