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1.1 Functions of Two Variables

= /Gyl

Means that Z 1s a function of x and ¥
in the sense that a unique value of the
dependent variable Z 1s determined by
specitying values for the independent
variables x and V.

(x,v) € Domain

z € Range

and

x and Y : the two different independent
variables

z : the dependent variable

Domain (D) : the set of all possible

inputs (X,») of the function
f(x,y)that 1s



Range (R) : the set of output z that
result when (x,y)varies over
the domain D

For example,

1. f(x,y)= \/x2 + y2 Function of

two variables

Substitute 1

A, =+1+1° :\/5 for x and 1

for y

2. 2= f(x,y)=64-x" +e”

£1,0)=~/64—-1+1=38
£(2,-3)=/64—4+e° =60 +e




1.1.1 Function Representation of

z = f(x,p)

3-D coordinate system

Zi
J (%) 1s a rule
heyllya that assigns a
el [l unique real
4 - number to each
/ [ ~ point (x,y) in
same set D 1n the
xy-plane

Coordinate Planes

Z-axis

V-axis




1.1.2 3-D Coordinate system

Y AXIS

ZAXIS i =

Q{-ﬁ,-5,1u} i

7 1P(5,0,2)

¥s

Ié.””1ll}”

I X AXIS
ORIGIN 1

3 DIMENSIONAL CARTESIAN COORDINATE SYSTEM

3D coordinate system has 3 main planes:-

xyplane or z=0 (x,y,0)
xzplane or y=0 (x,0,z2)
yzplane or x=0 (0,y,2)
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The orientation of xyz-axis

?

r— e £(>v)
2-D
3
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1.1.3 Graph of a Function of Two
Variables

The graph of the function f of two
variables i1s the set of all points (x, y, z) in
three-dimensional space, where the values of
(x, v) lie 1in the domain of fand z = f(x, y).

(¢4) € Demain
ong leokhine ap
Q furface projrehes

'\ﬁéggad I owtb »y. plowe .

21
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The graphs of z = f(x, y) 1s called a surface
in 3D system or three-space (€R3 ).

It looks like a blanket!

Four types of surface in space:
1.1.3.1 Planes

Example 1

z=0,y=0,x=0

x=3,y=—1,z=35
Given as a constant equation with one-
variable.

Example 2

y=—x+6, 2y=4z+35, z+x=4
Given as a linear equation with two-
variable.

Example 3 Tetrahedron
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y+x+y=1

z=6-3y+2x
Given as a linear equation with three-
variable.
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"'ﬁ. P‘an{ 3
s caled {\
2= C |

(X.9,6)
ing of 2:=¢ paralie] with
Y- axis.
paraliel \uc‘-ﬁ-h/-
X. axig
yz-plane -
A2 -Plane [
>Y
A\l
' >
Y- plant Vea @
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How to sketch of the given
functions

1) Determine the variables

2) Sketch the trace in coordinate planes
(based on the variables exist)

3) Make the projection onto the trace-
plane which is parallel to the
(variables which is not exists)-axis
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wih Sketch te Yrace In the Uy - planc .

i Then , the projechon onic 2
Ay-plane i caed +he plome wwich paralie)
to tjl - P‘ﬂﬂt_
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Eq * Sxetch ™ qroph of Tty = |

CSoluron
The draceg n +he Coovdinate Planés

Y2 -prane , X =0 : the Straight ine

Ya l= 2.
> 1?2 - plane | Y=0 : the Straght Ine
2 = \l~3.
P NY-fPlane , 2:0 : the grvaigur line
Y = i:’(\.
. ) ™

Eveveise 1
Shedehn ¥t qroph of

Tz 63y ¢+ Ixn
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1.1.3.2 Curved surfaces
txewmples of ﬂne 1_""{"‘ %z?(a.m

—r .

20



\-1.3.2 CURVED SURFACE
(Morumear tauvamiony
2
O eg : \5 T M
' %‘ t 2§
‘6\‘ !‘\ . q
_ “ +hl’ Qiven eq/'-‘s MV( hAUC vVanol leo |

Wl frstly, sxerch the Qrapn ace in a
Plone (vastd on e Qiven vawawules))

@tq: teantiy
t:\ln'*a'

* ]

AN

n ~ 2
- 9 :‘
Ayt

)
VR the given €9 & have three vawables
WA Qaty, Sketch +he Qroph tvaces in the

e planes (coordinare Plames

(reveer
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Stedeh My Qroph trace in
S fone ( hard On e  §iven
Vovwewies )
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Wpev voloidt Weg
Pavale ( 2 +o_ - axg
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The 90"0:: fraces in ¥wg
ovolin
s ' Planeg
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\6

@%=x‘+3‘f1

Ri-plane: 2 ,J-;

F b
“t '|°" .52‘-")( O Z==X
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(k) §i+%i~.zz:"

2'3.
‘voi* of My.- plone
s 5 B 7

X* 2
- F %L,fl ellipse

X=0
=
trais 0f we.Plane

- = a3
p 32 = T'=|  hypevrhola

571:1*_ P = h\JPQVhO!Q '
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/4.4 Surfuces in Spuce 647

!

Hyperboloid of One Sheet
x?. ¥ 2 {
s=tTE-a"
Traces parallel to xy-plane: "
" Traces parallel 10 xz-plane: .
"7 Hyperbolas
P x: trace
Traces parallel to yz-plane: ;
Hyperbolas FIGURE 14.38
z
= xr-irace
Elliptic Cone
?
o i =0
a= yz-trace 4
Traces  ara.el to xy-plare: - ¥
El'ipses ) F ks :
Traces parallel to xz- slane: 4 _)
Hyperbolas § rd
Traces parallel to yz-plae
Hy perbolas .
i FIGURT 1439
Hyperboloid of Two Sheets P
M 2-tracy
a? # xi-trac = ‘
Traces parallel o xy-plane: . y
Ellipses.
Traces f;i;‘l';l"t’ o .x:-plane: x
Hyperbolas
Traces ﬁatul!cl 1o vz-planc:
Hyperbolas FIGURE .40

W
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How to sketch curved surfaces ?
v" domain and range
v Level curves

Level Curves
To sketch the graph of two variables, we
need to familiar with the contour maps.

Notice that when the plane z = C intersects
with the surface z = f(x, %) the result is

the space curve with the equation J iy ):C,

so we called these as the level curves.

1.1.4 Sketch of the surface
z = f(x,y)

* the set of point (¥,¥) in xy-plane that

satisfy f(x,») is called level curves
/contour curves
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ta . cContour map

Leve! curves yicled e
tovteuy weop of
T , t ‘(Ib,’
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Sketching surfaces with level

curves
Let z = f(x, p) is a function of two variables

v Plane z =C intersects with the surface
z=f(x,y) >/(xy)=C

v' The set of point (¥,¥)in the xy-plane that
satisfy f(x,¥)=C is called the level

curve of fat C

v An entire family of level curves is
generated as C varies over the range of f
v The graph of z = f(x, y)is a surface

which can be obtained by sketching the

contour map (set of level curves) on xy-
plane
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Example

Sketch the contour lines/level curves and
the graphs

(i) z =x"+y",¢c=0,1,2,3,4,9

(11) zZ= Vx2+y2 9620919499

(ili) z=6-x"-y,c=0,2,4,6
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Solution
(i) z=x" -I-y2 ,c=0,1,2.3,4,9
Sketching the level curves

- first, replace zwith the value of ¢

- second, plot the graph on the xy-plane

¢=0 x’+y°=0
c=1 x4+’ =1
c=2 x'+y =2
c=3 x’+y° =3
c=4 x’+y° =4
c=9 x'+y' =

The traces 1n the coordinate planes:

e yz-plane, x = 0: the quadratic curve,
z=y"

e xz-plane, y = 0: the quadratic curve,

2
Z =X
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e xy-plane, z = 0: a point (the origin)

- \ y:oe Tz o
(ye-vene) (xnr.-prene) Cny. prone )
) * ( Dewein

"

(i) z=Jx"+y" . c=0,1,49



c=0 x’+y° =0

level! Cuvves
c=1 X +y =1 17 Pan s
c=4 x'+y' =4 >
c=9 x’+y° =9

The traces 1n the coordinate planes:

e yz-plane, x = 0: the straight line, z =

I
=<

e xz-plane, y = 0: the straight line, z =

I
»

e xy-plane, z = 0: a point (the origin)

e parallel to xy-plane, z = 4: the circle
2 2 2
x“+y- =4
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~ f 24 ., Relokon betwen

b =T L ‘he gveeh of
T e % given
(suvfecey ond
T %s reve)
Cuvves in.
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(i) z2=6-x" -y ,c=0,2,4,6

Sketching the level curves
- first, replace zwith the value of ¢

- second, plot the graph on the xy-plane

6—x'—y=0=>y=-x"+6

Q
]

6—x'—y=2=>y=—x"+4

o
I

6—x'—y=4=y=—x"+2

o
1
o N N =

2

Q
I

6—x'—y=6=>y=—x

3

Level cuvyers
m 2.0
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1.1.5 Domain and Range of
z = f(xp)

Domain :{(x,y)|xeR,yeR, 22?2}
7

any constraint

??? /(x.») may consist:

=
w »w L B x c
L) ll! w O, " >

*Sometimes we need to sketch the
domain of the function given.
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Range - z-values that results when
(x,y) varies over the domain
(i) z positive ?
(ii) z negative ?
(iii) z zero ?
(iv) z has maximum value ?
(v) z has minimum value ?
Range :{z‘z e R, 777}

T

put the limitation of z here!!

Example

Describe the domain and the range of
z=,/64—4x —y*
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Solution

The ctdchcuj cf Dowmein
| o
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Ov

Jowmeip S(xn’),xe‘,‘je.‘ 3.-: o 3' < ) }
L' ""

Rovae < § 2/2em ,0eq ¢ &5t
cv

Romge + § 2|2em, 0c0e 0
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Example

Find the domain and range of # = X'y -1,

Solution
Constvumd : Y 20

Dowoin - {f'*h\a)' HEIR, 9 ER,
Y30
Kamag : 7 }
2
niy >0 ( @'ways ave
. - > =)
I Renge s 2| 2ew, 2 3. %

gtf"f-‘\ ';V5 of donn‘n
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Example

Find the domain and the range of
z=In(x"-y)

Solution

- s
Comstvaint : XY P O Y

& Domerin {(‘h‘.ﬂ' XER,yeR, \ ""13

ck M‘uj
el iy
Demain

for Romge 2 Cow e Bene
Cawv Wwe &Ve
fovn be -Vl

: Romge :f2 ) pem roce cro0d

45



Example

Find the domain and the range of

z=4-x"—-y*

Solution

Domain :{(x,y)‘x eR,yeR}
Y

Range :{z‘zeR, z <4}
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1.2 Functions of Three Variables
1.2.1 Domain and Range

Definition

A function f of three variables 1s a rule
that assigns to each ordered triple (x, y, z)

in some domain D 1n space a unique real
number w = f(x, v, 2).

The range consists of the output values for w.

Example 1

Identify the domain and range for the
following functions.

a).w = \/x2 + 97 + 27

x* + y2 + z%2 > 0 for all points 1n space.

Domain : entire space

Domain :{(x,y,z)|xeR,yeR,zeR, x* + )’ +z* 20}
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Range : [0, o0)
Range :{w‘we R, w=>0}

b)w=\/l—(x2+y2+zz)

Wemusthavel—(xz+y2+zz)20in

order to have a real value for f(x, y, z).

Rewriting the condition, we obtained

x2+y2+22£1

Thus the domain consists of all points on or
within the sphere x* + y* + z* =1, or

Domain:{(x,y,z)‘xeR,yeR,zeR,x2+y2+22£1}
Range : [0, 1] or

Range I{W‘WER, 0<w<l}

C)w = 1
X* 4yt 427
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Domain : {(x,,2) : (x,y,z) # (0,0, O)}
or

Domain :{(x,y,z)|xeR,yeR,zeR, X’ + )’ +2° =0}

Range : (0,90) o
Range :{w‘we R, w> 0}
d)w=xylnz

Domain :{(x,y,z)‘xeR,yeR,zeR, z>0}

Range : (—0,%) 4

Range I{W‘WER, —o0 < w < oo}
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1.2.2 Level Surfaces

The graphs of functions of three variables

consist of points (x,y,z, f(x,7,2)) lying
in four-dimensional space.

e Graphs cannot be sketch effectively in
three-dimensional frame of reference.

e (an obtain insight of how function
behaves by looking at its three-
dimensional level surfaces.

The graph of the equation f(x, y,z) = k
will generally be a surface in 3-space
which we call the level surface with
constant £.

Remark

The term “level surface” is standard. It
need not be level 1n the sense being
horizontal; 1t 1s simply a surface on which
all values of f are the same.
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Example

Describe the level surfaces of
(a) f(x,v,2) = x> + y* + z*

(b) f(x,,2) = 2" =x* =’

Solution

@) f(x,y,2)=x"+y +2°

The level surfaces have equation of the
form

x2+y2+22=k

For kK >0 , the graph of this equation is
a sphere of radius Jk . centred at the
origin.

For kK =0 , the graph 1s the single point
(0,0,0).
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For £ <0 there is no level surface.

surfaces of

Level

f(x,y,

+ 3> +z

2

Z)=X
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b) f(x,y,2) = 2" — x> — y°

The level surface have equation of
the form

e R

For k& >0 the graph is a hyperboloid of
two sheets.

For K =0 , the graph 1s a cone.

For k <0 , the graph is a hyperboloid of
one sheet.
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Level surfaces of

k < ()
k=10
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Exersizes
Describe the level surfaces of
(i)f(x,y,z):xz+y2 for C=4, C=9.

(i) S (x.y,2)=4x"+y* +4z" fop

w=1, w=4.
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