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1. Bv using the definition, find ff ^ra ff rt the following tunctions.

(") J(", y): J _. (b) /(", y): = 
ay-n 3r-2y'

2. By using the d, ^ " ^ ' ou ou tu'
:finition, find *, * and fi tor the following functions.

(a) u(o, a,z)::- (b) u(o, a,z\: , , 
.t_z , 2a_A+2.

3. Use the definition td find !r, Siven that

(a) z(n, A) : ry * sin (r - g). (b) z(r, y) : 2r2a * e-s.

4. Givenz:-2.
t/r' + a'

A- 
^^ 

0" 
-.1-^- - o ---r o, - A /L\ ^r ,, . \z/M a(a) Find fiandfr whenr:8and1g:6. (b) Show *atffi

5. rf u:rr"(r+i) *rm(r+ 1) arr)0, y>0,shorvt,., 0u 0u_ _\_ . a), y-^-\-, r/,"rr 2u,u )u,snolvthat, ar+yd:u.
6. If. f (r,9): rsin (y/r),find f,, fs, f"", f,s, fsr, fsv when o:2 and y: +1t.

7. If /(o, y): ycos (r 2y), find f,, fv, f,,, f,y, fy,, luy when s: ]zr and g: T.

*2 _o,2 . , 0z 0z 0228. If z: *= 
"=. find 11. Yo 

^n,f 
u o

x,'I lz ' 
nno 

6r'; aa 
and a;il'

9. If. z: s2 tan-l /9\ *-, 0'" ---t^-
\;/' n"o 5;5; when r: v :1

10. Find /,r, when

(.) .f (", A, z) : e'!', (b) /(", A, z) : ;L,
and verifu in each case that f"y.: fy"r: f"ro.

11. Use implicit partial difierentiation to f ' 0z ' 0zlnq b; and 
fu.

(^) *' - 2y2 + 322 yz + g :0. (b) xz a gs3u-22 - *2.

(c) ln (t+22) *h (r *gz):xa2z3. (d) cos (a*g* z):ayz.



L2. lf z2:12+uz,showthat !:Z*ra?-a rr---. , r

oa z dU: 
:' ilence' deduce that

Ez8z1
u*+ w:;'

If z is a function of c and y and is defined implicitly by ,, + y2 + z2: l, show that
02021,E+yd:7--.

Assume that F(r, 9) : 0 defines gr implicitly as a difierentiable function of r. Show that
da _ _0F/0adn AF/Ay,

provided 0F/0y f 0. Hence, use this formula to find $.
AT

(") ?*T:t.
(.) ,'* y2 : s"/v.

13.

t4.

(b) ctany: gsina.

(d) glncoso: clnsingt.

L5' Assume that F(o, a, z) :0 defines z implicitly as a function of c and y. show that

0" : _0F/0r ^-r 0z AF/Aga':-dW and d:-ffi'
provided 0F/02 f 0. Hence, use these formulas to find # *O 

H
(b) az * ylna - 12 + 4:0.
(d) cos (x -t A * z) : sr".

16' The equation s: rcos? and g: rsinl, which relate Cartesian and polar coordinates,
define r and 0 implicitly as functions of , and g.

(a) Use implicit differentiation with respect to the r on both equations to show that

0r A0 sin dy*: cosu ancl A*: 
_;.

Similarly show that, implicit differentiation with respect to the y on both equations
to show that 

or ao cosd
At:srnu and au: ''(b) Let z: J(r, d), where r and 0 aredefined implicitly as functions of s and g by the

equations a : r cos9 and g : rsind. Use the results in (a), to show that

X:#cosd- 1ffi",^e

H:Ksind+ lH *"u.

(^) *, - 2y, + Bz2 - yz* y : 0.

(c) ln (t + f) * ln (r * sz) : ry2z3.

and also
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(c) Finafu use the results in (b) to show that

(a"\', (0"\' _ (0"\', | (oz\2
\a/ *\a/ : \a/ *p\m)

17. If. f (r,y) is a function of. r, y and z: oU * I@2 * y2), show that

0z0z*u6r-raa:a--r'.

18. Use chain rule' ^ ' dw
Do nno 7..

(a) tu : 3r'y"; r :t4, ! :t2.
(b), :ln(zu2 +u) ; u: {t, u - f/2.
(c) u: 12 - stanu; r: sin2 t, s: cost, u:4t.
(d), - er-'ei x:2tL/3, ! :t3.
(e) ur:1f;Ti-zafi\ r:e-t, a:3t2*2, z:lnt.

19. usethe chainruleto findthevalue otff it-: 12 -rtanl, r:6, 0: trswhen s: i.
20. Let z: f(r, A),whereo: f-cost, and g - et. Find fr "tr: 0giventhat/"(-1, 1) :4

and /r(-1, 1) : -3.
fr,2L. Find ffi for the following functions using the chain rule.

(a) z: 
"2 -A2; r: cos?,9: sin0. (b) , :ln(r2y); r: e0', U:02.

22. Find the rate of change in the volume of a cylinder with radius 8 cm and height 12 cm if
the radius increases at the rate of 0.2 cmfs while the height decreases at the rate of 0.5
cm/s.

23. The length, width and height of a rectangular box increases at the rate of 1 cm/s, 2 cnf s
and 3 cm/s respectively. Calculate the rate of increase in the diagonal of the box when
the length is 2 cm, width is 3 cm and height 6 cm.

24. Find the first partial derivatives for the following functions using the chain rule.
a. z:r2y-ry3+2; r:rcoslt a:rsino.
b. z :cososin3t; t :,tL-u, a : u2 + u2.

c. z: r/y; r:2costt, g: 3sinu.

d. z:r3+s+o; r:reg, S:Uet, u:g2U,
e. z: pq+ qu; P:2 - A, Q: r - 2A, w : -2r I 2A.

25. Given u : cos(uo); ,tL: rAz) ,t) : ;i 
7r Du ' 0u

*ii5ay1'rnd * and * whena:Y:2:l'

26. Use the chain rule to find the value of 
0u
,' at loint (t/n, t/n,l), given that z : zsin (rg),

x :r I s, y:r - s, and z= 12 + s2.



35. If. z: l(c,U), where a: s*tanf,y=.s_1, slrowthat

(a,\, _(a"\, _azoz\6) -\6) : 
a"at.

36. If. u: l(rry), where r : es cost and g : e, sint, show that

/au\z ,^\, :s_2s [r*)r* /&\rl\E) * \d, L\dsl (.#,) l
37. Let z: f(r,a),where c :nluand g: u-2. Shovr tbat

&z Fz 022M,:w-w.
38' Given u : 

f, t l*+ r) + s@ -r) ), where .f and s are arbitrary funetions, show that

#:"'(#:.?#)
39. lf u: c^ f (y/t), where / is an arbitrary function, show that

*0u Au
E+ v @: nu,

Hence deduce that
,0'u. ^ 8u o02z,' M + zaa ffi + u' # : n(n- 1),r.

40. If u: f (r,A), where o: escost and y: essint, show that

02u . 02u -r.l02u 02uf
a*+ w: "_^ LN * Ml

41. If z : f(r;r), where $ : 12 * s2, U :2rs, fr"d #.
42. lf z : f(a,gl), where a : rcosgtg :rsin0, find

,,02 3z14# brf. k)#
4g. If. u: f (r, A),where o :2r -s and g : r l2s,use the chain rule to show that

Au 20u I Au
A"- SA, -Ba"'

Prt
Hence, fi\d fr; in terms of derivatives with respect to r and s.

,l
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44. lf.u:r*Ara:o1rand/isafunctionof sandr,"*Or"r- a/ Af . Af QJ

and prove that 
J s a rs"vurv! vr & @tLv g' s PrEss a"' aY 

rn trerrtNl o' 
au' ao

a2I : gI _^. A2l , ^.a2f , al
@:tr*" a"ar+add+ aa'

45. Show that 11s - pcosg, y : psinS, the equations

0u 0u 0u 0u L^^^__ 0u I Aa 0a I 0uar: 6, au 
: - a" become ao: ; a4r, il: - ;do.

Hence, show that under the transformation fi: pcosQ, y: psinQrthe equation

02u 02u 02u , l1u I 02u
ar2+ W:o becomes 5p+iq*F#:o

46. Solve the partial difierential equation

02u ^ 02u 02u
ffi+z@+ Aar: o (*)

for u(r, y) by making a change of variables as follows. Define new variables

€:s-a, rl:r,
and evaluate the partial derivatives of,' and y with respect to { and 4.
writing a(8, d : u(r, y), use these derivatives and the chain rule to show that

0a 0u 0u
on: ar* 6'

and that the equation
02a

an': o

is equivalent to equation (*).
Deduce that the most general solution of (*) is

u(r, y): f(, - U) * rg(a - g),

where / and g are arbitrary functions.
Solve (*) cornpletely given that u(0, il: 0 for all y, whilst u(r, l): 12 fot all t.


