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TUTORIAL 6
. . of of y :
By using the definition, find Pz and % for the following functions.
(@ fo,9)=—— (®) f@v)= -2
) y | y - x‘ ) J - 3 = 2y'
By using the definition, find % @ and % for the following functions.
oz’ By - Bz
T
= . b ==
(@) w3, 5) = 2 () ule, v, )= ==
Use the definition to find g , given that
(a) 2(z, y) = oy + sin(z — y). (b) 2(, y) = 222y + £,
Given z= ——Y
/12 + y2
0z 0z 62/69:
H iy —_— l = = 0. b
(a) Find E and 3y whenz =8 and y =6 (b) Show that L —— 32/00 210y

I

Ifu=xln(1+£)+yln(1+2> fora:>0,y>0,sh0wthat:z:a—u+ya—u—u.
Yy G Oz Oy

If f(z, y) = zsin (y/x), find fa, fy, fozs foy, fyes fyy when z =2 and y = 3T
If f(iL' y) ycos ((B - 2y) find f:l:a fy: fzz’ fzy: fy::: fyy when x = 47|' a.nd =3
z2 — g2 0z 0z 8z

If 2= m, find g, '5?; and m
524
p— 2 —1 r ) =
If z=x° tan (:z:) find 520y when z =y = 1.
Find f;,, when
Ty
= eTY2z =

(a) f(z,y,2) = e, () flz,9,2) = 520,
and verify in each case that fry, = fyz = fozy.
Use implicit partial differentiation to find 22 and 2Z.

se implicit partial differentiation to o 5y
(a) 22 -2y +322 —yz+y=0. (b) Tz + yed¥—2 = 52,

(c) In (1+2z%) +In (z+ yz) = zy223. (d) cos(z+y+2z)=ayz
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If 22 = 22 + 92, show that i = Z and 2 =Y Hence, deduce that
or z oy =z
&z " Pz 1
0z2 " 8y2 -

If 2 is a function of z and y and is defined implicitly by 22 + y2 + 22 = 1, show that
0z Oz 1

oz dy

Assume that F(z, y) = 0 defines y implicitly as a differentiable function of z. Show that

dy  OF/ox
dz = OF/dy’

provided OF /8y # 0. Hence, use this formula to find %

4 2
(a) —xy+?x=3. (b) ztany=ysinz.
(c) 2%+ y? = e/, (d) ylncosz = zlnsiny.

Assume that F(z, y, z) = 0 defines z implicitly as a function of  and y. Show that

0z  OF/ox d 0z OF/dy

6z~ OFja: " By~ aF/ox

provided 9F/0z # 0. Hence, use these formulas to find 0z and 9z

oz Oy’
(@) 22 —2y2+322 —yz+y=0. (b) zz+ylnz—224+4=0.
(¢) In (1+42%) +In (z+yz) = zy223. (d) cos(z+y+ z) =zyz.

The equation & = rcosf and y = rsin6, which relate Cartesian and polar coordinates,
define 7 and @ implicitly as functions of z and .

(a) Use implicit differentiation with respect to the z on both equations to show that

% cosf and o _ sind
or ' ox T
Similarly show that, implicit differentiation with respect to the y on both equations
to show that
or . 00  cosh
-~ =sinf and — = .
Oy dy T

(b) Let 2 = f(r, ), where r and 8 are defined implicitly as functions of x and y by the
equations z = rcos and y = rsinf. Use the results in (a), to show that

9z _0z 9 10z .
oz or Y T rg S
d als
and also az az

. 10z
% 3 sinéd + r 50 cos@.
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(c) Finally use the results in (b} to show that
2 2 2 2
Oz dy or 2 \ 86
If f(z,y) is a function of z, y and z = zy + f(22 + y?), show that
0z 0z 2

T =y% — 2>

Yoz ~ Oy

Use chain rule to find (fi_?

(a) w=3z%3 z=1t4 y=12
(b) w=In(2u®+v); u=+3, v=232
(¢) w=r2—stanv; r=sin’t, s=cost, v=4t.

(d) w=el"2; z=2t1/3 y=1¢3.

(e) w=+/1+z— 229223, z=et, y=3t2+2, z=Int.

dw

Use the chain rule to find the value of Is

ifw=r—rtand, r = /5, 6 = s when s = 1
Let z = f(z, y), where z = t—cost, and y = ¢*. Find Z—’: att = 0 given that f,(—1,1) =4
and f,(—1,1) = -3.

Find % for the following functions using the chain rule.

(a) z=2?~y? z=cosf, y=sind. (b) z=In(2%); z=¢", y=062

Find the rate of change in the volume of a cylinder with radius 8 cm and height 12 cm if
the radius increases at the rate of 0.2 cm/s while the height decreases at the rate of 0.5
cm/s.

The length, width and height of a rectangular box increases at the rate of 1 cm/s, 2 cm/s
and 3 cm/s respectively. Calculate the rate of increase in the diagonal of the box when
the length is 2 ¢m, width is 3 cm and height 6 cm.

Find the first partial derivatives for the following functions using the chain rule.

a. z=z2y-xy*+2; = =rcosh, y=rsind.

b. z=coszsiny; z=u—2v, y=u?+v>

c. z=zfy; x=2cosu, y=3sinv.

d. z=r+s+v;, r=uze¥ s=ye* v=71%.

e z=pg+qw; p=2z—-y, q=2—2y, w=—2x+2y.

Given w = cos{uv); u=zyz, v= 4(:62”—_*_?;2), find ?9_1: and 2—1: whenz=y=2=1.

Use the chain rule to find the value of %

z=r+s, y=r—s, and z=72+ 5%

at point (1/7, /7, 1), given that u = zsin (zy),
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If 2= f(z,y), where £ = s + ¢ and y = s —t, show that
(Z)- () -2
oz dy)  Bsot
If w = f(z,y), where z = e® cost and y = e®sint, show that
2 2 2 2
(@ + () 2 - | () (2)]
oz Sy Js ot

Let z = f(z,y), where z = u + v and Yy = u — v. Show that

Pz _ Pz o
Ol 9z By’

’ .
Given u = - { flct+ )+ g(ct — r) }, where f and g are arbitrary functions, show that

o2 o2 ror )

If u= 2™ f(y/x), where f is an arbitrary function, show that
ou

T—+ Y- =nu:

Oz oy

Hence deduce that
8%u Pu

8z
2 R & B
T 53 + 2zy 520y +y 557 n(n — 1)u.

If w = f(z,y), where z = e® cost and y = e’sint, show that

.62_’”4_@—'6"23 @4‘@
or? " o2 9s2 ' Bz |
8%z
— L] e
If z= f(z,y), where £ =72 + ¢ , ¥ = 2rs, find 56"
If z = f(x,y), where z = rcosf, y = rsin 8, find
Oz 0z 8%z
(a) e (b) 3 () 550"

Hu=f(z,y), wherex =2r —sand y = r + 2s, use the chain rule to show that

Ou_20u 10
Oz 58r 50s
5%u

Oyoz

Hence, find in terms of derivatives with respect to r and s.
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If u=z+y, v=2zy, and f is a function of z and Y, express a—f, 6—f in terms of ﬁ’ g
oz’ By Ou’ v
and prove that N )
o*f _ 8%f o°f &*f | of
b2y~ 0w “Butw TPz T 5y

Show that if z = pcosé, y = psin ¢, the equations

Bu_0 o o o 100 o 10
oz~ 8y’ 8y 0Oz O pod B po¢

Hence, show that under the transformation z = pcos, y = psin¢, the equation

%u &y  10u 1 8%
51-:—2-+a—y2—0 becomes a—pz'-l-;a—p-l-ziw—_o.
Solve the partial differential equation
| 0%u Pu O
S gy WG CA L *
922 '~ 9zby ¢ Oy? 0 )

for u(z, y) by making a change of variables as follows. Define new variables

E=z~-y, n=agz,

and evaluate the partial derivatives of z and y with respect to £ and 7.
Writing v(£, 1) = u(z, y), use these derivatives and the chain rule to show that

v Ou Ou

5" 3y
and that the equation
v
— =0
on

is equivalent to equation (*).
Deduce that the most general solution of (*) is

u(z, y) = f(z —y) + z9(z — y),

where f and g are arbitrary functions. [
Solve (*) completely given that u(0, y) = 0 for all y, whilst u(z, 1) = 22 for all z.



