
Bifurcation theory 
In general, it refers to a qualitative change in the behavior of a dynamical 
system as some parameter on which the system depends varies continuously.  

Consider a scalar ODE  

  (2.4) 
 
depending on a single parameter μ ∈ R where f is a smooth function. The qual- 
itative dynamical behavior of a one-dimensional continuous dynamical system 
is determined by its equilibria and their stability, so all bifurcations are 
associated with bifurcations of equilibria. One possible definition (which does 
not refer directly to the stability of the equilibria) is as follows.  

Definition 2.5. A point (x0,μ0) is a bifurcation point of equilibria for (2.4) if the 
number of solutions of the equation f(x;μ) = 0 for x in every neighborhood of 
(x0,μ0) is not a constant independent of μ.  

The three most important one-dimensional equilibrium bifurcations are de- 
scribed locally by the following ODEs:  

  (2.5) 

 

Saddle-node bifurcation 

Consider the ODE  

   (2.6) 

 
 



 

 
 



 
 
 

Transcritical bifurcation 

Consider the ODE   

 

 



 

 

 



Pitchfork Bifurcation 

 

 



 

 

 
 
 

 
 



Bifurcations in 2d 
 

Like in 1d, in 2d existence and stability of fixed points depend on the parameters of 
the system. In contrast to 1d, however, now also oscillations can be switched on and 
off. As an example, look at the substrate-depletionoscillator. 
 
There are three types of bifurcations in 2d:  
1. 1d-like bifurcations (4 types)  
2. Hopf bifurcation (local switch on/off of oscillations)  
3. global bifurcations of cycles (3 types) 
 
Hopf Bifurcation 
 
In the  mathematical theory of bifurcations, a Hopf bifurcation is  a critical point where a 
system's stability switches and a periodic solution arise s.[1] More accurately, it is a local 
bifurcation in which a fixed point of a dynamical system lose s stability, as a pair 
of complex conjugate  e igenvalues (of the  linearization around the fixed point) cross 
the complex plane  imaginary axis.  
 
(The Hopf bifurcation is a catastrophe in which as one gradually 
changes the parameters in an ordinary differential equation, a fixed 
point suddenly changes to a limit cycle) 
 
It is easiest to understand the idea by considering an example. 
There are various differential equations that exhibit a Hopf 
bifurcation, but here’s the simplest: 
 

 
 
Here x and y  are function in time, t so these equations describe a 
point moving around on the plane. It’s easier to see what’s going on 
in polar coordinates: 
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Supercritical Hopf Bifurcation 

 

 
Subcritical Hopf Bifurcation 
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