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2.5 Comparison Tests

In this section, we discuss methods to determine the convergence of
a series by comparing the series with the series that we know of its
convergence. The series that we use for comparison are usually the
geometric series or the p-series,

The proof of comparison theorems depends on the following theorem,
which is a restatement of Theorem 1.9 in term of series.

Theorem 2.8 Assume an 2 0 for all n" —S1 N Then the se-
Ties fo:l an converges if and only if the sequence of its partial sum is
bounded.

Note that Theorem 2.8 is on the series of psitive terms. Since a, > 0
foralln=1,2 3,..., then the sequence of its partial Sum is automati-
cally increasing.

Based on the above theorem we obtain the following theorem.

Theorem 2.9 (Direct Comparison Test)
Assume a, > 0 and b, > 0 for all n — T ST
(i) If Zr?:l bn converges and @, < b, foralln=123. ..
then 3°°7  a, converges.
(33) IFEEth diverges and an, > b, for alln — 1.3, e,
then 32 . a, diverges.
Proof

(i) Let S, be the sequence of partial sum of )°>°  a_ and T}, be the
sequence of partial sum of > neq bn, that is

Sn——-al_—!—ag+...~f—a71 and Tn=bl+bg+...+bn.

Since’zzil b converges, let its sum isT.Ifa, <b, for every
n=1,23,..., then
S < <=TF

* By Theorem 2.8, 2 me1 Gn CODVerges.
(ii) From part (i), we have for n — 1, 20300
Sn Z Tny

since a, > b,. Since Dot iby diverges; B Niends to infinity as n
tends infinity, which implies S,, tends to infinity as n tends infinity.
Hence "7 | a,, diverges. & ;
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Example 2.9 Determine whether each series converges or diverges.

st o]
(i) n; a5y (ii) ;

nco()

Solution

(i) Observe that

e i = (%)" forn=1,23,...

Also we have tha.t St ( £)™ is a geometric series that converges,

smee r = % <o Iy Hence by direct comparison test, the series

. 1/(2+ 5") COnVerges.

(ii) Observe that - <

n FOS(T) for mi="1, 2,8 e

Also we have that > >° ~ is a p-series that dlverges Hence by
direct comparison test the series E 1 1/[ncos (1)] diverges. &

If the limit of the ratio between the terms of the series that we want
to determine its convergency and the corresponding terms of series that

we want to compare can be easily found, then the following theorem is
useful.

Theorem 2.10 (Limit Comparison Test)
Assumea, >0 and b, >0 foalln=1,23,....
(i) Ifnli—lv:go% =k, 0 <k < oo, then the series Y w2 an converges
if and only Y the series ) ° b, converges.

(1t) If hm b_ =0 and 3 7, b, converges, then S an converges.

(iz) If nh_r'xol0 % =00 and )50, b, diverges, then 3°0 O diverges.
Proof

(i) Since lim -Z—n— = k, then there exist a positive integer N such that
n—oo n

k Eaay . 3k
—k,<§, that is ~2'<b <E’

for all n > N. Hence kb, < 2a, and 2a,, < 3kby, for all n > N. By
using the direct comparison test we obtain the statement of the
theorem.

The proof of part (ii) and (iii) are left as exercises for the readers. &
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Example 2.10 Determine whether each series converges or diverges.
-n?+1 . /]
(i) Z Pt —— (i) ;sm (;) A

Solution

ol s ™m3—n2+1

o) Withie, = 54 e
Since we want to find limit as n tends to infinity, we mvestigate
the approximate value of a, when n is large. When n is large, the
value of a, will be influenced mainly by the hizhest power n in the
numerator and the denominator. Hence we hawe

we want to find b,,.

™m3—n2+1 ™ T

a _—_'————z—:—;.
" nP+n3+2  w  n?

By taking b’n = 7/n?, and after using L'Hopital's rule we obtain

a;, Tn® —n®+n?
g = e ——— .
But the series
o0
D ba=1 Z =
e

converges since it is p-series with p = 2. By using part (i) of the
limit comparison theorem, we conclude that the series

i?ns—n?-f-l
nS+nd+2
n=1

converges.

(ii) Since a, = sin(1/n), we take b, = 1/n. Then we obtain

i 22 = 1y S20/)
n—oo O n—00 l/n

—> 0.

But the series ) .-, 1/n is the p—series that diverges. By using
part (i) of the limit comparison theorem, we conclude that the

series
oo
Sk
E sin{ —
n=1 %

diverges. &
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co o@xx
: Inn I+tnlnn
@) Y. —=, @) Hiizka
2, 4+/n3 'gl llz+ 100

Solution
(i) Whe n is large, we have

Inn _ In(nl/4) N - B el
WS W o

Hence we take b, = 1 /7% to obtain

n

, an_l, (lnn)' 1 ot S
nirr{oloa—n-l—»nolo 4\/7?T;1,5~/4 —n—roo4n1/4.

¥
By using L’Hopital’s rule, we obtain
Inn : 1/n

fim =2 ]
1) - —=im =51
n—yoor b nEsae dpdfd L5 n—3/4

] 1
= L R

But the series E,f’;l 1/n%4 is the p-series that converges. By using
part (ii) of the limit comparison test, we conclude that the series

i Inn
4y/n3

n=1

converges.
(i) When n is large we have

drnlnn - olhn Inn

1
TR0 W s
Therefore we take bn = 1/n to obtain
lim & _ lim (1+nlnn) 0 e lim n+nllin
n—00 b, ~ n—oo A 100) T ™ s n? +100 °

By using L'Hépital’s rule, we obtain

lim 22 = Jj, PHn’lnn
n—oco bn B n—oo 77,2 + 100

= Q.

But the series Yoy 1/ s the p-series that diverges. By using
part (iii) of the limit comparison test, we conclude that the series

i l4+nlnn
n2 4 100
n=j

diverges. &
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