CHAPTER 3 : SERIES

3.1 Power Series
Definition

A power series about x=0 Is a series of the
form

dax" =a;+ax+ax +a;x +...+ax +...

n=0

A power series about x=a Is a series of the
form

ian(x—a)” =a,+a,(x—a)+a,(x-a)" +...+a (x-a)" +...
n=0

In which the center a and the coefficients
a,,8,,d, ...,a,,... are constants.



Expansion of Exponent Function

The power series of the exponent function can
be written as

e* :1+x+lx2+£x3+£x4+...
21 3! 41

The expansion is true for all values of x
general,

i_n

“~n!
Example (1):
Given
e* :1+x+lx2 +£x3+lx4+...+lxn ¥...
21 3! 41 n!

Write down the first five terms of the expansion
of the following functions

(a) er
(b) e



Example (2):
Write down the first five terms on the expansion

of the function, (1+ x)2 e in the form of power
series.

Expansion of Logarithmic Function

The expansion of logarithmic function can be

written as

In(L+X) = NV S
2 3 4 5

—lx6 +1x7 —...
6 7
The series converges for —1<x<1. Thus the
series In(1+x) is valid for -1<x<1.

By assuming x with —x, we obtain
In(l—x):—x—ixz—lxca—ix“—ix5
2 3 4 5



Thus, this result I1s true for —1<—x<1 or
~1<x<«1.

Example (3):

Write down the first five terms of the expansion
of the following functions
(a) In(1+3x)

(b) 3In(1-2x7)(1+3x)

Example (4):

Find the first four terms of the expansion of the
function, (1+ x)2 In(1+ 2x)3 .



Expansion of Trigonometric Function

The power series for trigonometric functions

can be written as

x> x° x X

+———t——...
31 5t 71 9l

x> x* x® X

cosx=1-—+———+——._..
21 41 6! 8l

Both series are valid for all values of x.

SINX = X—

Example (5):

Given

x> x* x® X

cosx=1-—+———+——...
21 41 o1l 8l

Find the expansion of cos(2x) and cos(3x).

Hence, by using an appropriate trigonometric
Identity find the first four terms of the expansion
of the following functions:

(a) sin”(x) (b) cos’(x)



3.2 The Taylor and the Maclaurin Series

E— — —_—— — —_—

Definition 5.9 (TAYLOR AND MACLAURIN SERIES)

[f f(x) has a derivatives of all orders at x = a, then we call the series as Taylor’s Series
for f(z) about z = ¢ and is given by

(2-a)

o\
fl) =0+ a0l 0+ o)+ 0k E )

or
Y.

3 T
flo+a)=fla)+afe)+ 5 ')+ ")+ 4 1)+

In the special case where a = (), this series becomes the Maclaurin Series for f{z) and is
given hy

2 3 :
@)= 10+ 2f Q)+ SO+ /O 4+ 57O+ 0

T E————
Example (1):

Obtain the Taylor series for f(x) =3x"—-6x+5
around the point x =1.



Example (2):

Obtain Maclaurin series expansion for the first
four terms of e* and five terms of sin x. Hence,
deduct that Maclaurin series for e*sin x Is given

by
L. 1
X+ X +=X ——X +...
3 30
Example (3):

Use Taylor’s theorem to obtain a series

expansion of first five terms for cos(x + Zj

Hence find cos62 correct to 4 dcp.

Example (4):
If y=Incosx, show that

d’y (dyj 0
dx’ dx




Hence, by differentiating the above expression
several times, obtain the Maclaurin’s series of
y =Incos x In the ascending power of x up to

the term containing x°.

Finding Limits with Taylor Series and
Maclaurin Series.

Example (5):

. . e*=1-x
Find Iim .
x—0 X2

Example (6):

X*+2C0SX—2

4

Evaluate Iim
x—0 3X




Evaluating Definite Integrals with Taylor
Series and Maclaurin Series.
Example (7):

Use Maclaurin series to approximate the
following definite integral.

(a) ie—xzdx

(b) {xcos(x*)dx



