
On the capability of nonabelian groups of order p 4
Rosita Zainal, Nor Muhainiah Mohd Ali, Nor Haniza Sarmin, and Samad Rashid 
 
Citation: AIP Conference Proceedings 1605, 575 (2014); doi: 10.1063/1.4887652 
View online: http://dx.doi.org/10.1063/1.4887652 
View Table of Contents: http://scitation.aip.org/content/aip/proceeding/aipcp/1605?ver=pdfcov 
Published by the AIP Publishing 
 
Articles you may be interested in 
The nonabelian tensor square of Bieberbach group of dimension five with dihedral point group of order eight 
AIP Conf. Proc. 1605, 611 (2014); 10.1063/1.4887659 
 
Automorphism group of nonabelian groups of order p 3 
AIP Conf. Proc. 1602, 640 (2014); 10.1063/1.4882552 
 
The Schur multiplier and nonabelian tensor square of some groups of p-power order 
AIP Conf. Proc. 1522, 1039 (2013); 10.1063/1.4801244 
 
Simple finite non-Abelian flavor groups 
J. Math. Phys. 48, 123519 (2007); 10.1063/1.2823978 
 
Non-Abelian point group symmetry in direct second-order many-body perturbation theory calculations of NMR
chemical shifts 
J. Chem. Phys. 108, 8295 (1998); 10.1063/1.476258 
 

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

161.139.102.13 On: Thu, 24 Dec 2015 14:00:16

http://scitation.aip.org/content/aip/proceeding/aipcp?ver=pdfcov
http://scitation.aip.org/search?value1=Rosita+Zainal&option1=author
http://scitation.aip.org/search?value1=Nor+Muhainiah+Mohd+Ali&option1=author
http://scitation.aip.org/search?value1=Nor+Haniza+Sarmin&option1=author
http://scitation.aip.org/search?value1=Samad+Rashid&option1=author
http://scitation.aip.org/content/aip/proceeding/aipcp?ver=pdfcov
http://dx.doi.org/10.1063/1.4887652
http://scitation.aip.org/content/aip/proceeding/aipcp/1605?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4887659?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4882552?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4801244?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jmp/48/12/10.1063/1.2823978?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/108/20/10.1063/1.476258?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jcp/108/20/10.1063/1.476258?ver=pdfcov
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Abstract. A group is capable if it is isomorphic to the central factor group. For finite groups of prime power order, the 
capability is closely related to their classification. In this research, by using the classification of groups of order p4, we
determine the capability of this group.  
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INTRODUCTION 

Capability of groups was first introduced by Baer in [1]. A group G is capable if and only if it is isomorphic to 
the central factor group of another group. A group G is also said to be capable if and only if it is isomorphic to the 
inner automorphism group of a group H. Ellis in [2] proved that a group G is capable if and only if its exterior 
center, Z G  is trivial, where 1  for all Z G g G g x x G  and 1 denotes the identity in the exterior 
square.

 In 1979, Beyl et al. [3] proved that an extra special p-group is capable if and only if it is either a dihedral group 
of order 8 or of order p3 and exponent p > 2 by characterizing the capable extra special p-groups in term of its 
epicenter. They found that a group is capable if and only if the epicenter, *Z G  of the group is trivial, where 

* ,  is a central extension of .Z G Z E E G

Later, Niroomand and Parvizi in [4] classified all capable p-groups with commutator subgroup of order p and the 
abelianization of groups in term of its Schur multiplier, epicenter and exterior square. In 2012, the capability of 
groups of order 2p q has been computed by Samad et al. in [5]. Recently, Samad et al. in [6] determined the 
capability of groups of order 3 ,p q where p and q are distinct primes and p < q.

PRELIMINARIES 

In this section, some preliminary results from previous researchers are stated. Those results are needed in 
determining the capability of all groups of order 4p in the classification. 

The classification of groups of order 4 ,p where p is an odd prime has been given by Burnside [7] is stated in the 
following theorem.  

Theorem 2.1 [7] Let G be a group of order 4 ,p where p is an odd prime. Then exactly one of the following 
holds:                                         

4 .
p

G                                                                                                        (1)                              

3 .pp
G                                                                                                      (2)   

2 2 .
p p

G                                                                                                          (3)   

2 .p pp
G (4)                              
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.p p p pG (5) 
3 21, 1, .p p y pG x y x y x x                                                                                  (6) 

2

, , 1, , , 1, , .p p p pG x y z x y z x y y z x y z                                                    (7) 
2 2 1, 1, .p p y pG x y x y x x (8) 

,

        , , 1, , , 1, , ,

       1 .

p p p

p

G N w where

N x y z x y z x y y z x y z

w w w

 (9)                             

2 1, , 1, , , 1, .p p p y pG x y z x y z x z y z x x (10)  
2

, , 1, , , , , 1 .p p pG x y z x y z x y z x z y z (11)
   

2 1 1, , 1, , , .p p p p p pG x y z x y z yx x y zx x yz zy x yz (12)
2 1 1, , 1, , , , 0,1 mod .p p p p dp dpG x y z x y z yx x y zx x yz zy x yz d p (13) 

, , , , 1, , , , , , .p p p pG w x y z w x y z zy wyz xz zx wz zw xy yx wy yw wx xw (14) 

, , , , 1, , , , , , .p p p pG w x y z w x y z zy xyz zx wxz wz zw xy yx wy yw wx xw (15) 

 This classification consists of five abelian groups which are groups of type (1) to (5) and ten nonabelian groups; 
they are group of type (6) to (15). In this paper, we only consider the nonabelian groups of type (6) to (11).  
 The result concerning the commutator subgroup and center of groups of order 4p is stated in the next theorem: 

Theorem 2.2 [8] Given G is a nonabelian p-group of order 4.p  Then one of the following holds: 
i. 2,  ,  and .Z G p G p G Z G                                                                                  

ii. 2,  ,  and .Z G p G p Z G G

The following four theorems give preliminary results that will be used in order to prove the main results. 

Theorem 2.3 [9] Let G be a group and , .H K G
i. Then G G is abelian. 

ii. Suppose .H G  Then G H  is abelian if and only if  .G H

iii. If , , ,H K G K H then , .H K K H K Z G K

iv. If G Z G is cyclic, then G is abelian. 

v. G is abelian if and only if 1.G
vi. If G is a nontrivial group and exp ' ,G G G then 1,Z G  where exp G G is the least common 

multiple of the orders of all elements of the group G G .

Theorem 2.4 [10] Let G be a group of order 3 ,p  where p is an odd prime. Then exactly one of the following 
holds: 

3 .
p

G                                                                                                                            (16)

2 .pp
G                                                                                                          (17) 
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.p p pG                                                                                                   (18) 

, | 1, , , , . In this case exp( ) .a bp pG a b a b a b a b a b G p                               (19) 

2 1 2, | 1, . In this case exp( ) .p p b pG a b a b a a G p (20) 

 The Schur multiplier of groups of order 3 ,p where p is an odd prime is stated in the following theorem. 

Theorem 2.5 [11] Let G be a group of order 3 ,p where p is an odd prime. Then exactly one of the following 
holds: 

2

3

1         ;   is of type (16) or (20),
      ;  is of type (17),

( )
      ;  is of type (19),

      ;  is of type (18).

p

p

p

G
G

M G
G

G

Theorem 2.6 [3] Let Z be a central subgroup of a finite group G. Then the following conditions are equivalent: 
i. .M G M G Z G Z

ii. * .Z Z G

iii. The natural map M G M G Z is injective.

Next, some results on capability of groups which are used to compute the capability of groups of order 4 ,p
where p is an odd prime are stated. 

Theorem 2.7 [12] Let G be a finitely generated capable group. Then every central element z in G has order 

dividing exp .
ab

G z

Theorem 2.8 [13] Assume that G is a group with trivial Schur multiplier and finite ^ ,d G Z G where 

^d G Z G is the minimum number of generators of group ^ .G Z G Then ^
G GC x C x for every element x

of G. In particular, such group has ^ .Z G Z G

Theorem 2.9 [3] G is capable if and only if the natural map M G M G x has a nontrivial kernel for all 

1 .x Z G

MAIN RESULTS 

In this section, the capability of all nonabelian groups of order 4p of type (6) to (11), where p is an odd prime in 
the classification is discussed. The capability of these groups is computed in the following theorem. 

Theorem 3.1  Let G be a nonabelian group of order 4p of  type (6) to (11), where p is an odd prime. Then G is 
capable if G is a group of type (8) or type (9). 
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Proof: All nonabelian groups of order 4p of type (6) until type (11) are satisfy the conditions in Theorem 2.2(i). 

For the group G of type (6), the order of commutator subgroup of G, ,G p  the order of abelianization of G, abG

is equal to 3 ,p where .abG G G  Since exp abG p  and exp ,abG G  then by Theorem 2.3 (vi), it implies 

that 1.Z G  The computation of the Schur multiplier of G in [13] implies that, 1.M G  It is obvious that 

d G Z G  is finite, then by Theorem 2.8, .Z G Z G  Since 1Z G then 1.Z G  Thus, G is not 
capable. 
 Next, we prove that the group of type (7) is not capable. For this group, there exist z Z G and by choosing 

the order of z to be equal to 2 ,p  it implies that the order of G z is equal to 2.p  For the group ,G z  we consider 
the following cases: 
Case 1: G z is abelian. Then G Z G , that is, 2 .p p  Therefore, this case is impossible. 

Case 2: G z is nonabelian. Since the groups of order 2p consists only abelian groups [10], then G z  is not 
isomorphic to a nonabelian group of order p2. Therefore, this case is impossible.  
Thus, G is not capable. 
 For the group G of type (8), 1, , , p pZ G a b ab and the Schur multiplier of G given by [14] is 

.pM G  The following cases are obtained: 

Case 1: 3 ,  and by Theorem 2.5, it implies that .
ab

p p pG b p G b M G b

Case 2: 3 ,  and by Theorem 2.5, it implies that .
ab

p p pG a p G a M G a

Case 3: 3 ,  and by Theorem 2.5, it implies that .
ab

p p pG ab p G ab M G ab

In these three cases, M G M G Z G G Z G that is, the natural map M G M G Z G  is not 
injective. Thus the kernel of this map cannot be trivial. Therefore by Theorem 2.9, G is capable. 

Next, we consider the group G of type (9). We choose an element z Z G of order p. Thus, the order of 

G z  is equal to 3.p  For the group ,G z  the following cases are possible: 

Case 1: G z  is abelian. Then G Z G , that is, 2 .p p  Therefore, this case is impossible. 

Case 2: G z  is nonabelian, that is, G z is isomorphic to a nonabelian group of order 3p of type (19) (Theorem 

2.4). Since the order of z divides exp ,
ab

G z  where exp .
ab

G z p

Thus, by Theorem 2.7 G is capable. 
For the group G of type (10), the computation is similar with the group of type (9). Let z Z G  and again by 

choosing z of order p, thus, the order of G z  is equal to p3. The following cases are considered for the 

group G z :

Case 1: G z is abelian. Then G Z G , that is, 2 .p p  Therefore, this case is impossible. 

Case 2: G z is nonabelian, where G z  is isomorphic to a nonabelian group of order 3p of type (10) (Theorem 

2.4). Since 2exp
ab

G z p then | exp .
ab

z G z  Thus, by Theorem 2.7 it implies that G is not capable. 

Lastly, for the group G of type (11), 1, , , p pZ G a b ab and by [14], the Schur multiplier, 

.p pM G  The following cases are obtained: 

Case 1: 3 ,  and Theorem 2.5 gives that .
ab

p p p p pG b p G b M G b

Case 2: 3 ,  and Theorem 2.5 gives that .
ab

p p p p pG a p G a M G a

Case 3: 3 ,  and Theorem 2.5 gives that .
ab

p p p p pG ab p G ab M G ab
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Since in three cases, the Schur multiplier of G is isomorphic to ,M G Z G Z G  then by Theorem 2.6, the 

natural map M G M G Z G  is injective. Therefore by Theorem 2.9, G is not capable. 

CONCLUSION 

In this paper, the capability for all nonabelian groups of order 4p of type (6) to (11), where p is an odd prime has 
been determined. We have proved that the nonabelian groups of order 4p of type (6) to (11), where p is an odd prime is 
capable if G is a group of type (8) or type (9). 
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