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Abstract. Research on the nonabelian tensor square of a group is requisite on finding the other homological functors.
One of the methods to explicate the nonabelian tensor square is to ensure the presentation of the group is polycyclic and
to prove its consistency. In this research, the polycyclic presentation of a Bieberbach group with the quaternion point
group of order eight is shown to be consistent.
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INTRODUCTION

The nonabelian tensor square of a group is essential in determining the other properties of the group including its
homological functors. These properties have been studied over the years using mathematical approach. Masri [1] in
2009 had focused on Bieberbach groups with cyclic point group of order two and elementary abelian 2-group. The
method of converting the matrix representation of a group into its polycyclic presentation has been used and the
presentation is checked to be consistent before its nonabelian tensor square can be computed. Then, Mohd Idrus [2]
in 2011 considered the Bieberbach groups with dihedral point group of order eight. In 2014, Tan et al. [3] had found
the consistency polycyclic presentation for Bieberbach group with symmetry point group of order six.

In this research, a crystallographic group named Bieberbach with a nonabelian point group, namely the
quaternion group of order eight, is considered by referring to the Crystallographic, Algorithms and Table (CARAT)
package [4]. This group is of dimension six. By using the technique developed by Blyth and Morse [5], the
polycyclic presentation of the Bieberbach group with a quaternion point group is shown to be polycyclic. Then the
nonabelian tensor is determined using the method developed for polycyclic groups. It is crucial to show the
consistency of the presentation before its nonabelian tensor square can be determined.

PRELIMINARIES

The following are some definitions that are used throughout this research.

Definition 1 [6] A Bieberbach Group
A Bieberbach group G is a torsion free group given by a short exact sequence
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L—>G—>P
where L is a free abelian normal subgroup of G of finite rank, called lattice of G, P is a finite group called the point
group of G and G/ L is isomorphic to P. The point group G acts on L by conjugation in G.

Definition 2 [7] Polycyclic Presentation

Let F, be a free group on generators g;,...,g, and R be a set of relations of a group G. The relations of a polycyclic

n
presentation have the form:

€ _ il Xin :
g =8 &n foriel,
-1 _ Vi Yioj, s
g 8&; =g .g," forj<i,

i,j,J+

g]glgj_l = gj_H ...grzli’j'" forj <i andj gl

for some / {l,...,n},¢; €N for ies and x; ;, v, ;1.2 ;, €7 foralli, jand k.

Definition 3 [7] Consistent Polycyclic Presentation
Let G be a group generated by gi,...,g, and ¢;,e; € N. The consistency of the relations in G can be determined

using the following consistency relations.

8k (g;8)=(8,8,)8; fork > j>i,
-1
(€78 =¢g7 (g;8) forj>i,jel,
-1
g;(g") =(g;8)g;" forj>ijiel,
(g)g =2i(g’") foriel,
g =(g;8 g forj>iiel.
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The following is the matrix representation of a Bieberbach group with a quaternion point group of order eight,
denoted as G, given in the CARAT package:

G is generated by a,a,,1,,0,,5,1,,15,l where

1
]
1
]

0 4 4 4 0 0 O 4 4 0 4 0 0 0 _ _
4 4 4 4 4 4 4 4 4 4 4 4 4 4 1 0 000 0 1
O O O 4 0 0 O 4 4 4 0 0 0 O

T4 4 71 4 4 34 T 1 1 4 4 4 4 0100000
4 4 0 4 0 0O O 0O 4 -4 4 0 0 O

T 4 4 4 4 4 1 4 1 2 4 4 4 4 001000O0
|10 -4 0 O 0 o0 0 4 0 -4 4 0 0 O _

“=|3 3T 2 03 32 345 |T 1 7 733 3)ph=|0 001000,
o 0 0 0 4 0 -1 o 0 0 0 0 4 =2 00 0O0T1TTO0ODPO
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 4 1 0 0 0 0 4 0 0 000 0O0O0TO
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 0 4 0 0 0 0 0 0 4 00000 01
L4 4 4 4 4 4 4 | L4 4 4 4 4 4 4]

10 0 0 0 0 0] 10 0 00 0 0] 1000000
0100001 0100000 0100000
0010000 0010001 0010000
L=[000100O0,5=0001S000[,=[000T1O020 1]
0000100 00007100 0000100
0000010 0000010 0000010
0000000 1] 00000 0 1] 0000001
[1 0 0 0 0 0 0] (1 0 0 0 0 0 0]
0100000 0100000
0010000 0010000
Il=/0 00100 0[,[,=[0 00100 0]
00001 01 0000100 0
00000T10 0000011
000000 1] 00000 0 1]

Therefore, based on Definition 2, the polycyclic presentation of G is established as in (2) below:

a® =clg, b* =cllg", b* =bel %12, * =Ll", ¢ =cl5'l, " =,
=1 =50 =0 1 =G, L= =1

G={ ab,c.l, L5, LI L |18 =L 1 =0, 15 =01, I =L L1, 1 =170, 0 =1, 2)

In this research, by using Definition 3, the polycyclic presentation given in (2) is shown to be consistent.

=1, 10 =15, 1§ =15, I¢ =15, 10 =1, I =1, 1 =

forj>i, 1<i,j<6
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Computing the Consistency of Polycyclic Presentation of a Bieberbach Group with a
Quaternion Point Group of Order Eight

In this section, the polycyclic presentation (2) of a Bieberbach group with a quaternion point group of order eight
is shown to be consistent. The proof is given in the following theorem.

Main Theorem
The polycyclic presentation (2) of a Bieberbach group with a quaternion point group of order eight is consistent.

Proof The presentation of a Bieberbach group with a quaternion point group of order eight denoted as G, as given
in (2) is polycyclic. Next, the presentation is shown to be consistent. By Definition 2, G is generated by
a,b,e,l, L, L1l . Letg, =a, g,=b,g3=c,84=1,8=0,8 =4, g7=1;, 8=, g9=1Il,. Based on
Definition 3, there are five relations that need to be proven. For the first consistency check, the following relations

hold:

i) c(ba) = (cbh)a,
i)y L(chb) = (Lc)b,
iii)  li(ca) = (Lc)a,
iv)  L(ba)=(lib)a,
v)  b(he)=(bh)c,
Vi) L(hb) = (bLh)b,
vii)  L(la) = (bl)a,
viil) L(ch) = (hLe)b,
ix)  h(ca) = (hc)a,
X)  h(ba)=(Lb)a,
Xi) 13(1211) = (1312)11,
Xii) 13(126) = (1312)6,
Xiii) 13(12[)) = (Z3lz)b,
xiv) B(ha) = (Bh)a,
XV) 13(110) = (1311)0,
xvi) L(0Lb) = (Lh)b,
xvii) L(ha) = (h)a,
xviii) i3(ch) = (Ix¢)b,
xix) h(ca) = (l5¢)a,
xxX) h(ba) = (lb)a,
XXi) 14(1312) = (l4l3)lz)
XXii) 14(1311) = (l4l3)l|)
xxiii) la(ls¢) = (lals)c,
xxiv) l(lsb) = (Ll3)b,
XXV) 14(130) = (1413)61,
XXVi) 14(1211) = (1412)11,
xxvil) ls(lrc) = (lsl)c,

xxviil)  la(bb) = (ls)b,

XXiX) l4(lza) = (1412)61,
xxx) la(lic) = (Ldh)ce,
xxxi) L(hb) = ()b,
xxxii) ls(l1a) = (laly)a,
xxxiii) la(cb) = (lsc)b,
xxxiv)  l(ca) = (lxc)a,
xxxV) ls(ba) = (lsb)a,
xxxvi)  Is(lal3) = (Isls) 15,
xxxvii) Is(lal2) = (Isls)la,
xxxviii) Is(lal) = (Isls)ly,
xxxix)  Is(lac) = (Isls)c,
Xl) 15(14[7) = (1514)[7,
xli)  Is(lsa) = (Isls)a,
xlii) Is5(lhk) = (Ish3) D,
xliii) Is(l0h) = (Is5)1,
xliv) Is(lzc) = (Ish3)c,
x1v)  Is(l3b) = (Is3)b,
xIvi) Is(lza) = (Ishs)a,
x1vii) Is(ll) = (Ish)1,
x1viii)ls(loc) = (Ish)c,
xlix) Is(hb) = (Ish)b,

) is(ba) = (sh)a,

)y is(he) = (sh)e,

lit)  Is(lib) = (Ishh)b,
liit)  Is(lia) = (Ish)a,
liv)  Is(ch) = (Isc)b,

Iv)  Is(ca) = (Isc)a,

Ivi) Is(ba) = (IsD)a,

By the polycyclic presentation of G, as given in (2),

For 1),

lvii) 16(1514) = (1615)14,
Iviii) Zo(lsls) = (lels)ls,
lix)  le(Isls) = (lels)la,
Ix)  Is(Ish) = (Iels)]h,
Ixi) Is(Isc) = (lols)c,
Ixii) [s(Ish) = (lsls)b,
Ixiii) Is(Isa) = (lsls)a,
Ixiv) ls(lal3) = (lsla)ls,
1xv)  Is(lal2) = (lsla) Lo,
Ixvi) Is(laly) = (lsla)]h,
Ixvid) Zo(lsc) = (lela)e,
Ixviii)s(lsb) = (Isls)b,
Ixix) le(laa) = (lsls)a,
Ixx) Is(l312) = (lsl3)1a,
Ixxi) le(l:1h) = (lel3)14,
Ixxii) ls(lzc) = (lsls)c,
Ixxiii)ls(13b) = (lsl3)b,
Ixxiv)ls(la) = (Iels)a,
Ixxv) lso(LD) = (Iel)11,
Ixxvi) ls(loc) = (lsh)c,
Ixxvii) ls(lb) = (Isl2)b,
Ixxviii) le(hha) = (lsl2)a,
Ixxix)ls(lic) = (Ish)c,
Ixxx) ls(1b) = (ls/1)b,
Ixxxi)ls(hia) = (lsl)a,
Ixxxii) ls(ch) = (lsc)b,
Ixxxiii) ls(ca) = (ls¢)a,
Ixxxiv) ls(ba) = (lsb)a.

c(ba) = cabcls?1; = acly ' Igbels* 17 = achly ' Iicls*1g = achly ' cl Il

=achely [ 12 = abc*ISL

(cb)a = bacly 'l = abcl I ely ' Iy = abc® 15125 [ = abe* IS
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For ii),
I, (cb) =lbe =bly"c =bely.
(Lhe)b =l 'b = cbly = bcl;.
For iii),
I (ca) = hLacls'l = aly 'Ll el g = al; 'Ll J5 T = aly ' ely 1,05
=aclly'1,15"I;.

(Leya=cl a = cal ;'] = acl'I1,1 '] = acl 11,15 "],
The rest of the relations xxxvi) until Ixxxiv) can be shown in a similar manner.

Next, the relations of G are shown to satisfy the second consistency relation. The following relations hold:
i)  b*a=bh(ba), i)  ca=c(ca), iii)  c?b=c(ch)

By polycyclic presentation (2),

For 1),
b a=clsly'a = clsals' = calgls" = acl;' Il 15" = acl;*1Z.
b(ba) = babcl; 1 = abel12bels 17 = abelblZcls 1} = abebls 12l 1}
=ab*clS* 2l 1} = ab’clcl2Is* 1} = ab® P11

=aclslg 151 ISP E = acliPl7
The rest of the relations can be shown in a similar way.

Next, for the third consistency relations, the following relations hold:

i)  ba’=(ba)a, viil)  lsa’=( lsa)a, xv)  Isb*=(Ish)b,
i)  ca’=(ca)a, ix) ch*=( ch)b, xvi) Lic*=(lic)c,
i) ha*=(La)a, x) L= Libb, xvii) he=( be)e,
iv)  ha’=( ha)a, xi)  Lb>=( Lb)b, xviii) he*=( lie)e,
v)  ha’=( hka)a, xii)  Lb>=( Lb)b, xix) lLc*=( Lsc)c,
vi)  La’=(la)a, xiii) Lb>=( lsh)b, xx) Isc*=(Isc)c,
vil)  Isa’=( lsa)a, xiv) Ish>=( Ish)b, xxi) lsc>=( Isc)c,
By (2),
For 1),
ba* = bl

(ba)a = abcl;*1Fa = abels I3 1l a = abel 'S Tgals = abels 15 al s
=abcly'al 12 = abealg 112 = abacls 11512 = abaclsl;
=aabclP1Zclyl; = a”be* PRI = a’bePlS g = clgblsly 15
ICb16 = bC16 .

For ii) until xxi) the relations are shown to be true.

Next, the relations of G are shown to satisfy the forth consistency relation. The following relations hold:
i) a*a=aa’ i)  b*b=bb* iii)  cPe=cc?
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By relations (2),
For 1),

SIS I

a“a=clga=cals = acls [ls" = aclg.
* = acl

aa” = aclg.

The relations for ii) and iii) are shown to be true.

Lastly, the relations of G are shown to satisfy the fifth consistency relation. The following relations hold:

1) 12:( 12 ll'l) ll, Vl) 13:( 13 12-1) 12, Xl) 15:( IS 13-1) 13,
ii) L=(1h 11'1) 0, Vii) 14:( I4 12'1) b, Xii) 15:( ls 13'1) 13,
iii) li=(1s 11'1) 0, Viii) 15:( Is 12'1) b, Xiii) 15:( Is 14'1) 1y,
iV) Is=(1Is 11'1) 0, iX) 16:( ls 12'1) b, XiV) 15:( ls 14'1) 1y,
V) le=(1Is 11'1) 0, X) 14:( I4 13'1) 13, XV) 15:( ls 15'1) Is,

All 15 relations above are true since /i, /», /5, s, Is and /¢ commute with each other. Since the presentation of G
satisfies the consistency relations given in Definition 3, then G has a consistent polycyclic presentation.

CONCLUSION

In this research, the polycyclic presentations of a Bieberbach group with a quaternion point group of order eight
is shown to be consistent. This polycyclic presentation which is consistent is needed in finding the nonabelian tensor
squares of the group.
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