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Abstract

A space group of a crystal describes its symmetrical properties. Many mathematical approaches have been explored to
study these properties. One of the properties is on exploration of the nonabelian tensor square of the group. Determining the
polycyclic presentation of the group before computing the nonabelian tensor square is the method used in this research.
Therefore, this research focuses on computing the polycyclic presentations of the torsion free space group named
Bieberbach group with a quaternion point group of order eight.
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Abstrak

Kumpulan ruang bagi sesuatu kristal menghuraikan ciri-ciri simetrinya. Banyak pendekatan matematik telah diterokai unfuk
mengkaji ciri-ciri ini. Salah satu ciri yang dikagji ialah kuasa dua tensor tak abelan bagi sesuatu kumpulan. Mencari
persembahan polikitaran sesuatu kumpulan terlebih dahulu sebelum mengira kuasa dua tensor tak abelan merupakan cara
yang digunakan di dalam penyelidikan ini. Justeru itu, penyelidikan ini memfokus pada pengiraan persembahan polikitaran
kumpulan ruang bebas kilasan yang dinamakan kumpulan Bieberbach dengan kumpulan titik kuaternion berperingkat
lapan.

Kata kunci: Persembahan Polikitaran, Kumpulan Bieberbach, Kumpulan Titik Kuaternion Berperingkat Lapan
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1.0 INTRODUCTION

group named Bieberbach group has been carried out

Mathematical approach has been widely used in
many problems including the pattern of crystals such
as in X-ray diffraction crystallography for powder
samples [1]. Being one of the torsion free space group
or known as the crystallographic group, Bieberbach
group has the symmetry structure which can be
applied in this application. One of the symmetry
structures that have been explored is the nonabelian
tensor square of a group. Therefore the research on
the nonabelian tensor square of a torsion free space

over the years. Masri [2] in 2009 has focused on the
Bieberbach groups with cyclic point group of order
two and elementary abelian point group of 2-group.
The method of converting the matrix representation of
a group into polycyclic presentation before
computing its nonabelian tensor square has been
used by Masri in [2] and Mohd Idrus in [3]. Mohd Idrus
has considered the Bieberbach groups with dihedral
point group of order eight. Recently in 2014, Tan et al.
[4] also used the same method and found the
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polycyclic presentation for the Bieberbach group with
symmetric point group of order six.

The Crystallographic, Algorithms and Table (CARAT)
package [5] provides the lists of torsion free space
groups with certain point groups up fo dimension six. In
this paper, our focus is on the torsion free space group
with quaternion point group of order eight. Based on
the CARAT package, there are four torsion free space
groups with quaternion point group of order eight. All
of them are of dimension six. Using the matrix

2.0 PRELIMINARY

This sectfion provides the definition of polycyclic
presentation which is used throughout this paper.

Definition 1 [7] Polycyclic Presentation
Let Fn be a free group on generators g;,....g, and R

be a set of relations of group Fn. The relations of a
polycyclic presentation have the form:
gy =gir..gyir foriel,
g'9g,=9/"..gy forj<i,

9,99, =99,
for some Ic{l....n}e eN for iel and Xy, z

forj<iandjgl
,.'jlkeZ

foralli, j and k.

3.0 RESULTS AND DISCUSSION

In this section, the computations of the polycyclic
presentations of Q,(6), wheren=1,2,3and 4 are

shown.

Forn=1,
the following is the matrix representation of the group

Q (6), whichis listed in the CARAT package:

presentation of the groups, the polycyclic
presentations of the torsion free space groups with
quaternion point group, denoted as

Q,(6). wheren=1,2,3and 4are found with the

assistance of Groups, Algorithms and Programming
(GAP) software [6]. We need these polycyclic
presentations to show the group is polycyclic in order
to find its nonabelian tensor squares.

Q (6) ={(ay.a.h.b.l.1,.15.1) where
[0 =4 4 -4 0 0 0] [4 =2 0o 4 0 0 0
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 4 0 0 O 4 4 4 0 0 0 O
4 4 4 4 4 4 4 4 4 4 4 4 4 4
4 4 0 4 0 0 O 0 4 4 4 0 0 O
4 4 4 4 4 4 4 4 4 4 4 4 4 4
G=|% 8% 8 s glas2 § F ey
0 0 0 0 4 0 2 0 0 0 0 0 4 =2
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 4 1 0 0 0 0 4 0 0
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 0 4 0 0 0 0 0 0 4
L4 4 4 4 4 4 %] L4 4 4 4 4 4 7]
(1 00 00 0 1] [1 00 00 0 O]
01 00O0O0O 01 00O0O0 1
00 10O0O0O 00 10O0O0O
=0 00O 100 O0.L=(00O0T100O0 0},
00O0O0T1O00O0 00O0O0OT1O00O0
00O0O0O0OT1O 00O0O0OO0OT1TO
1000000 1] 1000000 1
(10 000 0 O] [1 0 000 0 O]
01 00O0O0O 01 00O0O0O
0010001 001 0O0O00O
l,=|0 0 01 0 0 O.[,=0 OO 100 1},
00O0OO0T1TO00O0 000O0T1TO0O
0 00O0O0T1TO 0 00O0O0T1O
1000000 1] 1000000 1}
[1 0 000 0 O] [1' 0 000 0 O]
01 00O0O0O 01 00O0O0O
0010O0O00O 0010O0O00O
Il;={0 0 01 0 0 O|.,={0 OO 10 0 Of.
0000 T1TO0I1 000O0T1O00O0
0 00O0O0OT1O 0 00O0O0T11
10 000 O0O0 1] 10 00000 1

This matrix presentation is used to compute the
polycyclic presentation using GAP software. GAP will
assist in giving the relators of the group. Then, we
analyze it to get the polycyclic presentation. Below

are the commands to construct the group Q (6) by
using GAP software:

gap> Q1 = Group(a0,a1,11,12,13,14,15,16 );

<matrix group with 8 generators>

(1)
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gap>
Gpcp:=lmage (IsomorphismPcpGroup (AffineCrystGro
upOnRight(GeneratorsOfGroup (TransposedMatrixGro

up(Q1))))):
Pcp-group with orders [ 2,2,2,0,0,0,0,0,0]
gap> GFp:=lmage (IsomorphismFpGroup (Gpcp));

<fp group on the generators [ f1, f2, f3, f4, f5, {6, {7, 18,
f9 1>

gap> RelatorsOfFpGroup (GFp);

[ FIA2XFOA-T*3A-1, 2A2XFOHBA-T1*3A-T, FIA-T*2*F 1 *f9A-
2(8A2*IA-1*2A-1,  f3A2*9*8A-1,  FIA-T*3*1*f9A-
1*f8*3A-1, P2A-1*3*f2*f3A-1, <idenfity ...>,

FIN-THF 41 7*5N-1%4,  f2A-1*4*2*%6, f3N-1*f4*f3*f4,
<identity ...>,

FIN-THS* 1 ON-1*5N-1%4,  f2A-1*f5*2*f7*f6*f4, f3N-
1*£5*£3*f5, FAN-1*f5*F 4*f5N-1, FAXfS*FAN-1*F5N-1T,
<identity ...>,

FIN-T*6*F1*f7%16%5, f2A-1*6*F2*f4N-1, f3A-T1*16*f3*16,
FAN-1*6*T4*T6N-1, TA*E*TAN-T*T6N-1, TEA-1*6*T5*T6A-1,
f5*f6*f6N-1*f6A-1, <identity ...>,

FIA-TH7 17 A- 156 A-1*54A-1, F2A-1*7*F2*F6N-1*f5N-
1*f4, £3A-T¥7*3*17, TAN-1* 7 4% 7 N1, T4 7*FAN-1*7 A1,
FON-1*745*7N-1, TE*7*ON-T*7N-1, T6N-1*7*6*7A-1,
f6*f7*f6N-1*f7A-1, <identity ...>,

FIA-TH8*1*f9N-1, f2A-1%8*f2*f8A-1, f3A-1*8*3*f8A-1,
FAN-1*8*f4*f8N-1, f4*8*F4N-1*f8A-1, fEA-1*8*5*8A-1,
fS*8*fON-1*8A-1, féN-1*8*f6*f8N-1, f6*f8*f6A-T*8A-1,
f7A-158*f7*f8N-1, f7*f8*7A\-1*f8A-1, <identity ...>,

FIA-TO*F1*8A-1, F2A-159*f2*f9N-1, f3A-1*9*3*IA-1,
FAN-T5O*F4*IN-T1, FAMOAN-TIN-1, fEA-T*O*EHIN-T,
fE¥P*ENA-1*ON-1, fON-1*O*f6*fIN-1, fEXfO*fENA-THIA-T,
fZA-1X7*IN-1, f7HO7A-T49N-1, f8A-1*9*B*IA-1,
f8*P*f8NA-1*f9N-1 ]

Then, based on the GAP computations above, the
following relations are established.
Let f1=q, f2=b, f3=c, f4=h, 5=z, f6=l3, f7=l4, 8=ls, f9=ls;

fIA¥F9A-1*f3A-1 > a2=cls,

fRA2X9XBA-143A-1 > b? =cll;’,
f1A-1*f24F 1 OA-258A2*IA-1*f2A-1 > b =bcl 7},
f3A2*f9*f8A-1 -> c? =14,",
FIA-1435149A-1*{8*{3A-1 --> ¢ =cl,l;’,

f2A-1*3*2*3A-1 --> cP =,
<identity ...>,
FIA-T*F 4174 5A-1%4 -> 1@ =[],

fRA-1%4*2%6 > I° = I.*,

f3A-1%14*3*4 —> I =1,

<identity ...>,

FIA-TH5*F 14 6A-TH5A1%4 > .7 =[], ,
fOA-1552%f7*f6*F4 > 1,° =11,
f3A-14543%5 > .5 =1,

fAN-1¥5*F 44501 > I} =1,

A5 AN-145A-1 -> 1], =1,

<identity ...>,

FIA-16*F 1475665 —> 1,7 =1,''1,",
fRA-146*25f4N-1 > I.° =1,
f3A-1*f6*f3%6 > 1, =1,
fAN-146* T4 F6A-1 > [} =1,

4O ANTHOA-T -> 1, =1,
FOA-1*6* 5% 6A-1 > = =1,
f54F6*5A-156A-1 > 2, =|
<identity ...>,

FIA- 17417 A 16 A 1441 > [0 =1 L],
FRA-1H74256A- 145N 154 > | ,° =[],
f3A-14743%7 > 1,° =1,",

FAN 7554701 > 1) =1,
FA7HANTHTAT > b, =1,
FOA-1H7H557A-1 > |2 =1, ,
f5*F745A- 147 A1 —> b1, =1,
FOA- 1746 7A-1 > | =1, ,
fe* 74617 A1 —> b1, =1,
<identity ...>,

FIA-148*F 1491 > [ =1, ,
f2A-1#18*f248A-1 > I,° =,
f3A-1*f8*f3*8A-1 --> [ =1, ,
FAN-1*f8*f4*f8A-1 —> |) =1,
f4 8 FAN-1H8A-1 > I,
f5A-1*8*548A-1 > 2 =,
f548*5A-158A-1 > |
fOA-1*8*F6*8A-1 > 15 =,
f6H8*6A-1H8A-1 -> 5|
f7A-1*8H7*8A-1 > I« =1,
f748*f7A-1%8A-1 > ]
<identity ...>,
FIA-149*148A-1 > % =1, ,
f2A-1%19*24f9N-1 -> |° =1, ,
f3A-1¥9*349A-1 > |,° =1, ,

3
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FAN-VFOHAMONT —> b =,
FAHOFANTHOAT —> 11, =1,
FSA1OH5HOAT > 1,2 =1,
FSHOMEATHOAT > bl =],
FEA-14946HOAT —> 1,5 =1,
FEHOMOATHOAT > bI, =],
F7AVH9H7HOAT —> 1,8 =1,
F7HOH7 AT > 1, =,

FBA-1H9HHIA-T —-> 1,5 =1,
FBHOHBA-1HIA 1> b, =1,

Therefore, based on Definition 1, the polycyclic
presentation of a forsion free space group in (1) is
established as in (2):

o’ =cl,, b*=cl/,

b® = bel22,c? = 1],
c®=cll,.c”=c,

=1 =1,
I° =171 =1,
1= 0 =1,
=50 =1, 05 =1
12 =11, P =0 =17,
1=l =1, C=1,00=I,
=l 5=l =1, 1" =1,

forj>i, 1<i,j<é

Q6)= ab.chbll.l,

(2)

6

For n=2,
Q,(6)=(a,
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method, the

presentation of (3) is established as follows:

Q, (6) =

a.b.c.hl.l.1,0.0

a? =clll,, b*=cl;,
c¥=cllll,. c”=c,
=1 =0 =1

19 =10, 12 =15

=1 12 =11y,
P =0 =1, 12 =1,
Pl =10 =1,

=l 05 =10 =11 =1,

forj>i, 1<i,j<é

Ko s Ao Ao Ao Ao MO

O O — O OO0 OO0 -0 000 oo — 0o oo

b® =bel 122, ¢ =1,

IS =018 =510 12 =1,

alo mlO Al KO KO KO KO

O — O 0O 000 O —-— 00000 o — 00 o oo

o alo slo slo

IRFNENEFNTSY »‘,‘o

-(4)

—-—-OOOOO—-OO—-OOO\—-OOOO—'O
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The following is the matrix representation of the
group where n=3,

Q,(6) = (0, 0L Lyl L) where

1elyelgelgelysls,

0 0 0 4 0 4 o 0 0 4 0 4 4 O
4 4 4 4 4 & 3 4 4 %1 4 4 1 3
0 0 4 0 4 0 2 0000 =4 0 0 O
4 4 4 4 4 4% 4 4 4 & 4 4 3
0 4 0 0 0 4 1 4 00 0 0 0 0
4 4 4 4 4 4 % 4 4 4 4 & & 1

o=+ % 4448 o188 2]
0 0 0 0 4 0 1 000 0 0 0 4 2
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 4 1 0000 0 4 0 0
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 0 4 0000 0 0 0 4

L4 4 4 4 4 4 %] L4 4 4 4 4 4 %]
(100000 1] (10000 0 0]
0100000 0100001
0010000 00100O0O

=0 001 00O0[LL={00O010 0 0] (5
0000100 0000100
0000O0T1O0 0000O0T1O
0000001, (000000 1
(10000 0 O] (100000 O]
01 000O0O 01 000O0O
0010001 00100O00O

l,={0 00100 O0[lL=(000T100 1]
0000T1C00 0000100
0000O0T1O0 00000710
0000001, (000000 1]
[1 00000 O] (100000 O]
01 000O0O 01 000O0O
0010000 00100O0O

l,=l0 0 0100 0|,={00O0 100 0}
000O0T1O0I1 0000100
0o0o00O0T1O0 0000011
0000001 (000000 1]

Therefore, by using the same method, the
polycyclic presentation of (5) is established as in (6):

o’ =clly, b> =K1Y,

b® =bcl, 2212, c* =11,
c®=cllll.c®=c, I7=1],
= =10 e =1,

Pl e=E e =1, =1,
Q,(6)=( ab.clbll e =1 12 =5 =1 =1, . (6)
1 =1 12 =L,

1S = LLIEL 19 =

o =1 1S = FLL

b=l 0 =1

I

forj>i, 1<i,j<6

Lastly, the matrix representation of the group for
n=4 as listed in the CARAT package,
Q,(6) =(a. 0, Ly L. 1, 1.1 ) where

o 0 4 0 0 0 O g o0 0 4 0 O
4 4 4 4 4 4 4 4 4 4 4 4 4
o 0 0 4 0 0 O 0 0 4 0 0 O
4 4 4 4 4 4 4 4 4 4 4 4 34
-4 0 0 0 0 0 O o 4 0 0 0 O
4 4 4 4 4 4 4 4 4 4 4 4 4
=0 =4 0 0 0 0 O -/ 0 0 4 0 O
oO_ 4 4 4 4 4 4 'Ol_ 4 4 4 4 4 4 4
o 0 0 0 4 0 =2 o 0 0 0 0 4
4 4 4 4 4 4 4 4 4 4 4 4 4
o 0 0 0 0 4 1 6 0 0 0 4 0
4 4 & 4 4 4 3 4 4 4 & 4 3
o 0 0 0 0 0 4 6 0 0 0 0 O
L4 4 4 4 4 4 %] L4 4 4 4 4 4 i
1 1
I]: O 0,12: ,(7)
0 1

—
1]
O O O O OO — OO0 0000 — OO0 OO o o —

O OO0 OO0 —~ OO0 OO o o —

-~ — 0O 0000 — 00 ~—0 00 —O0 OO0 O — O === e
1

OO0 OO0 -0 OO0 000 —0 ©0ooo — o
OO0 00 -0 0 OO0 00 ©0o oo — oo
OO0 0O - 000 OO0 000 ©0o o -0 oo
OO0 -~ 0000 00 ~0000 ©0o —~0 0o oo
O — 00000 0O —- 00000 ©— 00 o oo
O 0O 000 -0 0O0O000 —~0 OO0 000 — O
OO0 00 —-~00 0O0OO0O0 —~00 0O0O0O0 —O0 O
OO0 0O -~ 000 000 —~000 000 —0O0 O O
OO0 - 0000 00 ~-~0000 00 -0 00O
O — OO0 000 0O —-—00000 O —-00O0O0 O

—-O—-OOOOI—-OOO—-OO

r
L
r
L

Hence, by using the same method, the polycyclic
presentation of (7) is established as in the following:

o =cl, b>=cly,,
b® =bcl?l, c =1/,
c®=cll,, c”=c,

o= P =i =1
18=1,, b =115 =1),
=1 B =1, =1,

19 =1, P =11 =1,

19 =1, =1, 15 =110 =1,
=l 5=l I =1, 1 =]

forj>i, 1<i,j<é6

Q,(6)= ab.chlbll.ll, .(8)

All polycyclic presentations of the torsion free space
group with quaternion point group have been
computed. These presentations must be shown to be
consistent before the nonabelian tensor square of
the group can be computed.



156 Siti Afiqah Mohammad, Nor Haniza Sarmin & Hazzirah Izzati Mat Hassim / Jurnal Teknologi (Sciences &

Engineering) 77:33 (2015) 151-156

4.0 CONCLUSION

In this paper, the polycyclic presentations of all four
torsion free space groups of dimension six with
quaternion point group of order eight, denoted as

Q,(6), where n=1,2,3 and 4 have been computed

with the assistance of GAP software. These polycyclic
presentations are needed in finding the nonabelian
tensor squares of these groups.
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