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Abstract In Jun et al. (Bull Malays Math Sci Soc (2)
32(3):391-408, 2009), (o, f)-fuzzy bi-ideals are introduced
and some characterizations are given. In this paper, we
generalize the concept of (o, ff)-fuzzy bi-ideals and define
(€, € Vqy)-fuzzy bi-ideals in ordered semigroups, which is
a generalization of the concept of an (o, f)-fuzzy bi-ideal
in an ordered semigroup. Using this concept, some char-
acterization theorems of regular, left (resp. right) regular
and completely regular ordered semigroups are provided.
In the last section, we give the concept of upper/lower parts
of an (€, € Vgy)-fuzzy bi-ideal and investigate some
interesting results of regular and intra-regular ordered
semigroups.
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1 Introduction

The fundamental concept of a fuzzy set, introduced by
Zadeh [21], provides a natural frame-work for generalizing
several basic notions of algebra. A new type of fuzzy
subgroup, that is, the (a, f)-fuzzy subgroup, was intro-
duced in an earlier paper of Bhakat and Das [1, 2] by using
the combined notions of “belongingness” and “quasi-
coincidence” of a fuzzy point and a fuzzy set. In particular,
the concept of an (€, € Vg)-fuzzy subgroup is a useful
generalization of Rosenfeld’s fuzzy subgroup [17]. Davvaz
[5] introduced the concept of (€, € Vg)-fuzzy sub-near-ring
(R-subgroups, ideals) of a near-ring and investigated some
of their properties. Davvaz and Khan [3] discussed some
characterizations of regular ordered semigroups in terms of
(o, P)-fuzzy generalized bi-ideals of ordered semigroups,
where o, f§ € {€,q, € Vq, € Aq} and o A€ Ng. Also Khan
et al. introduced the concept of an (o, §)-fuzzy interior
ideals and gave some basic properties of ordered semi-
groups in terms of this notion (see [12]). In [18], regular
semigroups are characterized by the properties of
(€, € Vg)-fuzzy ideals. Jun [8], introduced the concept of
(€, € Vgqy)-fuzzy subalgebras of a BCK/BCI-algebra and
gave some basic properties of BCK-algebras. In [19],
Shabir et al. gave the concept of more generalized forms of
(o, p)-fuzzy ideals and defined (€, € Vgi)-fuzzy ideals of
semigroups, by generalizing the concept of [x; f]gF and
defined [x; f]giF, as F(x) + t + k > 1, where k € [0, 1),
(also see [9, 10, 20]). For further reading regarding (o, f3)-
fuzzy subsets and its generalization, we refer the reader to
[4,7, 11, 13, 15, 16].

The topic of these investigations belongs to the theo-
retical soft computing (fuzzy structure). Indeed, it is well
known that semigroups are basic structures in many
applied branches like automata and formal languages,
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coding theory, finite state machines and others. Due to
these possibilities of applications, semigroups and related
structures are presently extensively investigated in fuzzy
settings (see e.g., monograph [14]).

Our aim in this paper is to introduce a new sort of fuzzy
bi-ideals and fuzzy left (resp. right)-ideals in ordered
semigroup, called (&, € Vgy)-fuzzy bi-ideals and charac-
terize regular, left and right regular, and completely regular
ordered semigroups in terms of (€, € V¢, )-fuzzy bi-ideals.
We define the lower/upper parts of (€, € Vqy)-fuzzy bi-
ideals. Then some results are given in terms of (€, € Vgy)-
fuzzy bi-ideals in regular and intra-regular ordered
semigroups.

2 Basic definitions and preliminaries

By an ordered semigroup (or po-semigroup), we mean a
structure (S,-, <) in which the following conditions are
satisfied:

(0S1) (S,-) is a semigroup,
(082) (S, <) is a poset,
(083) a<b — ax<bx and xa < xb for all x € S.

For A,B C S, we denote by,
AB :={abla € A, and b € B}.

If S is an ordered semigroup, and A a subset of S, we
denote by (A] the subset of S defined as follows:
(A] :={r € S|t <a for some a € A}.

If A = {a}, then we write (a] instead of ({a}]. The
operator “(]” is a closure operator, and therefore

e extensive (that is, A C (A]),

e isoton (that is, A C B implies (A] C (B)),

e idempotent (that is, ((A]] € (A] and
(A1l = (AD.

Let (S,-, <) be an ordered semigroup. A non-empty
subset A of S is called a subsemigroup of S if AZ C A. A
non-empty subset A of § is called left (resp. right) ideal
[11] of S if

i) (VaeS)(VbeA)(a<b—acA),
(i) SA C A (resp. AS C A).

therefore

A non-empty subset A of S is called an ideal if it is both
a left and a right ideal of S.

A non-empty subset A of an ordered semigroup S is
called a bi-ideal [11] of S if

i) (VaeS)(VbeA)(a<b-—acA),
(i) A*CA,
(iii) ASA C A.

@ Springer

An ordered semigroup S is regular [11] if for every
a € S there exists, x € § such that a < axa, or equiva-
lently, we have (i) a € (aSa]Va€ S and (ii)) AC
(ASA]VA C S. An ordered semigroup S is called left (resp.
right) regular if for every a € S there exists x € S, such
that a < xaz(resp. a < azx), or equivalently, (i) a €
(Sa?](resp.a € (a>S])Va € S and (ii) A C (SA?](resp. A C
(A2S])VA C S. An ordered semigroup S is called left (resp.
right) simple [11] if for every left (resp. right) ideal A of S
we have A = S and S is called simple [11] if it is both left
and right simple. An ordered semigroup S is called com-
pletely regular, if it is left regular, right regular and
regular.

Now, we give some fuzzy logic concepts.

A function F : § — [0, 1] is called a fuzzy subset of S.

The study of fuzzification of algebraic structures has
been started in the pioneering paper of Rosenfeld [17] in
1971. Rosenfeld introduced the notion of fuzzy groups
and successfully extended many results from groups in
the theory of fuzzy groups. Kuroki [13] studied fuzzy
ideals, fuzzy bi-ideals and semiprime fuzzy ideals in
semigroups.

If F| and F, are fuzzy subsets of S then F; < F, means
Fi(x) < F5(x) for all x € S and the symbols A and V will
mean the following fuzzy subsets:

FIAFy : S — [0, 1]jx — (F1 A F2)(x) = Fy(x) A Fa(x)
= min{F1 (x),Fz(x)}

F\VF,: S — [O, 1”X|—> (F1 \/Fz)(x) = Fl(x) \/Fz(x)
= max{Fi(x), F2(x)},

forall x € S.

A fuzzy subset F of S is called a fuzzy subsemigroup if
F(xy) > min{F(x) , F(y) } for all x,y € S.

A fuzzy subset F of S is called a fuzzy left (resp. right)-
ideal [11] of S if

(i) x<y-— F(x)>F(y),
(i) F(xy) = F(y) (resp. F(xy) > F(x)) for all x,y € S.

A fuzzy subset F of S is called a fuzzy ideal if it is both a
fuzzy left and a fuzzy right ideal of S.

A fuzzy subsemigroup F is called a fuzzy bi-ideal [11] of
S if
(i) x<y-— F(x)=F(y),
(i) F(xyz) = min{F(x), F(z) } for all x,y,z € S.

Let S be an ordered semigroup and F'is a fuzzy subset of
S. Then, for all te€(0,1], the set U(F;t)={x¢€
S|F(x) >t} is called a level set of F.

Theorem 2.1 [6] A fuzzy subset F of an ordered semi-
group S is a fuzzy bi-ideal of S if and only if U(F;t)(# 0) is
a bi-ideal of S, for all t € (0, 1].
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Theorem 2.2 [6] A non-empty subset A of an ordered
semigroup S is a bi-ideal of S if and only if

1 ifxeA,
s —0ale— e = {15k
is a fuzzy bi-ideal of S.
If a € S and A is a non-empty subset of S. Then,
Ay ={(y,z) € S x Sla<yz}.

If Fy and F), are two fuzzy subsets of S. Then the product
Fy o F, of F| and F, is defined by:

F10F22S—> [O,l}|a|—> (Fl OFQ)(Cl)

V (Fi(y) ANF(2)) if A, #0,
- (y 7)6Aa
0 if A, =0.
Let F be a fuzzy subset of S, then the set of the form:
_fte(0,1] ify=x
Fo= o= 5

is called a fuzzy point with support x and value ¢ and is
denoted by [x; 7]. A fuzzy point [x; 7] is said to belong to
(resp. quasi-coincident with) a fuzzy set F, written as
[x;1] € F (resp. [x; flgF) if F(x) > ¢ (resp. F(x) + ¢ > 1). If
[x;1] € F or [x; flgF, then we write [x;f] € VgF. The
symbol € Vg means € Vq does not hold.

Generalizing the concept of [x; f]gF, in BCK/BCI-
algebras, Jun [8] defined [x; flgiF, as F(x) +t + k> 1,
where k € [0, 1).

3 (€, € Vgi)-fuzzy bi-ideals

In what follows, let S denote an ordered semigroup unless
otherwise specified. In this section, we define a more
generalized form of (o, f)-fuzzy bi-ideals of an ordered
semigroups S, where o, § € {€,q, € Vq, € Aq}, 0 #€ Nq,
and introduce (€, € Vgi)-fuzzy bi-ideals S, where k is an
arbitrary element of [0,1) unless otherwise stated.

Definition 3.1 A fuzzy subset F of S is called an
(€, € Vqp)-fuzzy bi-ideal of S if it satisfies the conditions:

1. (Vx,yeS)(Vte (0,1)(x<y,[y;t] € F —
[x; 1] € Vi),

2. (Vx,yeS)(Vt,r € (0,1))([x;r] € F,[y;t] € F —
[xy; r N 1] € VaiF),

3. (Vx,y,z€ S)(Vt,r € (0,1])([x;r] € F, [z
[Xxyz;r At] € VqiF).

f|€EF —

Theorem 3.2 Let A be a bi-ideal of S and F a fuzzy subset
in S defined by:

> 1=k

F(x):{o— 2

if x €A,
otherwise.

Then

1. Fisa (q, € Vay)-fuzzy bi-ideal of S.
2. Fisan (€, € Vqy)-fuzzy bi-ideal of S.

Proof (1) Let x,y € S,x<y and 7 € (0,1] be such that
[v; tlqF. Theny € A,F(y) + ¢ > 1. Since A is a bi-ideal of
S and x<y€A, we have x € A. Thus F(x )> 1”‘. If
1< 15k then F(x) > ¢ and so [x;7] € F. If t > 155 then

F(x )—|—t+k > Lk Dk 4 k=1 and so [x; t]qu. There—
fore [x;7] € VgiF.

Let x,y € S and t,r € (0, 1] be such that [x; f]gF and
[y; rlgF. Then F(x) + t > 1, F(y) + t > l and x,y € A, we
have xy € A. Thus F(xy)> £ If tAr> 3£ then
F(xy)+tAr+k> LkyLkik=1 and so [xy; t A
g F. IftAr< 1 , then F(xy) > t A rand so [xy;t Ar] €
F. Therefore [xy; t A1) € VgiF.

Let x,y,z € S and ¢, € (0, 1] be such that [x; f]gF and
[z; rlgF. Then F(x) +t>1, F(z) +t>1 and x,z € A,
hence xyz € A. Thus F(xyz) > 55 If 1t Ar> 15K then

(xyz)+t/\r+k> L4 k4 k=1 and so [xyz; ¢ A
rlg «F. If t Ar< 15k then F(xyz) > t A r and so [xyz;t A

r] € F. Therefore [xyz,t/\ r] € VgiF.

(2) Let x,y € S,x<y and ¢ € (0, 1] be such that [y;7] €
F. Then F(y) > tand y € A. Since A is a bi-ideal of S and
x<y€A, we have x € A. Thus F(x)> £ If r< 1K
then F(x) > rand so [x;7] € F. If 1 > 15K thenF()+t+
k>L5k+ Lky k=1 and so [x; flgF. Therefore
[x;1] € ViF.

Let x,y € S and 1,7 € (0,1] be such that [x;7] € F and
[y;r] € F. Then x,y €A and we have xy € A. Thus

Fxy)>15k If tAnr> 35k then F(xy)+tAr+
k>Lkp Dk k=1 and so [xy; 1+ A rlgF. If 1A
r<i k , then F(xy) >t A r and so [xy;t Ar] € F. There-
fore [xy, tAr] € VgiF.

Let x,y,z € S and ¢,r € (0, 1] be such that [x;#] € F and
[z;r]€F. Then x,z€A, and so xyz€A. Thus
F(xyz)> LI eAr> 15k then F(xyz) +tAr+
k> 1 k+1 k+k—1 and so [xyz; t A rlgF. If tA
r<i " , then F(xyz) > t A r and so [xyz;t A 7] € F. Thus,
[xyz; t A r] € VqiF. Consequently, F is an (€, € Vqy)-fuzzy
bi-ideal of S. O

If we take kK = 0 in Theorem 3.2, then we get the fol-
lowing corollary:

Corollary 3.3 [6] Let A be a bi-ideal of S and F a fuzzy
subset in S defined by:

>1 ifxeA
= =2 )
F) { 0 otherwise.
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Then

l. Fisa (q,€ Vq)-fuzzy bi-ideal of S.
2. Fisan (€, € Vq)-fuzzy bi-ideal of S.

Theorem 3.4 Let F be a fuzzy subset of S. Then F is an
(€, € Vap)-fuzzy bi-ideal of S if and only if

L (Va,y € S)(x<y — F(x) > F(y) A13H),
2. (Vx,y € S)(F(xy) > F(x) AF(y) A55),
3. (Vx,y,z € 8)(F(xyz) > F(x) ANF(z) AN5h).

Proof Let F be an (€, € Vqy)-fuzzy bi-ideal of S. On
the contrary assume that, there exist x,y €S, x <y
such that F(x)<F(y) A5%. Choose € (0,1] such
that F(x) <t < F(y) A15%. Then [y;1] € F, but F(x) < t and
F(x) + 14+ k<3 + 1554 k =1, so [x;1]€ Vg, F, which is
a contradiction. Hence F(x)>F(y) AL for all x,y €S
with x < y.

If there exist x,y € S such that F(xy) <F(x) A F(y) A
15£ . Choose 1 € (0,1] such that F(xy) <t <F(x) AF(y) A
15k Then [x;1] € F,[y;f] € F but F(xy) <t and F(xy) +
t+k<k4+ By k=1, 50 [xy; 1]g,F. Thus, [xy;/|EVg,F,
which is a contradiction. Therefore, F(xy)>F(x)AF(y)A
% for all x,y€eS.

Now if there exist x,y,z € S such that F(xyz) <F(x) A
F(z) AN5E . Then, for 1 € (0, 1] such that F(xyz) <t<F(x)A
F(z)A5%, we have [x;7]€F and [z;1]€F but F(xyz) <t
and F(xyz)+1+k<SE4+554 k=1, so [xyzg,F. Thus,
[xyz;t]€VqiF, which is a contradiction.
F(xyz)>F(x) AF(z) A5 for all x,y,z€S.

Conversely, let [y;tf] € F for some ¢ € (0,1]. Then
F(y) = 1. Now, F(x)>F(y) NGt > AR 0 1> 1K,
then F(x)> 1% and F(x) + 1+ k>S4 k=1, it
follows that [x; flgF. If t < IT’", then F(x) >t and so
[x;1] € F. Thus, [x;1] € VgiF.

Let [x;f] € F and [y;r] € F, then F(x) >t and
F(y) > r. Thus F(xy)>F(x) ANF(y) ASE>1Ar A5E
If t Ar> 35k then F(xy)>1£ and F(xy)+1 Ar+
k > '—g"—&—l—g"—&—k:l and so [xy; t A rlgF. If tA
r< 15k then F(xy) > ¢ A r and hence, [xy;r Ar] € F, it
follows that [xy;t Ar] € Vg F. Now let [x;¢f] € F and
[z;r] € F, then F(x) >t and F(z) > r. Therefore
F(xyz) >F(x) NF(z) NSE >t AraSE D If tnr > 55,
then F(xyz)>13% and F(xyz) +1 Ar+k> 54 5k
k=1 and so [xyz; t A rlgF. If tAr<13£  then
F(xyz) > t A r and hence, [xyz;t Ar] € F. Thus [xyz;t A
r] € VgiF and consequently, F is an (€, € Vg;)-fuzzy bi-
ideal of S. O

Therefore
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If we take k = 0 in Theorem 3.4, we have the following
corollary:

Corollary 3.5 [6] Let F be a fuzzy subset of S. Then F is
an (€, € Vq)-fuzzy bi-ideal of S if and only if

L (Vx,y €S)(x<y — F(x) 2 F(y) A0.5),

(Vx,y € S)(F(xy) = F(x) AF(y) A 0.5),

(Vx,y,z € S)(F(xyz) > F(x) AF(z) ANO.5).

bl

Theorem 3.6 A fuzzy subset F of S is an (€, € Vqi)-fuzzy
bi-ideal of S if and only if U(F;t)(#£ 0) is a bi-ideal of S for
all r € (0,54].

Proof Suppose that F is an (€, € Vgx)-fuzzy bi-ideal of S
and x,y € S be such that x<y € U(F;t) for some 7€
(0,134]. Then F(y) > t and by hypothesis

Hence x € U(F;1).
Now, let x,y € S be such that x,y € U(F;t) for some
te (O, %] Then F(x) > t and F(y) > t and by hypothesis

Fay) > F(x) AF() AL

2
Sinai=k_,
el 2 - b
Hence xy € U(F;1).
For x,z € U(F;t), we have

F(xyz) > F(x) AF(2) /\ﬂ

2
>tAtAN ﬂ =1.
- 2

Thus, xyz € U(F;t).

Conversely, assume that U(F; 1)(# ) is a bi-ideal of S
for all ¢ € (O,IT_"].

Let x,y € S with x < y be such that F(x) <F(y) A5%.
Choose r € (0,554] such that F(x) <r<F(y) A5* then
F(y) > r implies that [y;r] € F but [x; r]EF. Now F(x) +
r+k<5E4+ 5k 4 k=1, which implies that [x;r|gF,
contradiction. Hence F(x)>F(y) A5k, If there exist
x,y € § such that F(xy) <F(x) A F(y) A5%. Then choose
t € (0,55%] such that F(xy) <t <F(x) A F(y) A5, Thus
x,y € U(F;t) but xy & U(F;t), a contradiction. Hence
F(xy)>F(x) AF(y) A5t forall x,y € Sand k € [0,1). If
there exist x,y,z € S such that F(xyz) <F(x) A F(z) AL5E.
Then choose € (0,45%] such that F(xyz) <t <F(x) A
F(z) AN5E. Thus x,z € U(F;1) but xyz & U(F;t), a con-
tradiction. Hence F(xyz) > F(x) AF(z) A5E for all
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x,y,2€ S and k € [0,1). Therefore F is an (€, € Vqy)-

fuzzy bi-ideal of S. O
Example 3.7 Consider the ordered semigroup S =
{a’ b’ C? d}
alblcl|d
alalalala
blalalala
clala|b|a
dialal|bl|b

< :={(a,a),(b,b),(c,c),(d,d), (a,)}.

Then  {a}, {a, b}, {a, c}, {a, d}, {a, D, ¢}, {a, ¢, d}
and {a, b, ¢, d} are bi-ideals of S. Define a fuzzy subset
F of S as follows:

08 ifx:a
07 ifx=d
F.S—>[0,1]|x|—>F(x)7 04 e
03 ifx=0b
Then
N if 0<r<0.3
~_ J{a,e,d} if03<1r<04
UFD =9 {ad) it 04<1<0.7
0 if 0.8<r<1

Then, by Theorem 3.6, F'is an (€, € Vg )-fuzzy bi-ideal
of S for t € (0,54] with k = 0.4.
Proposition 3.8 If F is a nonzero (€, € Vqyi)-fuzzy bi-

ideal of S. Then the set Fy = {x € S|F(x) > 0} is a bi-ideal
of S .

Proof The proof is straight forward. O

Lemma 3.9 A non-empty subset A of S is a bi-ideal if and
only if the characteristic function y 5 of A is an (€, € Vqy)-
fuzzy bi-ideal of S.

Proof The proof is straight forward. U

Proposition 3.10 [f {F; : i € I} is a family of (€, € Vgy)-
fuzzy bi-ideals of an ordered semigroup S. Then (., F; is
an (€, € Vqy)-fuzzy bi-ideal of S.

Proof Let {F;},;, be a family of (€, € Vgy)-fuzzy bi-
ideals of S. Let x,y € S, x < y. Then

(ﬂ Fi> () = NFiln) = /\(Ff(y) " ¥>

icl iel iel

= (ﬂﬂ) ™) Alz;k

icl

S299
and
(ﬂF) )= \Fiow)= A(FAFreA15E)

— (Q(F,-(x)/\%) /\iel (F,-(y)/\lT_k>>

_ (mm) @)A (ﬂFf> AT

iel iel

Let x,y,z€S. Then,

<ﬂF> (o) = \Fil(xyz) = \ <Fi(x) AFi(z) /\IT_k)

icl icl icl

(B e ron's)
_ (ﬂF) ()7 <HF> @y

icl icl

Thus (.., F; is an (€,€ Vgp)-fuzzy bi-ideal of S. O

icl

4 Upper and lower parts of (¢, € Vg;)-fuzzy bi-ideals

In this section, we define the upper/lower parts of an
(€, € Vgi)-fuzzy bi-ideal and characterize regular and
intra-regular ordered semigroups in terms of (€, € Vgy)-
fuzzy bi-ideals.

Definition 4.1 Let F; and F, be a fuzzy subsets of S.
Then the fuzzy subsets le, (F; A Fy)~, (F; VK Fy)~,

Lk
(F1o* F2)™, Fy, (F) A“F2)", (Fy V¥ Fp)* and (Fy of Fp)"
of S are defined as follows:

— 1—k
'S — [0, 1)Jx — F¥(x) = Fi(x) A5

(F] /\k F2)7 S — [O, ”|X}—> (F] /\k Fz)(x)

=(F /\Fz)(x)/\l—;k,

(FiVEF) ™ 18 — [0, 1]]x — (Fy VX F2)(x)

= (VB0 Ao

(F1 oF Fy)™ S — [0, 1]|x — (F) of Fy)(x)

= (F) 0 F,)(x) Al%k,
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and

Fr S [0, 1] FE ) = Fr(x) vl—;k,

(Fi AN 18 — [0, 1]]x — (F) A* Fa)(x)

= (F) A Fy)(x) vl—;k,

(Fy VEF)T 08 — [0, 1]]x — (F1 V¥ F2)(x)
1—k

= (F[ \/Fz)(x)\/T,

(Fl Ok Fz)jL S — [0, 1]|X}—> (F] Ok FQ)(X)

— (Fl OFQ)(.X) \/%7

for all x € S.

Lemma 4.2 Let F| and F5 be fuzzy subsets of S. Then the
following hold:

1) (Fl Ak Fz)_z (FTk AEk)’

() (FiviFR) = (R'VvEY),

(i) (F\o*Fy) = (F’T‘ of’g).

Proof The proof is same as that of [19]. O

Let A be a non-empty subset of S, then the upper and
lower parts of the characteristic function y 4 are defined as
follows:

B B Lt jfxeA
xﬁ:s—>[0,1]|x'—>xﬁ(X)={ ; -
0 otherwise,
+k ¢ - +k 1 lf X € A
S — = =
XA [0, 1]]x 1a(x) 12;" otherwise.

Lemma 4.3 [10]. Let A and B be non-empty subset of S.
Then the following hold:
Lo QAN 18)” = Tars
2. (ta Vi) = Tauss
3. (ot yp) = YIEAB]-

Lemma 4.4 The lower part Zﬁ of the characteristic
function y 4 of A is an (€, € Vqyi)-fuzzy bi-ideal of S if and
only if A is a bi-ideal of S.

Proof The proof follows from Lemma 3.9. ]

Lemma 4.5 The lower part Z/'j of the characteristic
function y 4 of A is an (€, € Vqy)-fuzzy left (resp. right)-
ideal of S if and only if A is a left (resp. right)-ideal of S.

Proof The proof follows from Lemma 4.4. O
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In the following Proposition, we show that, if F is an
(€, € Vgi)-fuzzy bi-ideal of S, then F is a fuzzy bi-ideal
of S.

Proposition 4.6 If F is an (€, € Vqi)-fuzzy bi-ideal of
S, then F' is a fuzzy bi-ideal of S.

Proof Letx,y €S, x <y. Since F is an (€, € Vqi)-fuzzy
bi-ideal of S and x <y, we have F(x) > F(y) A 5% It fol-

lows that F(x) A2 >F(y) AL5E, and hence Fx)>
F'(y). For x,y €S, we have F(xy)>F(x)AF(y) ANSE
Then  F(xy) N5 > F(x) AF(y) AN SE = (F(x) A5E) A
(F(y) A5%), and so F'(xy) >F (x) A\F().

Now for x,y,z € S, we have F(xyz) > F(x) A F(z) A%
and hence, F(xyz) ALSE>F(x)AF(z) ASE= (F(x) ALSE)A
(F(z)A5E), and so F'(xyz) >F' (x) AF* (). Consequently,
Flisa fuzzy bi-ideal of S. O

In [6], regular and intra-regular ordered semigroups are
characterized by the properties of their (€, € Vg)-fuzzy left
(resp. right) and (€, € Vg)-fuzzy bi-ideals. In the follow-
ing, we characterize regular, left and right simple and
completely regular ordered semigroups in terms of
(€, € Vqy)-fuzzy left (resp. right) ideals and (€, € Vqy)-
fuzzy bi-ideals.

Lemma 4.7
regular if and only if for every A C S, we have, A C
(A2SA?), or equivalently, a € (a>Sa®] for every a € S.

[11] An ordered semigroup S is completely

Theorem 4.8 An ordered semigroup S is completely
regular if and only if for every (€, € Vqi)-fuzzy bi-ideal of
S, we have

fk(a) = fk(az) for every a € S.

Proof Let a€S. Since S is completely regular, by
Lemma 4.7, a € (a*Sa®]. Then there exists x € S, such
that @ < a’xa*. Since F is an (€, € Vqi)-fuzzy bi-ideal of
S, we have

1—k

2
1—k

(Fta) nra) 15 E)
:<F A ;)
)
>

a2
(@) A5

> (Pl AP AT A5
(@

F(a) > F(a“xa®)
1—-k

2
( 2

v

2
) NF(a”)
) k
A F(a) A
A

o3
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> F(a)

2y A A%, and it
) >F"(a). Thus F'

Thus, F(a )/\Tk
(a )=F'(a?)

>
follows that F (a) > F"
for every a€S.
Conversely, let a € S and we consider the bi-ideal
B(az) = (a2 Ua*u azSaz] of generated by a*. Then by
Lemma 3.4,

Fla
(a

1-k
2
(a

Lk if x € B(a?),
XB(a?) S — [07 1”)“_} XB(aZ)(x) = { 6 if x gBEaZ;

is an (€,€ Vqi)-fuzzy bi-ideal of S. By hypothesis,
i) (@) = Ty (@) Since a® € B(a?), we have 7y 2 (a”)
= 15* and hence, 72 (a) = 13*. Hence, a € B(a?) and we
have a <da* or a <a* or a < a’xa® for some x € S. If
a < d?, then, a<a* =aa<da*a® = aaa2<a2aa2 € a’Sa?
anda € (a 2Sa? ]. Similarly, for a < a*ora < azva, we get
a € (2Ss?] for some s,t € S. Therefore, S is completely

regular. O

An equivalence relation ¢ on S is called congruence if
(a,b) € o implies (ac,bc) € g and (ca, cb) € o for every
¢ € S. A congruence ¢ on S is called semilattice congru-
ence [11] if (a,a*) € ¢ and (ab,ba) € 6. An ordered
semigroup S is called a semilattice of left and right simple
semigroupsif there exists a semilattice congruence ¢ on S
such that the og-class (x),, of S containing x is a left and right
simple subsemigroup of § for every x € S, or equivalently,
there exists a semilattice ¥ and a family {S; : i € Y} of left
and right simple subsemigroups of S such that
SiNS;=0,VijeY,i#jS=|]S$:,88 CSyvijey.

icy

A subset T of S is called semiprime [6], if for every
a € S such that a®> € T, we have a € T, or equivalently, for
each subset A of S, such that A2 C T, we have A C T.

Lemma 4.9 [11] For an ordered semigroup S, the fol-
lowing are equivalent:

() (x)y is a left (resp. right) simple subsemigroup of
S, for every x € S,

(i1) Every left (resp. right) ideal of S is a right (resp. left)
ideal of S and semiprime.

Lemma 4.10 [11] An ordered semigroup S is a semilat-
tice of left and right simple semigroups if and only if for all
bi-ideals A and B of S, we have

(A’l = A and (B*] = B.

Theorem 4.11 An ordered semigroup S is a semilattice of
left and right simple semigroups if and only if for every
(€, € Vqp)-fuzzy bi-ideal F of S, we have

F'(a) = F'(a

) and F'(ab) = F (ba) for all a,b € S.

Proof Suppose that F is an (€, € Vgy)-fuzzy bi-ideal and
by hypothesis, there exists a semilattice ¥ and a family
{S;:i €Y} of left and right simple subsemigroups of S
such that:

SiNS;=0.VijeY,i#jS=|]S$,88 CSVijey.

icYy

(i) To prove that F'(a) = F'(a?), for every a € S, by
Theorem 4.8 and Lemma 4.7, it is enough to prove
that a € (a*Sa?). Let a € S. Then, there exists ¥ such
that a € S;. Since S; is left and right simple, we have
(S;a] = S;and (aS;] = S;, and so S; = (aS;] = (a(Sa ]
] = (aS.a). Since a € (aS;a], there exists x € S; such
that a < axa. Since x € §;, we have x < aya for some
y €S8;. Thus, a<axa<a(aya)a = a’ya* € aS;a C
aSa, and a € (a*Sa?).

(ii) Leta,b € S. Then, by (i), we have

F'(ab) = F'((ab)*) = F*((ab)").

Moreover, by Lemma 4.10, we have

(ab)* = (ab)’(ab)* = (ab)(ab)(ab)(ab)
= (aba)(babab) € B(aba)B(babab)

C (B(aba)B(babab))

= (B(babab)B(aba)] =
(by Lemma 4.10)

= (B(babab)(B(aba)B(aba)]]

= (B(babab)B(aba)B(aba)|(by ((A]] = (A])
C (((babab)S(aba)(aba)]] C (bababSabal).

(B(babab)(B(aba)?]]

Then, (ab)* < (babab)z(aba), for some z € S. Since F is an
(€, € Vqi)-fuzzy bi-ideal of S, we have

F((ab)*) > F((babab)z(aba)) A -%;f
= F((ba)(babza)(ba)) A 1=k
{ (ba) A F(ba) N 12;k} /\l—gk

= {F(ba) /\#}

Thus,
= {F(ba) Algk}
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and so F'((ab)*)>F"(ba), and F (ab) = F ((ab)?) =
F'((ab)*) > F

k(ba). In a similarly way one can see that,
F'(ba)>F (ab).

Conversely, we know that A is a semilattice of left and
right simple semigroups, so by Lemma 4.9, it is enough to
prove that every left (resp. right) ideal of S is an ideal of S.
Let L be a left ideal of Sand leta € L and ¢ € S. Since L is
a left ideal of S, by Lemma 4.4,

% if ta€eL

—k . —k _
mss—Dle— i = {5 RS

is an (€, € Vqy)-fuzzy left ideal of S and by hypothesis, we
have 7;*(ta) = 7;*(at). Since ta € SLC L, we have
7.¢(ta) = 5£, then 7% (at) = 15% and so at € L. That is,
LS C L. Thus, L is a right ideal of S. If a* € L, then
7.*(a*) = 5% and by hypothesis, 7;*(a?) = 7,*(a). Then,
7.5 (a) =15% and so a € L. Thus, L is semiprime. In a
similar way, one can prove that a right ideal R is a left ideal
of S and semiprime. O

In [6], regular and intra-regular ordered semigroups are
characterized by the properties of their (€, € Vg)-fuzzy bi-ide-
als. In the following, we characterize regular and intra-regular
ordered semigroups in terms of (€, € Vg )-fuzzy bi-ideals.

Proposition 4.12  [f {F; :

fuzzy bi-ideals of an ordered semigroup S. Then ()
an (€, € Vqy)-fuzzy bi-ideal of S.

i € I} is a family of (€, € Vqy)-
—k .
ier Fi s

Corollary 4.13 If F and G are (€, € Vqy)-fuzzy bi-ideals
of S. Then (F A* G)™ is an (€, € Vqy)-fuzzy bi-ideal of S.

Definition 4.14 An (€, € Vgy)-fuzzy bi-ideal F of S is
called idempotent if F| A\ F, = F.

Lemma 4.15 For an (€, € Vqi)-fuzzy bi-ideal F of S, we
have (F ok F)™ < F".

Proof Let F be an (€, € Vgi)-fuzzy bi-ideal of S and let
a€S. If A, =0, then (Fo*F) (a) = (FoF)(a) N5t =

OA 55 = 0<F(a).
Let A, # 0, then
(FF) (a)=| \/ (FO)AF(z
( 2)€Aq
—k 1—k
<| V F( P \/ Fla)|r—
2
(,V )GA (,\',Z)eAa
1—k
=F(a)A——=F(a). O

2

Lemma 4.16 Every (€,€Vqy)-fuzzy one-sided ideal of S
is an (€,€Vqy)-fuzzy bi-ideal of S.

@ Springer

Proof 1t is obvious. O

For an ordered semigroup S, we define the fuzzy subsets
“1” and “0” as follows:

1:5—[0,1]]x — 1(x) =1,
0:5—[0,1]]x — 0(x) =0,
for all x € S.

Lemma 4.17 [10] Let S be an ordered semigroup and F
and G be fuzzy subsets of S. Then, (FofG)™ <
(1% G) (resp.(F o* G)™ < (F ok 1)7).

Lemma 4.18 Let S be an ordered semigroup and F an
(€, € Vaqi)-fuzzy bi-ideal of S. Then (F of 10f F)™ < .
Proof Letae S.1f A, = 0, then

(FoklokF)*(a):(Fo1oF)(a)ATk:0/\1__k
= 0<F(a)
Let A, # 0, then
(F ok 10X F) (a)
1—k%
(FoloF)(a) -
=V Fortern@| At
(y,2)€A
=V (Fond Voamaray || At
| (7,2)€A (p,g)€A
=V V FDAIe)AFE@) AT
(v,2)€A, (p.q)EA,
=V FO AR A

(v,2)€Aq (p.q)€A

R A GO HEED)

(v:2)€Aq (pg)€A

1 -k

2

Since a < yz < y(pg) = ypq and F is an (€, € Vqp)-
fuzzy bi-ideal of S, so we have

1—k

F@) 2 Fopa) A5 2 (FO) A F@ AT A5

(e ) ron 515
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Thus,
1—k 1—k 1—k
((Fon55) n (Fan55) ) 15
(v:2)€Aq (p,q)€A:
1—k 1—k 1—k
< -~ - - - -
<V ((F(y)A 5 ) A (F(q)/\ 5 )) N
(:pq)€Aq
11—k —
< F(a) \——=F(a). O
2
(:pq)€Aq
Lemma 4.19 [6] Let S be an ordered semigroup. Then

the following are equivalent:

(i) S is regular,
(i) B = (BSB] for all bi-ideals B of S,
(iii)) B(a) = (B(a)SB(a)] for every a € S.

Theorem 4.20 An ordered semigroup S is regular if and
only if for every (€, € Vqy)-fuzzy bi-ideal F of S, we have

(Fok 1ok F)” =F".
Proof Suppose that F is an (€, € Vq;)-fuzzy bi-ideal of S
and let a € S. Since S is regular, there exists x € S such that

a < axa < ax(axa) = a(xaxa). Then (a,xaxa) € A,, and

A, # 0. Thus,
(Fok1okF)7(a):(FoloF)(a)/\lT_k

V (FOAGeR)E) | A

(r:2)€A,

> (F(a) A (10 F)(xaxa) Algk)

/\l—k
2

F@n \/ {1(p)AF(q)}
(P.4)€Axara

> (F(a) A {1(xax) AF(a)}) /\%

= (Fla) A IAF(@}) A

=F(a).

On the other hand, by Lemma 4.18, we have (Fof10of
F) ™ (a)<F"(a). Therefore, (Fok 10 F) ™ (a)=F (a).
Conversely, assume that (F of 1 of F)™ = F" for every

(€, € Vgy)-fuzzy bi-ideal F of S. To prove that S is regular,
by Lemma 4.19, it is enough to prove that

B = (BSB] for all bi-ideals B of S.

Let x € B. Since B is a bi-ideal of S, by Lemma 4.4, 7,
is an (€, € Vqu)-fuzzy bi-ideal of S. By hypothesis, (i of

1 o y5) " (x) = 75" (x). Since x € B, we have 75*(x) = 15%.
Thus, (y o* 1% x5)" (x) =15%. But, by Lemma 4.3 (3),
we have (150" 10" 15)" = Tpsp, and Z(pep(x) = 3%,
hence we have x € (BSB] and so B C (BSB]. On the other
hand, since B is a bi-ideal of S, we have (BSB]C

(B] = B. O

Lemma 4.21 Let F and G be (€, € Vqy)-fuzzy bi-ideals of
S. Then (F°M *G)™ is an (€, € Vqy)-fuzzy bi-ideal of S.

Proof The proof is easy and so is omitted. O

Lemma 4.22 [6] Let S be an ordered semigroup. Then
the following are equivalent:

(i) S is both regular and intra-regular,
(i) A = (A?] for every bi-ideals A of S,
(iii)) A N B = (AB] N (BA] for all bi-ideals A, B of S.

Theorem 4.23 Let S be an ordered semigroup. Then the
following are equivalent:

(1) S is both regular and intra-regular,

(i) (FotF) = F* for every (€, € Vqi)-fuzzy bi-ideals F
of S,

(iii) (FAYG)” = ((FofG)” AK(GKF)™)™  for all
(€, € Vqu)-fuzzy bi-ideals F and G of S.

Proof (1)=(ii) Let F be an (€, € Vqy)-fuzzy bi-ideal of
Sand a € S. Since § is regular and intra-regular, there exist
x,y,z € S such that a < axa < axaxa and a < yazz. Then,
a < axaxa < ax(yazz)xa = (axya)(azxa) and (axya,azxa)
€ A,. Thus,

(Fo* F) (a) = (Fo F)(a) /\%

= |V Fo)AF@) [ A5

(v:2)€Aq

Flaxya) A Flazxa))} A %

> {(
> { (F(a) A F(a) A 1%")
/\(F(a) AF(a) A %) } A %

 (Fon 55 A
(Farn i) a5

On the other hand, by Lemma 4.15, (F of F)(a) < F'(a).

(ii)=(iii) Let F and G be (€, € Vgy)-fuzzy bi-ideals of
S. Then, by Corollary 4.13, (F AG)” is an (€, € Vqr)-
fuzzy bi-ideal of S. By (ii),
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(FAYG)™ = (FAN*G) o (FA*G)") X (F*G)™.

In a similar way, one can prove that (FAFG)™ <
(G ok F)™. Thus, (FAN*G)” < ((FokG)” AF(Go*F)7)™.
Moreover, (F o G)™ and (Go* F)™ are (€, € Vqy)-fuzzy
bi-ideals of S and hence, (Fo*G)™ AK(Go*F)™ is an
(€, € Vqy)-fuzzy bi-ideal of S. Using (ii), we have
(FoFG)™ A*(GoFF)™)~

= (((Fo*G)” A (GFF) 7)ok (F*G)™ A (G F) 7))~
= ((Fok G) of (GokF)7)7= (Fok (GoFG)™ oF F)~

= (Fo*G ok F)™(as (Go*G)™ =G by (i) above)

< (Fo*10*F)" =F'(as (FoF 10FF)~

=F" by Theorem 4.20).

In a similar way, one can prove that ((Fo*G)~ A¥ (G of
F)")” <G'. Consequently, ((FokG) AF(GokF)™ )™ =<
F'AG'=(FA*G)". Therefore, we get ((FAG) =
(Fo*G)™ A (GoFF)™)™.

(ili)=(1) To prove that S is both regular and intra-
regular, by Lemma 4.22, it is enough to prove that A N
B = (AB] N (BA] for all bi-ideals A and B of S. Let x €
ANB. Then, x € A and x € B. By Lemma 4.4, Zﬁ and 7’5
are (€, € Vgy)-fuzzy bi-ideals of S. Using (iii), we have

((2a o 18)” A (15 9" 24) 7)™ () = (ta A" 25) " (%)
= 72" () A 75" (%)

Since x €A and x € B, we have 7,%(x) =
75 (x) = 135 Thus, 7% (x) A 75" () = A A 1t =15 It
follows that ((y4 o x5)” A% (x5 0% x4) ") (x
Lemma 4.3, we have ((yx4 " z5)" AF (33

7](<AB] A 7»](<BA] = X]EAB]O(BA]' Thus, 7~]((AB]Q(BA] (x) = % and x €
(AB] N (BA]. Moreover, if x € (AB] N (BA], then,

= (Zlam A 7’(&4]) (x)

= ((ta 9" 25)” A (3" 24) )" ()
= (xa N 25) " (x) (by (iii))

= Zlme (x)-

Thus, meB(x) :% and x € ANB. Therefore, A N
B = (AB] N (BA], consequently, S is both regular and
intra-regular. This completes the proof. U

5 Concluding remarks

Generalizing the concept of an (x«, f)-fuzzy BCK/BCI-
algebra, Jun [8], defined (€, € Vg;)-fuzzy subalgebras of a

@ Springer

BCK/BCl-algebras, by generalizing the concept of [x; f]gF
and defined [x; flgiF, as F(x) +t+ k> 1, where k €
[0,1). The theory of fuzzy sets on ordered semigroups can
be developed. Since fuzzy ideals of ordered semigroups
play an important role in the study of ordered semigroup
structures, by using the idea of a more generalized from of
quasi-coincidence of a fuzzy point with a fuzzy set, the
concept of an (€, € Vgi)-fuzzy bi-ideal in an ordered
semigroup S is introduced and different characterization
theorems are provided. The idea of an upper/lower part of
an (&, € Vgy)-fuzzy bi-ideal is provided and some inter-
esting results are given by using the lower part of an
(€, € Vgi)-fuzzy bi-ideal. In our future work, we will
concentrate on (o, 3)-fuzzy radical and (o, ff)-fuzzy prime
ideals of an ordered semigroup.
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