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Abstract 

An extension of the concept of commutativity degree named the probability that an element of a group 

fixes a set was introduced in 2013. Suppose G is a metacyclic 5-group  and  is the set of all ordered 

pairs  ,x y in G G such that  lcm , 5,x y  xy yx and .x y In this paper, the probability 

that an element of a metacyclic 5-group fixes the set  is computed by using conjugation action. 
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INTRODUCTION 

The probability that a pair of two randomly chosen elements 

 ,x y from a group G commute is called commutativity degree. The 

first concept of this probability has been introduced by Erdos and 

Turan (Erdos and Turan, 1965) in 1965. They investigated several 

problems based on this concept on symmetric groups. Up until 

today, this concept has been generalized by various researchers with 

different scope and groups. In 1973, Gustafson (Gustafson, 1973) 

showed that the probability of a random pair of elements can be 

computed by dividing the number of conjugacy classes with the size 

of the group. He also showed that  
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Another extension of the commutativity degree was done by 

Puornaki and Sobhani (Puornaki and Sobhani, 2008) where they 

studied the probability that the commutator of two randomly chosen 

elements in a group is equal to a given element in the same group. 

Though, this probability was also generalized by Alghamdi and 

Russo (Alghamdi and Russo, 2012) in 2012 where the upper and 

lower bound for finite groups were determined. Another work was 

done by Gastekz (Gastekz, 2010) on solvable and non-solvable 

groups where two upper bounds on the commutativity degree of 

non-solvable groups were considered. In 2016, Barzgar (Barzgar, 

2016) studied the probability that two subsets of a group commute 

where several results including lower and upper bounds were 

obtained. 

In this paper, one of the extensions called the probability that 

a group element fixes a set,  GP  is used. This probability has been 

introduced by Omer et al. (Omer et al., 2013) in 2013. In this research, 

the probability that an element of a metacyclic 5-group fixes a set  is 

determined by using the conjugation action. In this case, the set  is 

defined as the set of all ordered pairs  ,x y in G G such that 

 lcm , 5,x y  xy yx and .x y This probability is computed by 

first finding the elements in the group G G that satisfy the condition 

of the set . Later on, the number of the orbits under the same group 

action on the set  is determined. We will see that the probability that 

an element of G fixes the set  will eventually depends on the 

number of the orbits. 

METHODOLOGY 

This section provides some basic definitions and previous 

study that have been done by several authors on the extension of the 

commutativity degree and probability. 

Firstly, some basic definitions on group theory related to this study 

are given, starting with the definition of metacyclic group. 

Definition 2 (Rose, 1944) A group G is called metacyclic if it has a 

cyclic normal subgroup H such that the quotient group G
H

is also 

cyclic. 

Since our work is based on action of the group, the definition of 

group action is given as follows: 

Definition 3 (Rotman, 2003) Let G be any finite group and X be a 

set. A group G acts on X if there is a function ,G X X  such 

that 

i.    , , , .gh x g hx g h G x X   
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ii. 1 , .G x x x G  

Since the computation of the orbit is needed before we can find the 

probability, the definition of the orbit in a group action (specifically 

conjugation), denoted as  ,O x is given in the following definition. 

Definition 4 (Goodman, 2006) Let G acts on a set S and .x S

The orbit of x denoted by  O x is the subset of S where 

   : .O x gx g G S   If a group G acts on itself by conjugation, 

the orbit  O x is 
1:y G y axa  for some .a G

In group theory, the conjugacy class of an element is defined as 

follows: 

Definition 5 (Dummit and Foote, 2004) Let G be a finite group. Let 

1 2,g g be the elements of .G The elements 1 2,g g are said to be 

conjugate if there is some h   in G such that 1

2 1 .g hg h The set of 

all conjugates of 1g is called the conjugacy class of 1.g

In Definition 4, the orbit is also called the conjugacy class of x
in .G

Throughout this paper, the presentation of the metacyclic p-groups 

is given as in the following theorem: 

Theorem 1 (Basri, 2013) Let G be a non-abelian metacyclic p
-

group. Then G is one of the following: 

[1]  , 1, , ,p p pG a b a b b a a
   

    where p is an odd 

prime and  , , , 2 , , min 1, .               

[2]  , 1, , , ,p p p pG a b a b a b a a
      

    where p is an 

odd prime and , , , , 2 , ,             

 , min 1, .        

These two group presentations are classified as groups of Type 1 and 

Type 2. However, in this paper, only the presentation of metacyclic p-

groups of Type 1 will be considered, where the value of p is equal to 5. 

Next, the extension of the commutativity degree and probability by 

several authors will be discussed. 

In 1975, Sherman (Sherman, 1975) extended the concept of 

commutativity degree by introducing the probability that an 

automorphism of a finite group fixes an arbitrary element with the 

following definition: 

Definition 7 (Sherman, 1975) Let G be a group. Let X be a non-

empty set of ,G where G is a permutation group of .X Then the 

probability that an automorphism of a group fixes a random element 

of X is defined in the following. 

 
  ,  ,

.G

g x gx x g G x X
P X

X G

   


Later on, Moghaddam et al. (Moghaddam et al., 2011) 

extended the definition given by Sherman (Sherman, 1975) and 

introduced a new probability called as the probability that an 

automorphism of a finite group fixes a subgroup element. This 

probability is given in the following. 

 
  , , ,

, ,
G

G

A

G

h h h h H A
P H G

H A

   


where h is a fixed element of H under an arbitrary chosen 

authomorphism of G. 
In 2013, Omer et al. (Omer et al., 2013) extended the 

probability given by Sherman (Sherman, 1975) by introducing the 

probability that a group element fixes a set. Later in 2016, E-Sanfaz 

generalized the probability given by omer et al. and introduced the 

following definition. 

Definition 6 (El-Sanfaz, 2016) Let G be a finite group and let 

  , 2, .a b G G a b ab ba      Let G act on . Then the 

probability that an element of a group G fixes the set  is given 

as  

 
  , :

.G

g G g
P

G

    
 



Next, the following theorem is used to count the probability that an 

element of a group fixes a set under the group action of G on .

Theorem 2 (El-Sanfaz, 2016) Let G be a finite group and let 

  , 2, .a b G G a b ab ba      Let G act on . Then the 

probability that an element of a group G fixes the set  is given 

by 

 
 

,G

K
P


 



where  K  is the number of orbits under the group action of G

on .

In this paper, the probability that an element of a metacyclic 

5-group fixes a set by conjugation action is computed which is 

given in Theorem 3. 

RESULTS AND DISCUSSION 

This section discusses the main result of this paper which is the 

probability that an element of a metacyclic 5-group fixes a set by 

conjugation. First, two lemmas are given, which will be used to 

proof our main theorem.  

Lemma 1 discussed on the elements of order five in the group ,G

presented in the following. 

Lemma 1. Let G be a metacyclic 5-group of Type 1 such that 

 5 5 5, 1, , .G a b a b b a a
   

      Then, there are always 24 

elements of order five in G which are 
15 ,  1 4,ia i



 
15 ,  1 4,ja j



  and 
1 15 5 ,  1 4,  1 4.i ja b i j

  

   

Proof. Suppose a and b are elements of .G Since 5 1a


 and 

5 1,b


 thus a divides 5
and b divides 5 . Next, we look at 

the elements of order five which depends on the value of parameters 

 and . We found that there are four elements of a G of order 

five which are 
15 ia



where 1 4,i  there are four elements of 

b G of order five which are 
15 jb



where 1 4.j  Next, there 

are another 16 elements of order five in terms of ab G which are 
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1 15 5i ja b
  

where 1 4,i  1 4.j  Thus, there are always 24 

elements of order five in ,G depending on the value of parameters 

 and . The proof then follows. 

Next, Lemma 2 discussed on the size and elements in the set ,

given in the following. 

Lemma 2. Let G be a metacyclic 5-group of Type 1 such that 

 5 5 5, 1, ,G a b a b b a a
   

    and the set  is an ordered set 

set of G G in the form of  ,x y such that  lcm , 5,x y 

,xy yx and .x y Then 300. 

Proof. Suppose G is a metacyclic 5-group of Type 1 such that 

 5 5 5, 1, ,G a b a b b a a
   

    and the set  is an ordered set 

of G G in the form of  ,x y such that  lcm , 5,x y  xy yx

and .x y By Lemma 1, there are 24 elements of order five such 

that 
15 ,  1 4,ia i



 
15 ,  1 4,jb j



 
1 15 5 ,  1 4,  1 4.i ja b i j

  

   

Since  lcm , 5,x y  we need to consider the pair  ,x y of order 

1x  and 5,y  and 5x  and 5.y  Since the identity 

commutes with all elements of ,g G we first have 24 pairs  ,x y

when 1x  and 5.y  Next, we check whether the pair  ,x y

when 5x  and 5y  commutes with each other or not, and we 

found that all pairs commute with each other. This gives us 

24 24 576  pairs. However, since ,x y 288 pairs that gives the 

same  ,x y pairs, and the same  ,x x and  ,y y pairs need to be 

omitted. Thus, we are left with another 276 pairs. In total, we have 

276 24 300  ordered pairs of elements in the set . The proof 

then follows. 

Theorem 3. Let G be a metacyclic 5-group of Type 1 such that 

 5 5 5, 1, ,G a b a b b a a
   

    where , , ,    2 ,   

,   min 1,    and  the set of ordered pairs  ,x y in 

G G such that  lcm , 5,x y  xy yx and .x y If G acts on 

 by conjugation, then  

 
17

, when ,
75

1,              otherwise.
GP

  


 
  




Proof. Suppose G acts on  by conjugation, then there exists a 

function : G  such that   1, , .g g g g G      By 

Lemma 2, there are 300 ordered pairs of elements  1 2,  in .

Thus, there are 300 orbits,     1

1 2 1 2, , ,O g g g G       that 

needs to be computed. Based on the parameters ,  and ,   it has 

been found that the value for parameters , ,   can only be 

divided into two cases, the first one is when ,    and the 

other one when ,  ,  and .              Therefore, 

the value of the orbits are also depending on these two cases.    

Case 1. When .    For instance, let 3,  2 and 2.    

Thus, we have  125 25 5, 1, , ,G a b a b b a a    and 3125.G 

From the computation of 300 ordered pairs of , it was found that 

there are 10 orbits of size one, which are  1001, ,a  751, ,a  501, ,a

 251, ,a  100 75, ,a a  100 50, ,a a  100 25, ,a a  75 50, ,a a  75 25, ,a a

 50 25, .a a Since the identity element and 100 75 50 25, ,  and a a a a are in 

the center of ,G the orbits      1 1

1 2 1 2 1 2, , ,O g g gg       

are themselves, which is of size one. Next, we found that there are 

58 orbits of size five which starts with      5 10 20 75 201, , 1, , , , .b b b a b   

Thus, we have a total of 68 orbits which is the subset of . By 

Theorem 2,  
  68 17

.
300 75

G

K
P


   


                                                       

Case 2. When ,  ,  and .              For instance, 

take the value when    and let 3, 3, 2.     Thus, we 

have  125 125 5, 1, , ,G a b a b b a a    and 15625.G  It was 

found that all elements of order one and five, which are the identity 

element, 
15 ,  1 4,ia i



 
15 ,  1 4,jb j



     
1 15 5 ,  1 4,  1 4,i ja b i j

  

    are in the center of .G Therefore, the 

orbits      1 1

1 2 1 2 1 2, , ,O g g gg        are themselves, 

which are of size one. The pairs are also similar as the ordered pairs 

of . By Theorem 2,  
68

1.
68

GP


   


After the computation, 

it was found that similar value is applicable to cases when 

    and ,    as well. The proof then follows. 

A software called Groups, Algorithms and Programming (GAP) 

has been used in this research to facilitate our computation in finding 

the order of elements in the group G, since the size of each group are 

large and it takes so much time to do hand computation. We give an 

example of GAP code based on the case when 3, 2, 2.     The 

GAP codes are given as follows: 

f:=FreeGroup("a","b");; 

a:=f.1;;b:=f.2;; 

r:=[a^125,b^25,Comm(b,a)*a^-5];; 

g:=f/r; 

a:=g.1;;b:=g.2;; 

Size(g); 

3125 

e:=Elements(g);; 

for i in [1..Size(g)] do 

els:=e[i]; 

p:=Order(e[i]); 

Print(els,   "  ",   p  ,   "   ",  "\n"); 

od; 

e3:=Filtered(e, c->Order(c)=3);; 

Add(e3,Identity(g));; 

e13:=AsSet(e3);; 

A:=[];; 

for i in [1..Size(e13)-1] do 

a:=e13[i]; 

for j in [i+1..Size(e13)] do 

  b:=e13[j]; 

  if Comm(a,b)=Identity(g) then 

   Add(A, [a,b]); 

  fi; 

od; 

od; 

B:=[];; 

for i in [1..Size(A)] do 

C:=[]; 

if not A[i] in B then 

  for gg in e do 

   for j in [1..Size(B)] do 
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    if (A[i][1]^gg=B[j][1] and A[i][2]^gg=B[j][2]) or 

(A[i][1]^gg=B[j][2] and A[i][2]^gg=B[j][1]) then 

Add(C, 1); 

    fi; 

   od; 

  od; 

 fi; 

  if Size(C)=0 then 

   Add(B, A[i]); 

  fi; 

od; 

PG:=Size(B)/Size(A); 

Print(PG); 

 

 
CONCLUSION 

 

In this paper, the probability that an element of a group fixes a set is 

found for metacyclic 5-groups of Type 1. The result shows that the 

probability depends on the size of the orbits and the size of the set 

 . It was also found that there are only two cases of the value of 

the probability, which are also depending on the value of parameters 

,  and .    
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