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Abstract: In this paper, the concept of an (€,evqyg)-fuzzy quastideal in an ordered semigroup is
introduced, which is a generalization of the concept of an (o.p)-fuzzy quastideal, o,p e{c,q,eVvq,e Aq}

and (@,p)-fuzzy quastideal is a generalization of fuzzy quastideals of an ordered semigroup. Using this
concept some basic results of ordered semigroups are discussed and the supported examples are provided.

The upper/lower parts of an (€,evqy)-fuzzy quastideal are defined and some classes of ordered
semigroups are characterized by using the concept of an (€,evqy)-fuzzy quastideal. The concept of a
semiprime (€,evqx)-fuzzy quastideal is given and the basic results are investigated in terms of semiprime

(€,evqy)-fuzzy quastideal.
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INTRODUCTION

A new type of fuzzy subgroup, that is, the
(a,p)-fuzzy subgroup, was introduced in an earlier
paper of Bhakat and Das [1, 2] by using the combined
notions of "belongingness" and "quasicoincidence" of
a fuzzy point and a fuzzy set. In particular, the concept
of an (e,evq)-fuzzy subgroup is a useful generalization
of Rosenfeld's fuzzy subgroup [19]. Davvaz [4]
introduced the concept of (€,evq)-fuzzy sub-near-ring
(R-subgroups, ideals) of a nearring and investigated
some of their properties. Jun and Song [6] discussed the
general forms of fuzzy interior ideals in semigroups.
Davvaz and Khan [3] discussed some characterizations
of regular ordered semigroups in terms of (o,p)-fuzzy
bi-ideals, where o, e{eq.€,€vq, evq} and a#enq.
Kazanci and Yamak introduced the concept of a
generalized fuzzy bi-ideal in semigroups [8] and gave
some properties of fuzzy bi-ideals in terms of (€,evq)-
fuzzy bi-ideals. In [21], Shabir et al. gave the concept
of more generalized forms of (o,p)-fuzzy ideals in

semigroups and defined (e,evqy)-fuzzy ideals of
semigroups, by generalizing the concept of xqF and

defined x.qxF, as F(x)+t+k>1, where kl€[0,1).

The topic of these investigations belongs to the
theoretical soft computing (fuzzy structure). Indeed, it
is well known that semigroups are basic structures in
many applied branches like automata and formal
languages, coding theory, finite state machines and
others. Due to these possibilities of applications,
semigroups and related structures are presently
extensively investigated in fuzzy settings [16].

This paper is arranged in the following sections:

In section 2, the basic definitions of quastideals
and fuzzy quastideals are given and the necessary
results are revised. In section 3, the concept of an
(e,evqy)-fuzzy quastideal is provided and the basic
results of ordered semigroups with supporting examples
and counter-example are given. In section 4, we define
the upper and lower parts of an (€,evqy)-fuzzy quast
ideal and the properties of some classes of ordered
semigroups are presented. We also define semiprime
(e,evqy)-fuzzy quastideals in this section and give
some properties of completely regular ordered
semigroups. In the last section, some semilattices of
left and right simple semigroups are discussed and
hence, it is shown that an ordered semigroup S is
completely regular if and only if for every (€,evqy)-
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fuzzy quasiideal F of S, we have F (a)=F (a’) and
Fk(ab) :Fk(ba) for every a,beS where F denotes the
lower part of F and ke[0,1).

BASIC DEFINITIONS AND PRELIMINARIES

By an ordered semigroup (or po-semigroup) we

mean a structure (S,,<) in which the following

conditions are satisfied:

(OS1) (S,) is a semigroup,
(0S2) (S,2)is aposet,
(OS3) a<b—ax<bx and a<b-—>xa<xbfor all

a,b,xeS.

For subsets A,B of an ordered semigroup S, we
denote by AB={ab eS|a €A,beB}. If ACS we denote

(Al={teS|t<hfor some heA}. If A = {a}, then we
write (a] instead of ({a}]. If A,.BcS, then Ac(A],
(A](B]< (AB] and ((A]]=(A].

Let (S,-,<) be an ordered semigroup. A non-empty

subset A of S is called a subsemigroup of S if A°’cA. A
non-empty subset A of S is called left (resp. right) ideal
of Sif

() (VaeS)VbeA) (a<b—oacA)
(i) SAcA (resp. AScCA)

A non-empty subset A of S is called an ideal if it is
both a left and a right ideal of S.

A non-empty subset A of an ordered semigroup S
is called a bi-ideal of S if

(i) (VaeS)(VbeA) (a<b—acA)
(i) A’cA
(i) ASAcCA

A non-empty subset A of an ordered semigroup S
is called a quasi-ideal of S if

() (VaeS)(VbeA) (a<b—acA)
(i) (AS]N(SA]c A

An ordered semigroup S is regular if for every aeS
there exists, xS such that a<axa, or equivalently, we
have (i) a € (aSa]v ae S and (ii)) A c(ASA] VAcS. An
ordered semigroup S is called left (resp. right) regular if
for every aeS there exists xS, such that a<xa’ (resp.
aSazx), or equivalently, (i) ae(Saz](resp. ae(Sza])
VaeS and (i) Ac(SA?] resp. Ac(A’S]) VacS. An

ordered semigroup S is called left (resp. right) simple if
for every left (resp. right) ideal A of S we have A =S
and S is called simple if it is both left and right simple.
An ordered semigroup S is called completely regular, if
it is left regular, right regular and regular.

An equivalence relation o on S is called
congruence if (a,b)ec implies (ac,bc)ec and (ca,cb)ec
for every ceS. A congruence ¢ on S is called
semilattice congruence [9] if (a,a’)ec and (ab,ba)eo.
An ordered semigroup S is called a semilattice of left
and right simple semigroups if there exists a semilattice
congruence ¢ on S such that the o-class (x); of S
containing x is a left and right simple subsemigroup
of S for every xeS, or equivalently, there exists a
semilattice Y and a family {S;: iey} of left and right
simple subsemigroups of S such that

S NS;=2Vi,jeY,i#]
s=Us,
ieY

SS;c8;VijeY

A subset T of S is called semiprime [9], if for every
aeS such that azeT, we have aeT, or equivalently, for
each subset A of S, such that Ang, we have AcT.

Lemma [9]: For an ordered semigroup S, the following
are equivalent:

(1) &) is a left (resp. right) simple subsemigroup of
S, for every xeS,

(ii) Every left (resp. right) ideal of Sis a right (resp.
left) ideal of S and semiprime.

Lemma [20]: An ordered semigroup S is a semilattice
of left and right simple semigroups if and only if for all
quasiideals A and B of S, we have

(A’]= A and (B*]=B.

Now, we give some fuzzy logic concepts.
A function F: S—[0,1] is called a fuzzy subset of S.

The study of fuzzification of algebraic structures
has been started in the pioneering paper of Rosenfeld
[19] in 1971. Rosenfeld introduced the notion of fuzzy
groups and successfully extended many results from
groups in the theory of fuzzy groups. Kuroki [11]
studied fuzzy ideals, fuzzy bi-ideals and semiprime
fuzzy ideals in semigroups [12, 13].

If i and E are fuzzy subsets of S then F; ? F,
means E(x)<E(x) for all xS and the symbols A and

v will mean the following fuzzy subsets:
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EAE:S—[0,1]x (F AE)(x)=F(x)AE(x)

= min{F, (x),E, (x)}
FlvFZ:S%[O,l]\xl—)(Flsz)(x) ( ) Fz(x)

= max{F (x ),E(x )}

for all xeS.

A fuzzy subset F of S

subsemigroup if F(xy»>min {F(x), F(y)} for all x,y €S.
A fuzzy subset F of S is called a fuzzy left (resp.
right) ideal [9] of S if

is called a fuzzy

() x<y->F(x)2F(y)
(i) F(xy>F(y) resp. F(xy)>F(x) for all x,y €S.

A fuzzy subset F of S is called a fuzzy ideal if it is
both a fuzzy left and a fuzzy right ideal of S.

A fuzzy subsemigroup F is called a fuzzy bi-ideal
[9] of S if

(i) x<y->F(x)=F(y)
(i) F(xyz)>min {F(x)>F(z)} for all X,y,zeS.

The fuzzy subsets “1” and “0” of an ordered
semigroup S are the greatest and least elements of S and
are defined as follows:

1:S—[0,1], x> 1(x)=1Vxe S
0:S—[0,1], x> 0(x)=0VxeS

If acS and A is a non-empty subset of S. Then,
A, ={(y,z)eSxS|a<yz}.

If F; and F, are two fuzzy subsets of S. Then the
product F; o F, of F; and F, is defined by:

v (E(Y)AE (2))ifA, #?
EoF, : S—[0,1]]at> (F o E)(a) =10l

0 if A, =

A fuzzy subset F of S is called a fuzzy quastideal
of S [20] if it satisfies the following conditions:

(i) x<y->F(x)=F(y)
(i) (Fol)A(1oF)?F

Theorem [20]: A non-empty subset A of an ordered
semigroup S is a quastideal of S if and only if

1 ifxeA

: S—J0,1 =
Aa —>[0,1]x > %, (x) {0 ifxeA

is a fuzzy quastideal of S.

Let S be an ordered semigroup and F is a
fuzzy subset of S. Then, for all te(0,1], the set
U(F;t) ={x eS|F(x) >t} is called a level set of F.

Theorem [20]: A fuzzy subset F of an ordered
semigroup S is a fuzzy bi-ideal (resp. fuzzy quastideal)
of S if and only if U(F;t)(+?) is a bi-ideal (resp. quasi

ideal) of S, for all t(0,1].
Example [Shabir-Khan]: Consider the

semigroup S = {ab,c,d,f} with the
multiplication table and the order relation:

ordered
following

olalo|lals |a

o|lo|mm| ||

=] =2l G ol N e
Slao|lo|lv|»]|o

el | o e
Pl ||| oo

<={(a,a),(a,b),(a,c),(a,d)(a,f),(b,b),(c,c),(d,d),(f,f )}

Then {a}, {ab}, {ac}, {ad}, {af}, {ab.d},
{a,e,d}, {a,b,f}, {a,c,f} and {a,b,c,d,f} are quastideals
of S. Define a fuzzy subset F of S as follows:

0.5ifx =a
04ifx =b
F:S—[0,1]jx+—> F(x)= .
03ifx=d
0.2ifx=c,f

Then, F is a fuzzy quastideal of S as shown in [20].

It is well known that every quastideal of Sisa
bi-ideal of S. Similarly every fuzzy quastideal of Sis a
fuzzy bi-ideal of S but the converse is not true in
general, as shown in [20].

Lemma [9]: Let A and B be non-empty subsets of S,
then we have the following:

(1) AcBifand onlyif y, 2y,
(D) Aa AAs =Xares
() xacxs= X(aBy:

Let F be a fuzzy subset of S, then the set of
the form:

F te(Ol] ify=x
)= ify#x
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is called a fuzzy point with support x and value t and is
denoted by [x;t]. A fuzzy point [x;t] is said to belong
to (resp. quasi-coincident with) a fuzzy set F, written

as [x;t]eF(resp. [x;t]qF ) if Fx)=t (resp. F(x)+t>1). If
[x;t]e F or [x;t]qF, then we write [x;t]evqF. The
symbol e vq means evqy does not hold.

Generalizing the concept of [x;t]gF, in semigroups,
Shabir et al. [21] defined [x;t]q,F, as F(x)+t+tk >1,

where ke[0,1).
(€ ,€ v q)-FUZZY QUASHDEALS

In what follows, let S denote an ordered semigroup
unless otherwise specified. In this section, we define a

more generalized form of (o,f)-fuzzy quastideals of an

ordered semigroups S and introduced (g€,evqy)-fuzzy
quastideals S where k is an arbitrary element of [0,1)
unless otherwise stated.

Definition [7]: A fuzzy subset F of S is called an

(e,evqy)-fuzzy bisideal of S if it satisfies the

conditions:
() (¥x,ye S)(Vte (0,1)(x< y,[y;t]e F > [x;t] e vq,F)

) (Vx,yeS)(F(xy)= F(x) A F(y) Al
3) (Vx,y,ze S)(F(xyz) >F(x)A F(2)A %)

Definition: A fuzzy subset F of S is called an

(e,evqy)-fuzzy quastideal of S if it satisfies the
conditions:

(1) (vx,yeS)(Vte (0,1])(x< y,[ystle F > [x;t]e vq, F)
) (VXES)(F(X)Z((FOI)/\(IoF)IX)/\%)

Theorem: A fuzzy subset F of S is an (€,evqy)-fuzzy
quastideal of S if and only if U(F;t)(#?) is a quasi

ideal of S for all te (0,54].

Proof: Suppose that F is an (€,evqy)-fuzzy quastideal
of S and let x,yeS with Xy such that yeU(F;t) for
some te(0,55%]. Then F(y)=t and by hypothesis

1-k 1-k
F(x)2F(y) A—> tA——=t
(x)2F(y) A 3 o)
Hence xe U(F;t).
Now let xe(U(F;t)S]IN(SU(F;t)] for some
te(0,5]. Then xe(U(F;HS] andxe(SU(F;t)] and

hence x <pq,x <p,q, for some q,p; €S and p,q, € U(F;t).
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Then F(p)=t and F(q,)=t. Since (p,q),(p.q,)€A
have A_#?.Then

SO we

X2

F(x) 2| (Fol)(x) A (Lo F)(x) A%}

1-k

a

v FOAI@3A y {lGDAF (@)} A—
L(y,z#Ax (y.z¢A

[ 1-k
{F(q) Al(m) A {1(@) AF(p)} ATJ

\2

[F(py F(g)n 2K

|

{F(Q) AT} AL AE()]} A%}

[\

1—k}
tAtA—|=1t
L 2

Hence xU(F;t) and (U(F;t)S] N (SU(F;t)] < U(F;t),
consequently, U(F;t) is a quasi-ideal of S.

Conversely, assume that for every te(0,5%], the
set U(F;t)(= ?) is a quastideal of S. Suppose there exist
xyeS with x<y such that F(x)<F(y)aLE. Choose
ty € (0,55] that F(x) <t, <F(y)AL&k.  Thus
yeU(F;t) but xU(F;t) since xyeU(F;t) and U(F;t) is
a quasi-ideal of S, we have xeU(F;t), a contradiction.
Hence F(x)F(y)aLE for all x,yeS with x<y. Suppose

such

there exists xeS such that

(Fol)(x) A (1o F)(x) ALk

oy

F(x) <{

Choose t, €(0,54] such that

F(0) <t <{(Fo)(0) Ao F)(x) AL

Then (Fel)x)2>t, and (1oF)(x)>t, but F(x)<t,
implies that xgU(F;t). (Fe)(x)>t,
(1o F)(x) 2t,, we have

Since and

v {FGDALG) 2t

(-8 A

and

\V4 1y, AF(z)} > t

(y.2¢4A

This implies that there exist p,q,p,q, €S with

(p,9eAx and (pi,q1)€Ax, such that F(p)>t; and
F(q;)2t;. Then p,q €U(F;t,) and so pqe U(F;t,)S
p.q; €SU(F;t). x e (U(F;t))S]
xe(SU(F;t)]. Thus xe(U(F;t,)S]N(SU(F;p)]. Since

and Hence and
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(U(F;t,)SIN(SU(F;t)]< U(F;t,), we have xeU(F;t)),
a contradiction. Thus F(x)={(Fo1)(x) A(1oF)(x) A5}

for all xeS. Consequently, F is an (€,evqy)-fuzzy
quastideal of S.

Example: Consider the ordered semigroup as shown in
example 2.5 and define a fuzzy subset F of S as
follows:

0.5ifx=a
0.4ifx=b
F:S—>[0,1]jx+— F(x)= .
03ifx=d
0.2ifx =c,f
Then
S if0<t<0.2
{a,c,d} if 0.2<t<0.3
U(F;t)=1{ad} if0.3<t<04
{a} if0.4<t<0.5
? if0.5<t<1

Then U(F;t) ={a,c,d}
all  te(0.2, 0.3]
(e,evqy)-fuzzy quastideal of S for all
withk=0.4.

is a quastideal of S for

and by Theorem 3.3, F is an

te(0,555]

Proposition: If F is a nonzero (€,evqy)-fuzzy quast
ideal of S. Then the set F,={xeS|Hx)> 0} is a quasi

ideal of S.

Proof: Let F be an (€,evqy)-fuzzy quastideal of S. Let
xyeS, xy and yeF,. Then, F(y)>0. Since F is an
(e,evqy)-fuzzy quasiideal of S, we have

1-k
F(x) > F(y) /\T >0, because F(y) >0

Let ae(ES]n(SE], then ae(ES] and ae(SE]

and we have a<yz, for some zpeS,

Then F(y)>0 and

as<pgq,
(y»2),(n.q) €A, and y,qek.

F(q)>0. Since, A, #?

(Fel)(@)= v/ (F(y) Al@®)

(y,z9 4
>(F(y)Alz)
=(F(y)A1)=F(y)
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In a similar that

(1oF)(a) 2F(q). Thus,

way, we can  prove

F(a) 2{((Fo DA (10F))(a)A%}
(Fol)(a) A (1o F)(a) A LK

:{ 2}

Z{F(yl) /\F(q)/\%}>0

because F(y;)>0 and F(q;)>0
Thus, aeFj and (ES]n (SE]< F,. Consequently, Fy
is a quasi-ideal of S.

Lemma: A non-empty subset A of S is a quastideal of
S if and only if the characteristic function x5 of A is an
(e,evqy)-fuzzy quastideal of S.

Proof: Suppose A is a quastideal of S. Let x,y €S such
that If ygA, then y,(y)=0.

If yeA, then since A is a

x<y. Hence
1 (X) 2 min{ Xa (y),%} :
quastideal of S with xX<yeA, we have xeA. Therefore
xa (X) =55 =2%4(y). Let xS and we have to show that

X (x) Zmin{((xA o 1) /\(1 oxA))(x), }
then

1-k

> Since 1 = s,

((a o) AT D (x)= (20 0% s) A (25 220 D (%)

/\ﬂ, by Lemma 2.6 (3)

= (lias) MXsap) (%) 5

1-k
= (X(AS]A(SA])(X) AT, by Lemma 2.6 (2)

).

S(XA)(X)/\ %S XA (X

Conversely, assume that y, is an (€,evqy)-fuzzy
quasiideal of S. Let x,yeS such that xy and yeA,
then y, (y) =4 Since x4 is an (€,evqy)-fuzzy quask

ideal of S. We have
10 (x) 2minf 1, ()55}

{1—1( }_1—1(
27 T2
Therefore xeA. Let xS, be

such that x e(AS]N(SA]. Then there exist y,zeS and
a,beA such that x<ay and x<zb, hence (a,y), (z,b) € A,

1-k

Xaly

A

= min

2
1-k
2

I-k

3 -

Hence 7y, (x)=

and A =#?. Thus,
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1

min{«m°1>A(1oxA>><x>,%‘}=min{mol)(x)(loxA><x>,1-2k}

=min{ v minf @), v min{le).y, (d)},%}zmin[min{xA(a),uy)},min{l(z),xA(b)},%}
(c,d)eA, (c,d)eA,

=min {min{xA (a),1},min{1,x (b)},%} = min{x A (a),XA(b),%} = min{l,l,%} = %

Thus, 3 (X)>min {(onl)(x)(loxA)(x),%}:ﬂ and we have y, (x)=1%, xeA. Therefore (AS]N(SA]c A.

2 2

Lemma: Let (S,-,<) be an ordered semigroup. Then every (€,evqy)-fuzzy quastideal of S is an (€,evqy)-fuzzy bi-
ideal of S.

Proof: Let F be an (€,evqy)-fuzzy quasiideal of S. Let x,y €S. Then xy = x(y) and so (x,y)eA,,. Since A #?, we

have

-k -k
F(xy)2{(<Fol)A(loF)Ixy)AlT}=min{(Fo1><xy),(loF)<xy),lT}
1-k
—min[ v min{F@),l(q)}, v/ min{l(pl),F(qD},T}
(P,9)eA 5 (p.a9 Ay

> min[min{F(x),l(y)},min{l(x),F(y)},%} =min [min{F(x),l },min{l ,F(y)},%} = min[F(x),F(y),%}
Letx,y,zeS8, then (xy )z = x(yz) and (X, yz), (Xy, Z)€ALy,. Since A, #?, we have

F(xyz7)> {((F o1) A (1o F)) (xy2) A %}

1-k
v min{Fp), 1@}, v/ min{l(pl),F(ql)},T}

(P> qFAsy (P, a9 Ay

= min[(F o1)(xyz),(1o F)(xyz),%} = minl:

> min[min{F(x),l(yz)},min{ l(xy),F(z)},%} = min{min{F(x),l },min{l,F(z)},%} = min {F(x),F(z), ! _2k }

0.5ifx=a,d
0.3ifx=b,c

Thus F is an (e,evqy)-fuzzy quasi-ideal of S. F:So[0.1]k > F(x) :{

Remark: The converse of the Lemma 3.7 is not true in

general. As shown in the following Example. then .
U(F1)= Sifte(0,0.3]
Example: Consider the ordered semigroup S = 7 {ad) ifte(0.3,0.5]
{a,b,c,d} with the following multiplication table and
ordered relation below: Then U(F, t) = {ad} is a biideal of S for all
5 d te(0.3, 0.5] and by Theorem 2.4, F is an (€,evqy)-
lajolce fuzzy bi-ideal. Furthermore, U(F, t) = {a,d} is not a
ajajala)a quasiideal and so by Theorem 3.3, F is not an
blajajala (e,evqy)-fuzzy quasiideal of S.
clala|b]a
djaja|b|b UPPER AND LOWER PARTS
<={(a.2).(b,b).(c.c). (dd).(a.} OF (e ,¢ v q)-FUZZY QUASHDEALS
Then {a,d} is bi-ideal of S but not a quasiideal of In this section, we define the upper/lower parts of
S. Define a fuzzy subset F of S as follows: an (&€,ev qx)-fuzzy bi-ideal and characterize regular and
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intra-regular ordered semigroups in terms of (€,evqy)-
fuzzy bi-ideals.

Definition [7]: Let F; and F, be a fuzzy subsets of S.

Then the fuzzy subsets l?lk,(EAsz)*,(Ekaz)’,
S
(F*EY, Fi,(EA"F),(Ev*E)" and (E*E)" of S

are defined as follows:

—k N 1-k
Fi:S—>[0,1]jx— F (x):Fl(x)/\T,

(EA"E): S [0,1]x 5 (F A E)() = (F, wnum%,

(EV*E): S—[0,1])x > (F, v* E)(x) = (F, \/F)(X)A%

k

(BB S [011x 5 (F o )0 = (F eF) () AT

and
Lk

1-k
Fi:S—[0,1]x = F(x) = Fl(x)vT,

1-k

(EA*E)": S—=[0,1]x = (F, A" E)(x) = (F/\Fz)(X)VT

(EV*E): S—[0,1][x > (F, v B)(x) = (F, v Fz)(x)v%,

(B E)': S 1010 o (R B)() = (F aF) () v

for all xeS.

Lemma [7]: Let F; and F, be fuzzy subsets of S. Then
the following hold:

0 () (7
(i) (FviE) :(F vE )
(iii) (F, sz)‘:(fkonk)

Lemma [7]: Let F; and F, be fuzzy subsets of S. Then
the following hold:

LKLk
@) (F A* FZ)*:(FI/\F2 ]
+k +k
(ii) (F, v* Fz)*:[Flv X j
(iii) (F, osz)*?[ o ﬁzkj if A_=9

and

Let A be a non-empty subset of S, then the upper

and lower parts of the characteristic function ya are
defined as follows:

—& —k Lk jfxeA
Xa :S = [0, 1][x > (x) =4 2 .
0 otherwise

+k 1 ifxeA
%a S — 1[0, 1]|x|—>xA(x) . )
— otherwise

Lemma [7]: Let A and B be non-empty subset of S.
Then the following hold:

(1) (A %) =Xnms

@) (v %) =%aos
=k

() (% %) =Xean)

Lemma: The lower part of the characteristic function
XA of A

Lk ifxe A

—k —k
: S—10,1 =42
Xa S0, 1]x >y, (%) { 0ifx g A

is an (€,evqy)-fuzzy quastideal of S if and only if A is
a quasi-ideal of S.

Proof: The proof follows from Lemma 3.6.

The proof of the
straightforward.

following Proposition is

Proposition: If F is an (€,evqx)-fuzzy quastideal of

S,then F isa fuzzy quastideal of S.

In [20], left and right regular and completely
regular ordered semigroups are characterized by the
properties of their fuzzy quastideals. Here we further
extend our studies from fuzzy quastideals to (€,evqy)-
fuzzy quastideals in ordered semigroups and discuss
left and right regular and completely regular ordered
semigroups in terms of (e,evqy)-fuzzy quastideals.
We also define semiprime (€,ev qx)-fuzzy quastideals
and give a characterization of completely regular
ordered semigroups in terms of semiprime (€,€Vvqy)-
fuzzy quastideals.

Lemma [20]: If (S,,<) is an ordered semigroup and
?# Ac S, then the set (AU(ASNSA)] is the quask
ideal of S generated by A. If A = {x} (x€S), we write
(xU(xSMSx)] instead of ({x} U({x}SNS{x})].
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Lemma [9]: An ordered semigroup S is completely

reqular if and only if for every AcS, we have,
AcC(ASA], or equivalently, ae(aSa’] for every
aeS.

Theorem: An ordered semigroup S is completely
regular if and only if for every (€,evqy)-fuzzy quast

ideal F of S, we have F(a)=F (a?) for everyaes.

Proof: Let aeS. Since S is left and right regular, so
ae(Sa’] and ae(a’S]. Then there exist x,y €S, such that
a<xa’ and a<a’y and hence (a’y)eA, and (x,a’)eA,.

Since A, #?, we have

Fla)2 {((Fo D Ao F)) @A %}

= min _(F o1)(a),(1+ F)(a), l;k}
=min| \, min{FP),1(@}, \, {1p).F(@)}, —}
L(p.a¥A, (R.a%A

> min

min{F(aZ)J(y)},{1(x),F(a2)},‘T}

1-k
F(a®),—
(@) 3

= min

}

min{F(aZ),l},{l,F(a2)},%} = min{

|

min {F(a),F(a),%},

1-k

2

> min

1-k

)

= min

F(a’)’

Thus

F(a)=F(a) ALk >F(a®) ALk =F (a®) 2 F(a) Ak = F ()

and it follows that F (a)=F (a”) for every aeS.
Conversely, let acS and we consider the quast

ideal A(a’)=(a’ U(a’SNSa’)] of S generated by

a’(a €S). Then by Lemma 4.5,

Lk ifx e A(a?)

—k —k L
S 0,1]x b g, (X)=1 2
Xach > L € 0ifx ¢ A(a?)

is an (g,evqg)-fuzzy quastideal of S. By hypothesis,

Z:(;)(a) = %Z(az)(az). Since a’ e A(a®), we have

1-k

2

1-k

—K
XA(&)(az):XA(z,)(az)/\%:l/\ 2

k

— .
XA(Z})(a):_

and hence, £, so a’e A(a’) and we have,

a<a’ ora<a’x and aéya2 for some x,y €S. If aSaz, Then,

1695

and ae(alSal.
where

a<a’=aa<a’a’ =aaa’ <a’aa’ ea’Sa’

If a<a’x and a<ya’, then a<a’(xy)a’=a’te,
t =xyeS and so a e (aSa’]. Therefore, S is completely

regular.

Definition: Let (S,,<) be an ordered semigroup and F
an (€,evqy)-fuzzy quastideal of S. Then F is called
semiprime (€,eV qi)-fuzzy quastideal of S if

F(a) >F(a?) /\%
for all aeS

Theorem: An ordered semigroup S is completely

regular if and only if every (€,evqy)-fuzzy quastideal
F of S is semiprime.

Proof: Suppose that S is completely regular ordered
semigroup. Let acS. Since S is left and right regular,
there exist x,yeS such that a<xa’ and aﬁazy, then
(az,y)e A, and (X,az) €A,. Since A, # ¢, we have

1-k
A —

-l
1-k

(Fe 1)), (1o B )=

Fa) > {((Fol) A(1F))(a)

= min

}

LV min{l(p,),F(qo},ﬂ}
(p.a3A 2

=min| \, min{F(p).1(q)}

L(p.a¥A,

7min{F(a ) }mm{l P(a )} —J

> min

min{F(az),l},min{l,F( & )},

| |

k

]

=min

(). o).

1-k
2

=min

= min

Conversely, assume that F is an (g,evqy)-fuzzy
quasi-ideal of S such that F(a) ZF(az) A= for all aeS.

We consider the quasiideal A(a”) of S generated by a”.

Then by Lemma 4.5, ¢ %, is an (g,evqy)-fuzzy quasi

A(az)
ideal of S. By hypothesis, x:zaz)(a)zx:‘(az)(az). Since

a’ e A(a’), we have

-k

-k 2

= and we have acA(a’). Then a<a

Hence x;?az)(az ) =

2 2 2
or a<a“x and a<za“” for some x,zeS. If a<a®, then
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a<aa<a’a’=aaa’<aha’ecaBa’ and ae(aSal. If
a<a’x and a<za’, then a< (azx)(zaz) =a’(xz)a’ =a’ya’
for y = xzeS and so a’ya’ea’Sd. Thus ae(aSal.
Consequently, S is completely regular.

Some semilattices of ordered semigroups in terms
of (e,evqy)-fuzzy quasiideals

Theorem: An ordered semigroup S is a semilattice of
left and right simple semigroups if and only if for every
(e,evqx)-fuzzy quastideal F of S, we have

F(a)=F(a}and F(ab)=F (ba) forallabe$S

Proof: Suppose that F is an (€,evqyx)-fuzzy quastideal
and by hypothesis, there exist a semilattice Y and a

family {S;: i€ Y} of left and right simple subsemigroups
of S such that:

S, NS;=2Vi,jeY,i#jS=JS.SS,cS,;VijeY

=)= "1
ieY

)

(it)

To prove that F(a)=F (@) for every aeS. By
Theorem 4.9 and Lemma 4.8, it is enough to prove
that a e(a@ az], for every aeS. Let ac$S then there

exists a semilattice y such that aeS;. Since each S;
is a left and right simple, we have (Sa]=S; and

(aS]1=S, and so ae(aS]=(a(Sa]]=(aSa]. Since
a e(aSa)], there exists xS; such that a < axa.
Since xe(aSa], there exists yeS; such that
x<aya. Thus, a<axa<a(aya)a=a’ya’. Since
yeS;, we have a’ya’ca’Sa’ca’Sa’® and
ae(aZSaz]. Since F is an ,evqy)-fuzzy quasi
ideal of S, by Theorem 4.9, it follows that
F (a)=F (2 for every aeS.

Let a,beS. By @), we have
F(ab)=F ((ab)’) =F ((ab)*).

Also

(ab)4 = (aba ) (babab) € Q(aba )Q(babab) < (Q(aba)Q (babab]

= (Q(babab)Q (aba)] (by Lemma 2.2)

= ((babab W (bababS n Sbabab)](aba U (abaS n Saba)]]
c (((bababu (bababS M Sbabab))(aba U (abaS M Saba))]] (as (A](B] = (AB])
< ((babab U bababS)(aba w Saba)] < ((baS)(Sba)] < ((baS](Sba]] (as Ac (A])

= ((baS] N (Sba]]. (Since S is regular)

Then (ab)4 < (ba)x and (ab)4 <y(ba) for some x,y €S. Thus, (ba,x) eA(ab)4 and (y,ba) eA(ab)A. Since A(abf #0,

we have

F((ab)4) 2 {((F o) A(lo F))((ab)“ ) A%} - min[(F ol)((ab)4),(1 o F)((ab)“ )%}

1-k 1-k
= min{ v min{F@),1 (@}, v  min{l(p),F(q)} T} 2 min[min{F(ba),I(X)},min{l(y),F (ba)j, T}
(pa)eA

) (p.99 1}31))4

= min [ min{F(ba),1} ,min{1,F(ba)}, %} = min {F(ba),F(ba),%} =min {F(ba),%}

Thus, F((ab)4)2 F(ba)A5~ and so

F*((ab)") = F((ab)") A% > (F(ba) ALK

>

A%:F(ba)A%:F'k(ba)

Since F’k((ab)4): F*(ab), we have F*(ab)>F™(ba). In a similar way, we can prove that F*(ba)>F*(ab).

Thus F™*(ab) =F ™ (ba).
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Conversely, since N is a semilattice congruence on
S, by Lemma 2.1, it is enough to prove that every one
sided ideal of S isa two-sided ideal and semiprime.
Let R be a right ideal of S and so a quastideal of
S. Let acR and teS. Since R is a quastideal of S,
by Lemma 4.5, y.* is an (€,evqy)-fuzzy quasiideal of
S. By hypothesis, ;"(at)=%;"(ta). Since ateRScR,

X;k(at): Xk(at)/\% :l/\l’z_k:i_k

%z (ta) =5, hence tacR. Thus SRcR. This shows that

2

we have and so

R is a left ideal of S and is an ideal of S. Let xS such
that X eR. Since R is an (e,evqy)-fuzzy quastideal of
S, by Lemma 4.5, y.* is an (€,evqy)-fuzzy quasiideal

of S. By hypothesis, x;k(xz)zx’kk(x). Since ¥eR, we

have ;" (xz):% and so y;“(x) =25t It follows that

xeR and hence R is semiprime. In a similar way we can
prove that every left ideal of S is an ideal and
semiprime.

CONCLUDING REMARKS

In this paper, we have presented the generalization
of (@,B)-fuzzy quasi-ideals in ordered semigroups. We
have also provided different characterizations theorems
in terms of this notion. Some important classes of
ordered semigroups have been characterized by
lower part of (€,evqy)-fuzzy quasiideal. In particular,
if J = {tite(0,1] and U(F; t) is an empty set or a quask
ideal of S}, we have answered the following question.

If J=(0, lg—k], what kind of fuzzy quastideal of S

will F be?

In our future work, we want to define prime (a.,p)-
fuzzy quasiideal and study those ordered semigroups
for which each generalized fuzzy quastideal is
idempotent.

Hopefully, our results presented in this paper will
constitute a platform for further development of ordered
semigroups and their applications in other branches of
algebra.
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