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1. Introduction

The exterior square of a group G, G AG is defined as G AG = (G ® G)/V(G) where G ® G is the
nonabelian tensor square of G and V(G) is the central subgroup of G®G. For g and 4 in G,
the coset (g ® h)V(G) is denoted by g A h [2]. G ® G is a group generated by the symbols g® A,
for all g,k € G, subject to relations gh®k = (g" @ k")(h @ k) and g® hk = (g @ k)(g* & h*) for all
g,h,k € G where g" = h~'gh [1]. Meanwhile, V(G) is generated by the element g ® g, for all
geqG 2.

In [6], the exterior square of a Bieberbach group of dimension four with symmetric point

group of order six, B1(4) was computed and is given in the following theorem.
Theorem 1. The exterior square of B1(4) is nonabelian and is given as follows:

g2=1Igs,841=[g4,851=1,
Bi(4)AB1(4)= <g1,gz...g5) [g2.831= 85" 85"85871", (82,841 = 85285281, >
[g2,85]1 = g5 8587 g3, 851 =g7%, [g1,8;1=1

for15j55whereg1:l1/\l2, ggza/\b, g3:a/\ll, g4:a/\l2 andgg,:b/\lg.

In this paper, the exterior square of the group B; is generalized up to dimension n, denoted
by Bl(n) VA Bl(n)
2. Preparatory Results

In this section, some basic definitions and some preparatory results are presented.

Definition 1 ( [4]]). Let G be a group with presentation (G | R) and let G¥ be an isomorphic
copy of G via the mapping ¢ : g — g% for all g € G. The group v(G) is defined to be

v(@)=(G,G? |R,R?,%[g,h’]1=["g,("h)?1="?[g,h?], V¥ x,8,h € G).

Theorem 2 ( [3]). Let G be a group. The map 0 :G®G — [G,G?]1<v(G) defined by a(g®h) =
[g,h?] for all g, h in G is an isomorphism.

Lemma 1 ( [4]). Let x and y be element of G such that [x,y] = 1. Then in v(G), [x,y?] is central
in v(G).

In [5]], the generalized presentation of the polycyclic presentation of the group B has been
constructed as in Lemma 2| Besides, the generalizations of the central subgroup of B1(n)®B1(n)
of the group, V(B1(n)) and the nonabelian tensor square of the group, B1(n)® B1(n) and are also

constructed in [5] as given in Theorem 4 and Theorem 5, respectively.
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Lemma 2 ( [5]). The polycyclic presentation of B1(n) is consistent where
Bi(n)=(a,b,l1,l2,13,l4,...,0n | a® =13,6° = 14,6% = b1, 1§ = 11151, 1§ =151, 18 = s,
1 =115 =1, = 175, 15 =151, 15 =15, 1 =1, 15 =1,,1% = 1, z?l =1;
forl<si<j<nandb5<p<n).
Theorem 3 (V(B1(n)) [5]). The subgroup V(B1(n)) is given as
V(B1(n)) = ([a,a?],[6,6%1,[1,,15],[a,b%1b,a%],[a, )]l 5,a?1,[6,150 5,691, [15,1511Lg,L50)

(n-3)(n-2)

=C, * XC§_3><C4 for 5<p<q=<n.

Theorem 4 (B1(n)® B1(n) [5]). The nonabelian tensor square of B1(n) is nonabelian and is

given as follows:
B1(n)®B1(n) = (g1,82..-8(n-22+485 = 85 = 83 = 81 = &, = g6,871 = [g7.851 = 1,
[g5,261= g5 g5 8785 " 85,871 = 585" 47,
[g5,281= g5 g781 " 126,881 = &1 (81,81 =81,8)]
=lgu,.8j1=18v,851=18w,.8j1=18x,8;1=18y,8j1=182,81=1)
for 1<i<4, 15j$(n—2)2+4, 9<t,u<2nand 2n+15v,w,x,y,zs(n—2)2+4 where
g1i=aw®a,gs=b®b,g3=(a®b)(b®a), g4=11®ls,g5=a®b,ge=a®l1,g7=a®ls,

88=b®l2,8/=0®1,,8,=0b®1,)1,®b),8,=1p®1lp,80=0a®lp,8,=1,®1,,

gy=(@®l,)l,®a)and g,=(,®[;);®l,) for 5<p<qg=n.

3. Main Result

In this section, the generalization of B1(n) A B1(n) is constructed as in the following theorem.

Theorem 5 ( B1(n) AB1(n)). The nonabelian exterior square of B1(n) is nonabelian and is given

as follows:
Bi(n) AB1(n)=(g1,82...gw-vw- 181 =&} =lgs,g41=Igs, 851 =1,
[g2,851=83"g5" 8581 (82,841 = 83%85° 84, 182,851 = 83" 581",
lg3,851= g7 [g1,8/1= 81,81 = 8w ;1= 1)
for 15]’5(”‘3)2ﬂ+4, 6<t<n+1land n+25ws(”_3)2ﬂ+4 where
g1=l1nl3, ga=anb, gz=anly, ga=anls, gs=bAnlz,g1=bAnl,

and gy =aANl, for 5<p<q=n.
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Proof. Bi1(n)AB1(n)is defined as the quotient of B1(n)®B1(n) by V(B1(n)). Hence it is generated
by the cosets (a ® a)V(B1(n)), (b ® b)V(B1(n)), ((a ® b)(b ® a))V(B1(n)), (11 ®l3)V(B1(n)), (a ®
b)V(B1(n)), (a®l2)V(B1(n)), (I, ®1,)V(B1(n)), (a®l,)V(B1(n)), (b&l,)V(B1(n)), (I,&1,)V(B1(n)),
(@®lp)lp®a))V(Bi(n), (bel,)l,®b)V(B1(n), (I, ®1 )1y ©1,))V(B1(n)). Since a®a, b®b,
(@®b)b®a),l,®l,, (@a®l,)l,®a), (bel,)l,®b)and (I,®l,)(;®l,) are in V(B1(n)), then
it can be concluded that ((a ® b)(b ® @))V(B1(n)) = V(B1(n)), (a®!,)1, ®a))V(B1(n)) = V(B1(n)),
(@®a)V(B1(n)) = V(B1(n)), (b &)1, ®b))V(B1(n)) = V(B1(n))(b ® b)V(B1(n)) = V(B1(n)), (I, ®
LU g®1,)V(B1(n)) = V(B1(n)) and (I,®1,)V(B1(n)) = V(B1(n)). Thus, B1(n)AB1(n) is generated
by the elements as below.

Bi(n) AB1(n)=((l1®12)V(B1(n)),(a ® b)V(B1(n)),(a ®11)V(B1(n)),(a ® l3)V(B1(n)),
(b®12)V(B1(n)), (a®1,)V(B1(n)),(b®1,)V(B1(n)),(l, ®1,)V(B1(n)))

={l1Alg,anb,anly,anls,bAlg,anly,bALy,lpNLg).

By Theorem [3|and Theorem [4] both [11,73] and [b,13] have order 2 and [a,b?], [a,1{], [a,13],
[b,lg], [a,lg] and [lp,ltg] have infinite order. Since 5 < p < g < n, there are n —4 generators in
terms of [a,lﬁ] and [b,lz] and W_%M generators in term of [,/ g]. Thus, there are a total of

W + 4 generators in B1(n) AB1(n).

In Theorem (1, B1(4) A B1(4) is showed nonabelian. It follows that Bi(n) A B1(n) is also
nonabelian. Thus, the presentation of B1(n) A B1(n) is constructed. Let g1 =11 Al2, go=aAb,
gs=anly, ga=anls, gs=bAle, g:=bAl, and g, =aAl,. By Theorem g2 =1 since g1
has order 2. Also, g% = 1 since g; has order 2. Since there are n —4 generators in terms of
g, then there are n + 1 generators included the generators in terms of g;. Thus, 6 <¢t<n+1.
By Lemma |1, g1, g; and g, are central in v(B1(n)). Hence, [g1,8,]1 = [g:,8,;1 =[g8w,g;1=1
for 1 <j < (”_S)QM + 4. Since there are w + 4 generators in Bi(n) A Bi(n), then
n+2s<ws @32 44 Besides, by Theorem (1, [g2,83] = g5 85 g287", [g2,84] = 85285284,
[g2.85] = g5 8387", 83,841 = 1, [g3,85] = g;" and [g4,85] = 1. Hence, the generalized
presentation of Bi(n) A B1(n) is showed as in Theorem [5 O

4. Conclusion

The exterior square of a Bieberbach group with symmetric point group of order six is generalized
up to finite dimension. This finding can be further used to construct the generalization of other

homological functors such as the Schur multiplier.
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