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Graphical abstract 

Abstract 

An independent set of a graph is a set of pairwise non-adjacent vertices. The independence 

polynomial of a graph is defined as a polynomial in which the coefficient is the number of the 

independent set in the graph.  Meanwhile, a graph of a group G is called conjugate graph if the 

vertices are non-central elements of G and two distinct vertices are adjacent if they are conjugate. 

The noncommuting graph is defined as a graph whose vertex set is non-central elements in which 

two vertices are adjacent if and only if they do not commute. In this research, the independence 
polynomial of the conjugate graph and noncommuting graph are found for three nonabelian groups of 
order at most eight. 
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INTRODUCTION 

This section provides some backgrounds on graph theory and 
group theory. The groups stated in this paper are considered finite and 

non-abelian. There are many ways to associate a graph to a group. In 
this paper, only simple graphs are considered and will be referred only 
as graph. 

Graph is the pair  Γ ,V E where V is a nonempty set of 

vertices and E is a set of unordered pair of elements of V , called the 

edges. A graph is simple if it has no loops and no multiple edges. If a 

graph  Γ ,V E and ,u v V then the vertices u and v are 

adjacent to each other in Γ if and only if there is an edge between u

and v , i.e.  ,u v E . An edge  ,e x y is incident with each one 

of its end vertices, x and y [3]. 

In order to understand about independence polynomial, few 

definitions from graph theory are first stated here. An independent set 
is a set of vertices in a graph if no two vertices in the set are adjacent. 

While the independence number of a graph Γ is the maximum 
number of vertices in an independent set of vertices for the graph. 

This value is denoted as,  Γ . [9].  

A vertex u is a neighbor of vertex v in G if  ,u v is an edge of 

Γ . Open neighborhood (or just neighborhood), of . v . is defined to be 

the set of all vertices adjacent to v , denoted as

    =  | , , N v u V u v E u v   . The set      N v N v v 
is the 

closed neighborhood of v in Γ [3]. If the neighborhood of every 

vertex is empty, means that there is no edge in the graph, then the 

graph is called empty graph, denoted by nE . If 0n  , then the graph 

is called null graph, denoted by 0 :E  . 

Among the type of graph that is associated to group is the 

complete graph. A complete graph, denoted by nK , is a graph on 

n

vertices where each pair of distinct vertices is connected by an edge. 
And other than that is the planar graph which is a graph that can be 
drawn in the plane without any edges crossing [9]. 
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This paper is structured as follows: the first part is the 

introduction, the second part is the methodology used in this research 
while the third part includes the main results. We will compute the 
independence polynomial of the conjugate graph and the 

noncommuting graph of the groups 1G , 2G and 3G . Given in the 

following: 

(i) 3 2 1

1 ,  :  1, G a b a b bab a   

(ii) 4 2 1

2 ,  :  1, G a b a b bab a   

(iii) 4 2 2

3 ,  :  1,  , G a b a b a aba b    . 

Note that 1G is the dihedral group of order 6, 2G is the dihedral 

group of order 8, and 3G is the quaternion group of order 8. 

PRELIMINARIES 

In this section, some basic concepts in graph theory that are related to 
group theory are included. We can compute the independence 
polynomial of the graphs using some methods that will also be 
provided in this section. The following are some basic concepts on 
independence polynomial, that we will be using throughout this paper. 

Definition 2.1 [10] Independence Polynomial 

The independence polynomial of a graph Γ is the polynomial whose 

coefficient on kx is given by the number of independent sets of order 

k in Γ . This is denoted by  Γ;xI . So 

 
 Γ

0

Γ;x k

k

k

I c x







where kc is the number of independent sets of order k in Γ . 

Definition 2.2 [10] Independence Polynomial of Null Graph 

The independence polynomial of null graph is  ; 1I x  . 

Proposition 2.1 [10] 
The independence polynomial of the single vertex graph, known as 

singleton, is given by 1 x . 

The following theorems are the methods used by Hoede and 
Li [6] and Ferrin [4] in calculating the independence polynomial for 
various families of graphs. 

Theorem 2.1 [10] 

Let 1Γ and 2Γ be two disjoint graphs. Then 

     1 2 1 2Γ Γ ; Γ ; Γ ;I x I x I x   . 

Theorem 2.2 [10] 

Let Γ be a simple graph and v V . Then 

      Γ; Γ : Γ ;I x I v x xI N v x    . 

Theorem 2.3 [10] 

Let Γ be a simple graph and  ,e u v E  .  

Then          2Γ; Γ \ : Γ ;I x I e x x I N u N v x    . 

In order to compute the independence polynomial of some 
common graphs, Ferrin [8] had used Theorem 2.1, 2.2 and 2.3 
together with the concept stated in Proposition 2.1 and also with the 
propositions stated below. 

Proposition 2.2 [8]  

The independence polynomial of an empty graph Γ of order n is 

given by    Γ; 1
n

I x x  . 

Proposition 2.3 [8]  

The independence polynomial of complete graph, nK is 

 ; 1nI K x nx  . 

Next, we state some basic concepts from group theory and 
graph theory that mostly are related to conjugate graph and 

noncommuting graph that are used in this paper. 

Definition 2.3 [6] Conjugacy Class 

Let G be a group and ,a x G . For a fixed element a G , the 

conjugacy class of a in G is 

   1 : there exists  ,cl a g G x G g xax    . Also, 1xax is called 

the conjugate of a by x in the group G . 

Proposition 2.4 [6] 

Let G be a group and ,a b G . If a and b belong in one conjugacy 

class, that is    cl a cl b , then elements a and b are conjugate to 

each other. 

Proposition 2.5 [6] 

Let a be an element in G . If the conjugacy class of a contains only 

one element, then a lies in the center 

    :  ,  .Z G y G xy yx x G   

Definition 2.4 [6] Conjugate Graph 

A conjugate graph Γ
c

G of a group G , is defined as the graph whose 

vertex set,  Γc

GV is non-central elements of G , that is 

   Γc

GV G Z G  in which two distinct vertices are adjacent if 

they are conjugate. 

Theorem 2.4 [19] 

Let 1G be the dihedral group of order 6, 

3 2 1

1 ,  :  1, G a b a b bab a    . The conjugacy classes of elements 

of 1G are    cl e e ,      2 2,cl a a a cl a  and 

       2 2,  ,cl b b ab a b cl ab cl a b   . Then, the conjugate graph of 

1G is the union of complete graph 2K and 3K , denoted as 

1 2 3Γc

G K K  as shown in Figure 1. 

Figure 1 The Conjugate Graph of 1G , 
1

Γ
c

G

Theorem 2.5 [19] 

Let 2G be the dihedral group of order 8, 

4 2 1

2 ,  :  1, G a b a b bab a    . The conjugacy classes of elements 

of 2G are    cl e e ,    2 2cl a a ,      3 3,cl a a a cl a  , 

     2 2,cl b b a b cl a b  and      3 3,cl ab ab a b cl a b  . Then the 

conjugate graph of 2G is the union of three complete graphs 2K , 

denoted as 
2 2 2 2Γc

G K K K   as shown in Figure 2. 

Figure 2 The Conjugate Graph of 2G , 
2

Γ
c

G

𝑎 𝑎2 

𝑏 

𝑎𝑏 𝑎2𝑏 

𝑎 𝑎3 𝑏 𝑎2𝑏 𝑎3𝑏 𝑎𝑏 
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Theorem 2.6 [19] 

Let 3G be the quaternion group of order 8, 

4 2 2

3 ,  :  1,  , G a b a b a aba b    . The conjugacy classes of 3G is 

the same as the conjugacy classes in Theorem 1.4. Then, the conjugate 

graph of 3G , 
3

Γc

G is isomorphic with the conjugate graph in Figure 2. 

Definition 2.5 [1] Noncommuting Graph 

A noncommuting graph Γ
nc

G of a group G is defined as the graph 

whose vertex set,  Γnc

GV is non-central elements of G , in which two 

distinct vertices are adjacent if and only if they do not commute. 

Theorem 2.7 [1] 

Let 1G be the dihedral group of order 6, 

3 2 1

1 ,  :  1, G a b a b bab a    . Then the noncommuting graph of 

1G is a planar graph of 5 vertices in Figure 3. 

Figure 3 The Noncommuting Graph of 1G , 
1

Γ
nc

G

Theorem 2.8 [1] 

Let 2G be the dihedral group of order 8, 

4 2 1

2 ,  :  1, G a b a b bab a    . Then the noncommuting graph of 

2G is a planar graph of 6 vertices in Figure 4. 

Figure 4 The Noncommuting Graph of 2G , 
2

Γ
nc

G

Theorem 2.9 [1] 

Let 3G be the quaternion group of order 8, 

4 2 2

3 ,  :  1,  , G a b a b a aba b    . The elements of 3G that do not 

commute are the same as the elements that do not commute in 2G in 

Theorem 1.8. Hence, the noncommuting graph of 3G , 
3

Γnc

G is also a 

planar graph with 6 vertices like in Figure 4. 

The aim of this paper is to obtain the independence polynomial of 
the conjugate graph for the nonabelian groups of order at most 8 

which are 
1

Γc

G , 
2

Γc

G and 
3

Γc

G and also the noncommuting graphs 
1

Γnc

G

, 
2

Γnc

G and 
3

Γnc

G . 

MAIN RESULTS 

This section consists of two parts. The first part presents the finding 

on the independence polynomial of the conjugate graph of groups 1G , 

2G and 3G . While the second part presents the independence 

polynomial of the noncommuting graph of the same groups as the first 
part. 

The Independence Polynomial of Conjugate Graph of Nonabelian  

Groups of Order At Most Eight 

This is the first part of the main result in which the independence 

polynomials of conjugate graph of groups 1G , 2G and 3G are 

obtained. 

Theorem 3.1  Let 1G be the dihedral group of order 6, 

3 2 1

1 ,  :  1, G a b a b bab a    . Then the independence polynomial 

of the conjugate graph of 1G is  
1

2Γ ; 1 5 6c

GI x x x   . 

Proof: The independence number of graph 
1

 Γc

G is  
2

Γ 2c

G  . There 

are six independent vertex sets with order 2 which are  ,a b ,  ,a ab , 

 2,a a b ,  2 ,a b ,  2 ,a ab and  2 2,a a b , and five independent vertex 

sets with order 1 in which each set contain each vertex of 1G denoted 

as  a ,  2a ,  b , { }ab and  2a b . Then, by Definition 2.1 and 

2.2, we obtain 

Theorem 3.2 Let 2G be the dihedral group of order 8, 

4 2 1

2 ,  :  1, G a b a b bab a    . Then the independence polynomial 

of the conjugate graph of 2G is  
2

2 3Γ ; 1 6 12 8c

GI x x x x    . 

Proof The graph 
2

Γc

G has independence number  
2

Γ 3c

G  . From 

the graph, there are eight independent vertex sets with order 3 which 

are  , ,a b ab ,  3, ,a b a b ,  2, ,a a b ab ,  2 3, ,a a b a b ,  3, ,a b ab , 

 3 3, ,a b a b ,  3 2, ,a a b ab and  3 2 3, ,a a b a b . The independent vertex 

sets with order two are  ,a b ,  ,a ab ,  2,a a b ,  3,a a b ,  3,a b , 

 3,a ab ,  3 2,a a b ,  3 3,a a b ,  ,b ab ,  3,b a b ,  2 ,a b ab and 

 2 3,a b a b and independent vertex sets with order one are each set 

containing each vertex of 2G denoted as  a ,  3a ,  b , { }ab , 

 2a b and  3a b . Hence, by Definition 2.1 and 2.2, 

Theorem 3.3 Let 3G be the quaternion group of order 8, 

4 2 2

3 ,  :  1,  , G a b a b a aba b    .   
3

2 3Γ ; 1 6 12 8c

GI x x x x    is 

the independence polynomial of the conjugate graph of 3G . 

Proof Since the conjugate graph of 3G , 
3

Γc

G is isomorphic with the 

conjugate graph of 2G , 
2

Γc

G , hence the proof follows from the proof 

of Theorem 3.2.  

𝑎2 

𝑎 

 𝑏 

𝑎𝑏 𝑎2𝑏 

𝑎3 

𝑎 

 𝑏 

𝑎𝑏 

𝑎3𝑏 
𝑎2𝑏 
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The Independence Polynomial of Noncommuting Graph of  

Nonabelian Groups of Order At Most Eight 

The second part of our main result is the independence polynomial of 

non-commuting graph of the groups 1G , 2G and 3G . 

Theorem 4.1 Let 3 2 1

1 ,  :  1, G a b a b bab a    . Then the 

independence polynomial of the noncommuting graph of 1G is 

 
1

2Γ ; 1 5nc

GI x x x   . 

Proof Based on Definition 1.5, the independence number of 
1

 Γnc

G is 

2. There is only one independent vertex sets with order 2 which is 

 2, .a a And there are five independent vertex sets with order 1 which 

are a ,  2a ,  b , { }ab and  2a b . Again, by Definition 2.1 and 

2.2, we obtain 

Theorem 4.2 Let 
4 2 1

2 ,  :  1, G a b a b bab a    . Then the 

independence polynomial of the noncommuting graph of 2G is 

 
2

2Γ ; 1 6 3nc

GI x x x   . 

Proof The graph 
2

Γnc

G has independence number  
2

Γ 2nc

G  . From 

the graph, there are three independent vertex sets with order two 

which are  3,a a ,  2,b a b .  and  3,ab a b ,  and the independent 

vertex sets with order one are each set containing each vertex of 2G

denoted as  a ,  3a ,  b , { }ab ,  2a b and  3a b . Hence, by 

Definition 2.1 and 2.2, 

Theorem 4.3 Let 
4 2 2

3 ,  :  1,  , G a b a b a aba b    . Then the 

independence polynomial of the noncommuting graph of 3G ,  

 
3

2Γ ; 1 6 3nc

GI x x x   . 

Proof Since the noncommuting graph of 3G , 
3

Γnc

G is isomorphic with 

the noncommuting graph of 2G , 
2

Γnc

G , then the proof follows from the 

proof of Theorem 4.2.  

CONCLUSION 

In this paper, the independence polynomial of the conjugate graph and 
the non-commuting graph of three groups of small order are 

computed. For the group 1G , the independence polynomial of its 

conjugate graph is  
1

2Γ ; 1 5 6c

GI x x x   and the independence 

polynomial of its noncommuting graph is  
1

2Γ ; 1 5nc

GI x x x   . For 

group 2G ,  
2

2 3Γ ; 1 6 12 8c

GI x x x x    is the independence 

polynomial of the conjugate graph and  
2

2Γ ; 1 6 3nc

GI x x x   is the 

independence polynomial of the noncommuting graph. And for the 

third group 3G , the independence polynomial of its conjugate graph is 

 
3

2 3Γ ; 1 6 12 8c

GI x x x x    and  
3

2Γ ; 1 6 3nc

GI x x x   is the 

independence polynomial of its noncommuting graph. Since the 

conjugate graph of 2G and the noncommuting graph of 2G are 

isomorphic to the conjugate graph of 3G and the noncommuting 

graph of 3G , respectively, therefore the independence polynomial of 

the conjugate graph and the non-commuting graph are the same for 
both groups. 
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