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Abstract: In order to find more general forms of an interval valued (€,eVvq)-fuzzy generalized bi-ideal in
ordered semigroups, we have introduced the notion of an interval valued (€, vq;) -fuzzy generalized bi-

ideal in ordered semigroups and investigated several properties. We have dealt with characterizations of an
interval valued (g€ vq;)-fuzzy generalized bi-ideal. In this article, we try to obtain a more general form

than interval valued (€,evq)-fuzzy generalized bi-ideals in ordered semigroups. The notion of an interval
valued (€,€ vq,)-fuzzy generalized bi-ideals is introduced and several properties are investigated.

Characterizations of an interval valued (€.,€ vq;) -fuzzy generalized bi-ideal are established. A condition for

an interval valued (€, vq;) -fuzzy generalized bi-ideal to be an interval valued fuzzy generalized bi-ideal

is provided. Using implication operators and the notion of implication-based an interval valued fuzzy
generalized bi-ideals, characterizations of an interval valued fuzzy generalized bi-ideal and an interval
valued (€€ vq,) -fuzzy generalized bi-ideal are considered.
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INTRODUCTION

The fundamental concept of a fuzzy set, introduced
by L. A. Zadeh, provides a natural frame-work for
generalizing several basic notions of algebra. The study
of fuzzy sets in semigroups was introduced by Kuroki
[1-3]. A systematic exposition of fuzzy semigroups was
given by Mordeson et al. [4], where one can find
theoretical results on fuzzy semigroups and their use in
fuzzy coding, fuzzy finite state machines and fuzzy
languages. The mo nograph by Mordeson and Malik [5]
deals with the application of fuzzy approach to the
concepts of automata and formal languages. Murali [6]
proposed the definition of a fuzzy point belonging to a
fuzzy subset under a natural equivalence on fuzzy
subset. The concept of a fuzzy set in topological
structure has been studied in [19]. The idea of quast
coincidence of a fuzzy point with a fuzzy set, played a
vital role to generate some different types of fuzzy
subgroups. Bhakat and Das [7, 8] gave the concepts of
(0,B)-fuzzy subgroups by using the belongs to relation

(e) and quasicoincident with relation (q) between a
fuzzy point and a fuzzy subgroup and introduced
the concept of an (e,evq)-fuzzy subgroup. Many
researchers have used the idea of generalized fuzzy sets
and gave several results in different branches of
algebra. In [9], Jun and Song initiated the study of
(o,B)-fuzzy interior ideals of a semigroup. In [10],
Kazanci and Yamak studied (€, Vv q)-fuzzy bi-ideals of
a semigroup. Shabir et al. [11] studied characterization
of regular semigroups by (@,B)-fuzzy ideals. Jun et al.
[12] discussed a generalization of an €,evq)-fuzzy
ideals of a BCK/BCl-algebra. For further study on
generalized fuzzy sets in ordered semigroups, we refer
the reader to [13-15]. In mathematics, an ordered
semigroup is a semigroup together with a partial order
that is compatible with the semigroup operation.
Ordered semigroups have many applications in the
theory of sequential machines, formal languages,
computer arithmetic and error-correcting codes. The
concept of a fuzzy bi-ideal in ordered semigroups was
first introduced by Kehayopulu and Tsingelis in [16],
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where some basic properties of fuzzy bi-ideals were
discussed. A theory of fuzzy generalized sets on
ordered semigroups can be developed. Using the idea of
a quasicoincidence of a fuzzy point with a fuzzy set,
Khan et al. [17] introduced the concept of an interval
valed (o,p)-fuzzy generalized bi-ideals in an ordered
semigroup. They introduced a new sort of an interval
valued fuzzy generalized bi-ideals, called interval
valued (o,B)-fuzzy bi-ideals and studied interval valued
(e,evq)-fuzzy generalized bi-ideals. They provided
different characterizations of interval valued fuzzy
generalized bi-ideals of ordered semigroups in terms of
interval valued €,evq)-fuzzy generalized bi-ideals
and investigated different characterizations of interval
valued fuzzy generalized biideals of ordered
semigroups in terms of interval valued (€,evq)-fuzzy
generalized bi-ideals. In this paper, we try to have a
more general form of an interval valued (e,evq)-fuzzy
generalized bi-ideal of an ordered semigroup. We
introduce the notion of an interval valued (€. vq;)-

fuzzy generalized bi-ideal of an ordered semigroup
and give examples which are interval valued (€.€ vq;) -

fuzzy generalized bi-ideals but not interval valued

(e,evq)-fuzzy generalized bi-ideals. We discuss
characterizations of interval valued (€. vq;) -fuzzy

generalized bi-ideals in ordered semigroups. We
provide a condition for an interval valued (€. vq;)-

fuzzy generalized bi-ideal to be an interval valued fuzzy
bi-ideal. We finally consider characterizations of an
interval valued fuzzy generalized bi-ideal and an
interval valued (€.€ vq;) -fuzzy generalized bi-ideals by

using implication operators and the notion of
implication-based interval valued generalized fuzzy bi-
ideals. The important achievement of the study with an
interval valued (€,€ vq,)-fuzzy generalized bi-ideal is

that the notion of an interval valued €,.,evq)-fuzzy
generalized bi-ideal is a special case of an interval
valued (€,€ vqy)-fuzzy generalized bi-ideal and thus

several results in the paper [17] are corollaries of our
results obtained in this paper.

PRELIMINARIES

By an ordered semigroup (or po-semigroup) we
mean a structure (S,-,<) in which the following are
satisfied:

(OS1) (S,) is a semigroup
(082) (S,2)is aposet
(0S3) (Vx,a,beS)a<b=a-x<b-x,x-a<x-b
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In what follows, xy is simply denoted by xy for all
X,y€S.

A nonempty subset A of an ordered semigroup S is
called a subsemigroup of S if A’CA.

A non-empty subset A of an ordered semigroup S
is called a generalized bi-ideal of S if it satisfies

(bl) (VaeS,be A)a<b=a €A
(b2) ASAC A

Let (S,,<) be an ordered semigroup. A nonempty
subset A of S is called a bi-ideal of S if

(1) (VaeS,beA)a<b—acA
2 A’cCA
(3) ASACA

Obviously, every bi-ideal is a generalized bi-ideal
of S, but the converse is not true.

Example: [21] Consider the ordered semigroup S =

{a,b,c,d}
albfc]|d
alalalal|a
blalala|a
clafla|b]a
d{ala|b]|b

<={(a,a),(b,b),(c,c),(d,d),(a,b)}

Its subsemigroups are: {a},{a,b},{a,b,c},{a,b,d} and
{a,b,c,d}. All subsemigroups are bi-ideals.

Its generalized bi-ideals are: {a}, {ab}, {ac},
{a,d}, {a,b,c}, {a,b,d}, {a,c.d} and {a,b,c.d}. But {a.c},
{a,d} and {a,c,d} are not bi-ideals.

By an interval number a we mean an interval [a’,
a'] where 0<a” <a' <1. The set of all interval numbers
is denoted by DJ[0,1]. The interval [a,a] can be simply
identified by the number a€[0,1]. For the interval
numbers, b =[b,b" E D[0,1]ie I, we

define

5-1 = [af’a:] s

(Viel) rmax {"@,T)i} =[max(a”;,b";),max(a’;,b",)]
(Viel) rmin f?.,f)i} =[min(a™,,b",),min(a”,,b",)]

rinfa, =[Aa”;,Aa"],rsupd, =[va’,va’]
iel iel iel iel

and put
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= =~ - - + +
a,<a,&a  <a, and a’ <a’,
a,=a,&a  =a, and a* =a",
a,<a,oa <a, and a’, #a",

ka, =[ka"; ka*;], whenever 0 <k <1

Then, it is clear that (D[0,1],<,v,A) forms a
complete lattice with 0 = [0,0] as its least element and
1=[1,1] as its greatest element.

The interval valued fuzzy subsets provide a more
adequate description of uncertainty than the traditional
fuzzy subsets; it is therefore important to use interval
valued fuzzy subsets in applications. One of the main
applications of fuzzy subsets is fuzzy control and one of
the most computationally intensive part of fuzzy control
is the defuzzification. Since a transition to interval
valued fuzzy subsets usually increase the amount of
computations, it is vitally important to design faster
algorithms for the corresponding defuzzification.

An interval valued fuzzy subset F:X — D[0,1] of X

is the set
F= {xe X|(x,[F (x),F"(x)])e D[0,1]}

where Fand F° are two fuzzy subset such that
F (x)<F'(x) for all X. Let ¥ be an interval valued
fuzzy subset of X. Then for every [0,0]<t<[L1], the
crisp set F ={xe X|F 21} is called the level set of F.

We refer the reader to [17] for more details on
operations on two interval-valued fuzzy sets of X.

Note that since every ac[0,1] is in correspondence
with the interval [a,a]e D[0,1], hence a fuzzy set is a

particular case of the interval-valued fuzzy sets.
For any F=[F,F*] and T=[t", ], we define

Fx) +T=[F (x) +t, F(x)+ t*]

for all xeX. if Fx)+t >1 and
F'(x)+t">1, wewrite F(x)+1>[L1].

In particular,

Definition: An interval valued fuzzy subset F of an
ordered semigroup S is called an interval valued fuzzy
generalized bi-ideal of S if it satisfies:

(b3) (Vx,ye S x< y= F(x) 2F(y)
(b4) (Vx,y,zeS) F(xyz) 2rmin{F(x),F(z)}

An interval valued fuzzy subset F of an ordered
semigroup S is called an interval valued fuzzy bi-ideal
[17] of S if it satisfies:

(1) (vx,yeS) x< y=F(x)=F(y)
(2) (vx,yeS) F(xy)=rmin{F(x),F(y)}
(3) (Vx.,y,zeS) F(xyz) 2rmin{F(x),F(z)}

Every interval valued fuzzy bi-ideal is an interval
valued fuzzy generalized bi-ideal of S but the converse
is not true in general.

Example: Consider the ordered semigroup S as given
in Example 2.1 and define a fuzzy subset F:S—D[0,1].

Then all interval valued fuzzy subsets F of S which
satisfies:

(i) F(a)2F(x) forallxeS
(i) F(b)=F(c) and
(iii) F(b)>F(d) are interval valued fuzzy bi-ideals

All interval valued fuzzy subsets F of S which
satisfies:

F(a)>F(x) for all €S are interval valued fuzzy

generalized bi-ideals.
The interval valued fuzzy generalized bi-ideals are
not interval valued fuzzy bi-ideals. For example the

interval valued fuzzy subset F defined by
F(a) =[0.5,0.5], F(b)=[0,0], F(c) =[0.2,0.4] , F(d) = [0,0]

is an interval valued fuzzy generalized bi-ideal of S but
not an interval valued fuzzy bi-ideal of S, because

[0,0]=F(b) =F(cc) < rmin{F(c),F(c)} =[0.2,0.4]

An interval valued fuzzy subset F of an ordered
semigroup (8S,-,<) of the form

#(#[0,0]), if y=x

F(y) :{[0,0],

if y#x

is called an interval valued fuzzy point with support x
and interval value te D[0,1] and is denoted by U(x;1).

For an interval valued fuzzy subset v of S, we say that
an interval valued fuzzy point U(x;t) is

(b5) contained in F, denoted by U(x;H)eF, [22] if
Fx) >t

(b6) quasicoincident with F, denoted by U(x;f)qF,
[22]if F(x)+T>[L1]
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For an interval valued fuzzy point U(x;t) and an

interval valued fuzzy subset F of a set S, we say that

(b7) U(x;e vaF if U(x;He F or U(x;f)qF
(b8) U(x;t)aF
o €{6,q,€ vq}

if U(x;H)oF does not hold for

INTERVAL VALUED (e c vq;)-FUZZY
GENERALIZED BHIDEALS

In what follows, let S be an ordered semigroup and
let k=[k k"] denote an arbitrary element of D[0,1]

unless otherwise specified. For an interval valued fuzzy
point U(x;t) and an interval valued fuzzy subset F of

S, we say that

(c1) U(x;t)q F if F(x)+1 +k >[1,1] where
F (x)+t +k™ >1 and F'(x)+t'+k">1.

(€2) U(xsHe vq,F if U(x;he F or U(x;t)g F

(c3) Ux;HhaF  if U(x;i)oF does not hold for

O € {q;,€ Vq; }

We emphasis here that the interval valued fuzzy
subset F(x)=[F (x),F*(x)] must satisfies the following

condition:

[F~(x),F"(x)] S{I_Zk ’1 _2k+ } or
® .
{1 _2k ’1 _2k }< [F (x),F*(x)] forall xe X

In what follows, we emphasize that all the interval
valued fuzzy subsets of X must satisfy the condition (E)
and any two elements of D[0,1] are comparable unless
otherwise specified.

Theorem: Let F be an interval valued fuzzy subset of
S. Then the following are equivalent:

) (vfe D(ﬂ,u)
2
(15i # ¢ = Eis generalized bi-ideal of S)

(2) F satisfies the following assertions:
2.1) (vx,yes)

- ~ I-k 1-k*
(xSy:F(y)Srmax{F(x),[ ) ]}j

(22) (vx,y,zeS)

(rmin{f:(x),ﬁ(z)} < rmax {F(xy2), I —Zk’ 1 —2k+ ]}]

Proof: Assume that F, is a generalized bi-ideal of S or
all te D(%,l] with E = ¢. If there exist a,b€S such

that the condition (2.1) is not valid, that is, there exist
a,be S with a<b such that

-k 1-k7
272

F(b) > rmax {F(a),[ 1

Then E(b)e D(%,l] and be E_ . But F(a) <F(b)

FF(b)

implies that a&F

t» » @ contradiction. Hence (2.1) is

valid. Suppose that (2.2) is false, that is, assume that
there exist a,b,ce S such that

I-k 1-k*
P 57]}

i :=rmin{F(a),F(c)} > rmax {F(abc),[

- 1-k ~ = .
Then e D(T’l] and a,ce F.. But abcE E since

F(abc) < T, which is impossible. Therefore

-k 1-k
2 72

rmin{F(x),F(z)} < rmax {F(xyz),[ 1

for all x,y,ze S
Conversely, assume that F satisfies the three
conditions (2.1) and (2.2). Suppose that F # ¢ for all

te D(%,l]. Let x,y€S be such that xy and ye E .

Then F(y)>1t and so

1-k 1-k"

k1=K =
B2Fy)2zt>[———

rmax {IE(X),[I_T, >

]

Hence F(x)xt, that is xeE. If x,y,zeF,, it
follows from (2.2) that

rmaX{ﬁ(XYZ),[%,

+

2k 1} =rmin{F(x),F(z)} >

so that F(xyz)>t ie., x,y,zeF, . Therefore F is a

generalized bi-ideal of S for all te D(%,l] with
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If we take k=[0,0

the following corollary.

] in Theorem 3.1, then we have

Corollary: [[17, 18], Theorem 3.3]

Let F be an interval valued fuzzy subset of S.
Then the following are equivalent:

(1) (vteD(0.5,1])

( EO= ng generalized bi-ideal of S)
(2) F satisfies the following assertions
(2.1) (vx,yeS)

(x< y= F(y) <rmax {F(x),[0.5,0.51})
(22) (Vx,y,zeS)

(

rmin{F(x),F(z)} Srmax{F(xyz),[O.S,O.S]})

Definition: An interval valued fuzzy subset F of S is
called an interval valued (€, vq;)-fuzzy generalized

bi-ideal of S if it satisfies the following conditions:

(c4) U(y;Hhe F= Ux;be quF with x <y
(c¢5) Ux;t))e F,U(z;t,)e F = U(xyz;rmin{t,t,})e vq, F

for all x,y,ze S and t,{,t,€ D(0,1] .
An interval valued (e, vq;) -fuzzy generalized bi-
ideal of S with k=[0,0] is called an interval valued

(e,evq)-fuzzy generalized bi-ideal [17, 18] of S.

Example: Consider the ordered semigroup S
{a,b,c,d,e} with the multiplication given in Table 1 and

order relation “<”:

Table 1: Multiplication table for S

alb|c|d]e
ala|d|a]|d]|d
bla|b|a|d|d
cfla|d]|c|d]e
dfa|d]|a|d|d
efa|d|c|dfe

<= {(2,2),(3,0),(a,d),(a,e),(b,b),(b,d),
(b.e).(c,0).(c,e),(d,d),(d,e).(e.e)}

(1) Define an interval valued fuzzy subset
F:S—D[0,1] by
fe a b c d e
T1[0.4,0.6] [0.35,0.45] [0.35,0.45] [0.25,0.35] [0.15,0.30]
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Then F is an interval valued (€.€ vq4.00s) -fUzzy

generalized bi-ideal of S.

Theorem: An interval valued fuzzy subset F of S is an
interval valued (g€ vq;)-fuzzy generalized bi-ideal of

S if and only if:

1-k™ 1-k* .
(1) (¥x,ye S)F(x) = rmin{F(y), [— 1} withx <y
@) (Vxy.ze S)F(xyz) = rmin {F(x),F(2), s 1_2k+]}

Proof: Suppose that F is an interval valued (€.€ vq;) -

fuzzy generalized bi-deal of S. Let x,yeS such that
<y. If F(x)< E(y), then F(x)<t<F(y) for some

te D(O, T] It follows that U(y;f)e F but U(x;f)€

Since F(x)+t<2f<[Ll]-k, we get U(x;t)g.F

Therefore U(x;t)e quF, which is a contradiction.

Hence F(x)>F(y) . Now if

~ -k 1-k*
F(y)=
W 2l—=——"1
then
1-k 1- -
[—,—eF
U
and so
U(X[ H)E vq F
which implies that
-k 1-k*
F(x) >
(x) 2[——, — !
or
1-k 1 k" ~
F(x) +[—— —I>[Ll-k
Hence
-k 1-k*
F(x) >
(x) 2[—— BRI,
Otherwise
-k 1 k" -k 1-k" 1-k 1-k*
F(x) + , + ,
(x) [ > <[ > > 1+[ > 2 ]
=[L1]-[k" k"] =[L1] -k
a contradiction. Consequently,
= = 1-k” 1-k*
F(x)Zrmm{F(y),[T, > I}
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for all x,yeS with y. Assume that x,y,zZeS be such
that

-k 1-k*

rmm{F(x) F(z)}< > —

2
We claim that

F(xyz) = rmin{F(x),F(z)}
If not, then
F(xyz) <5< rmin{F(x),F(2)}

for some

1-k
§ e D[0,—
se D 2]

It follows that U(x;5)e F and U(z§)eF, but

U(xyz;3)€ F and
F(xyz2)+3<25<[1,1]-k

ie., U(xyz3s)q.F, a contradiction. Thus
F(xyz) = rmin{F(x),F(z)}

for all x,y,ze S with

-k 1-k"

F(x),F
rmin{F(x), (z)}< > 2 —
If
rmin {F(x),F(2)} 2 e 12K
2 2
then
-k 1-k
Ux;[— F
(xs[ TR De
and
-k 1-k* ~
: F
U(z[ T De
Using (c5), we have
-k l—k+
U(XYZ[ > 1)
=U(xyz; rmln{[ K 1 2k ],[1_2k7 ,1_k e vql;f:
and so
-k 1-k*
F >
(xyz) 2[—— 7 5 —1
or
- 1-k 1-k* -
F —_ 1,1]-k
(xyz) +[ TR 1>[L1]

If F(xyz) < [1 —21( ,

+

17k ], then F(xyz)

1-k”

1-k*
2 9

+[ ]<[L1]-k

which is a contradiction. Hence

-k 1-k*
F >
(2) 2R ]
Consequently,
Fesy2)> mmin (F (0, F(0) [F5 =5 )

for all x,y,ze S.

Conversely, let F be an interval valued fuzzy
subset of S that satisfies the three conditions (1), (2)

and (3). Let x,yeS and te D[O,%] be such that xy

and U(y;f)e F. Then E(y)>t and so

_k+
2
—k*

> I

F(x)> rmin{l:“(y),[i,l

il

-k
> rmin {t [—,
& 2

i‘"

k+

1-k 1-
]7

[ 2 b

if

It follows that U(x;t)e F or

k

1-k*
2

ﬁ(x)+f2[1_ 1+ >[L1]-

ie, U(x;t)q.F. Hence U(x;t)e vqF. Assume that

x,y,z€S and f,%,eD(0,1] be such that U(x;f,)e F and

U(z;f,)e F. Then F(x)2% and F(z)>1,. It follows
from (2) that
F(xyz) = rmin {F(x),F(2),[2 _2k_ ,%]}
2 rmin L E— )
rmin{t, {,} , if rmin{t,t} <[— 2k 2k ]
Tk 1ok -k 1k
—_— , if in{t,t} > ,
[2 Z]ITmm{lE}[z 2]
so that U(xyz;rmin{t;t})e F or
~ e~ I-k 1-k* .
F(xyz)+rm1n{lt,t2}2[T, ]+rmin {t,{}
1-k 1-k* I-k 1-k*
>[ ) +[ ) ]
2 2 2 2
=[L1]-
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that is U(xyz;rmin{t,t,})q;F. Thus Corollary: [[17], Theorem 4.9]
Let F be an interval valued (€,evq)-fuzzy

Uxyzrmin{1,)) € vg. F generalized bi-ideal of S. If F(x)<[0.5,0.5] for all
b 2v2 K

x€S. Then F is an interval valued fuzzy generalized

If we take k=[0,0] in the Theorem 3.5, then we bi-ideal of S.

have the following corollary. Proof: It follows from Theorem 3.8 by taking k =[0,0].

Corollary: [[17], Theorem 4.3] Theorem: For an interval valued fuzzy subset F of S,

An interval valued fuzzy subset F of S is an  the following are equivalent:
interval valued (e,evq)-fuzzy generalized bi-ideal of S
if and only if: (1) F isan interval valued (. vq;) -fuzzy

. . generalized bi-ideal of S.
(1) (vx,ye S)F(x) 2rmin{F(y),[0.5,0.5]} withx <y _ -k
= L= (2) (Vte D(O0,—))

(2) (¥x,y,ze S)F(xyz) = rmin{F(x),F(z),[0.5,0.5]} 2

Fi £20) :>Ffis a generalized bi-ideal of S .

Obviously, every interval valued fuzzy generalized
bi-ideal of S is an interval valued (€.€ vqy)-fuzzy  Proof: Assume that F is an interval valued (€€ vq;) -
generalized bi-ideal of S for some ke D(ON,I]. The fuzzy generalized bicideal of S and let fe D( O,I_k] be
following example shows that there exists ke D(0,1] y 2
such that E # ¢ . Using Theorem 3.5 (1), we have

such that
Lo . - - 1-k 1-k*
@i F is an interval valued (€. vq;)-fuzzy F(x) Zrmm{F(y)’[T’ > I
generalized bi-ideal of S.
(i) F is not an interval valued fuzzy generalized bi- for any x,ye S with x<y and ye E . It follows that
ideal of S.
. ~ o~ 1=k 1-k" ~
Example: The interval valued (€., vy 4004 -UZZy F(x) 2 rmin {t,[ ) 1} =t

generalized bi-ideal F of S in Example 3.4 is not an
interval valued fuzzy generalized bi-ideal of S since so that

. y xe E. Now let x,zeF, then F(x)>t and
f(b) =[0.35,0.45] and F(c) =[0.35,0.45] . But

F(z) >t . Theorem 3.5 (2) implies that

[0.25,0.35] =E(d) =F(cb) <rmin{F(c),F(b)} k- 1—k*

= rmin{[0.35,0.45],[0.35,0.45]} =[0.35,0.45] F(xyz) 2 rmin {F(x),F(2),[ b
. .. . .o~ 1-k 1-k* -
We give a condition for an interval valued Zrmln{t,[T, 3 =t
(€.€ vq;) -fuzzy generalized bi-ideal to be an interval
valued fuzzy generalized bi-ideal. Therefore xyzeF, and hence F. is a generalized

.. - 1-k
Theorem: Let F be an interval valued (€.€ vq;) -fuzzy bi-ideal of S, where te D(OsT] :

generalized bi-ideal of S. If Conversely, let F be an interval valued fuzzy

subset of S such F, is non-empty and is a generalized
F( )<[i ﬂ] -k
x 2 72 bi-ideal of S for all te D(O’T] . If there exist a,beS

- ith a< E
for all x€S. Then Fis an interval valued fuzzy with a<b and be F; such that

generalized bi-ideal of S.
~ - 1-k™ 1-k*
F(a) <rm1n{F(b),[T, >

Proof: It is straightforward by Theorem 3.5. I
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then

Fa)<1, Srmin{l:"(b),[%,l _2k

I

~ 1-k — = ..
for some t, e D(O’T] and so a€F _, a contradiction.

Therefore,

1-k™ 1-k*

F(a) > rmin{F(b),[——
(a) 2rmin{F(b),[ S 1}
for all x,y€ S with x<y. Suppose that
F(abc) <rmin{ﬁ(a),ﬁ(c),[1 _zk ,1 _2k 1
then
F(abo) <, <mmin{F(@),Fe).f5 =)

- 1-k =
for some t, € D(O,T] . It follows that aeF; and

ce E_ but abcEF, . This is impossible and thus

1-k” 1-k*
2 72

f(xyz) > rmin {f?(x),l;(z),[ 1

for all x,y,zeS. Using Theorem 3.5, we conclude that
F is an interval valued (€.€ vq;) -fuzzy generalized bi-

ideal of S.
Taking k=[0,0] in Theorem 3.10 induces the

following corollary.

Corollary: [[17], Theorem 4.10]

For an interval valued fuzzy subset F of S, the
following are equivalent:

(1) F is an interval valued (€ ,€ v q)-fuzzy
generalized bi-ideal of S

(2) (Vte D(0,0.5))

E £0) :>I:“(is a generalized bi-ideal of S

Theorem: For any generalized bi-ideal A of S, let F be
an interval valued fuzzy subset of S defined by

. t, if xeA
Fx)=1. , 0y
t,, otherwise

where

- 1-k ~ 1-k
t € D[T,l] and t, e D(O,T)

Then F is an interval valued (€€ vq;)-fuzzy

generalized bi-ideal of S.

Proof: Note that

t

o ~ 1-k
: = A, if re D(tz,T) (2)
S,, if feD(0,,]
which is a biiideal of S. It follows from Theorem
3.10 that

generalized bi-ideal of S.

F is an interval valued (€. vq;)-fuzzy

Corollary: [17]

For any generalized bi-ideal A of S, let F be an
interval valued fuzzy subset of S defined by

N t, if xeA
F(x) =1 .
t,, otherwise

where f,e€D[0.5,1] and f,€D(0,0.5). Then F is an

interval valued

of S.

For any interval valued fuzzy subset F of S and
te D(0,1], we consider four subsets:

(€.,evq)-fuzzy generalized bi-ideal

Q(F;t)= {xe S|U(x;t)qF}
and
[F], = {xe S|U(x;D)e vqF}

Q" (Fi):={xe S|U(x;D) g, F}
and

[15]%2 ={xeS|U(x;t)e quF}
It is clear that

[Fl.;=E UQ(F;D) and [F]f =F U Q"

Theorem: If F is an interval valued (€. vq;) -fuzzy
generalized bi-ideal of S, then

(Vie D) @ (ED 0= Q' (BiD
is generalize bi-ideal of S

Proof: Assume that F is an interval valued (€.€ vq;) -

fuzzy generalized bi-ideal of S. Let te D(%,l] be
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such that Q“(F:t)=¢. Let ye Q“(F;t) and x€S be such
that x<y. Then F(y)+t>[L1]-k . By means of Theorem
3.5 (1), we have

1-k 1-k*
F(x)>rmm{F(y)[— 51

-k 1-k" ~ -k 1-k
A > if F 2 5

[— 71 it Fy)2( 7

k 1-k"

2

]

F(y), it F(y)<[=

>[L1]-T-k

]

and so xeQ“(F;D). Let xzeQFit), then
F(x)+i>[1,]]-k and F(z) +T>[L1]-k. It follows from

Theorem 3.5 (2) that

Fe2) mmin (0. F(0) .5 255

if rmin{fr(x),ﬁ(z)}ql_k ,1 K

2 2

-k 1-k', . o -k 1-k*

—_— , if rmin{F(x),F(z)} > s

[ > > ] {F(x),F(2)} [ > >
>[L1]-T-k

rmin{F(x),F(2)},

]

]

xyze Q“(F;t). Therefore Q" (E:t) is a

generalized bi-ideal of S.

and hence

Corollary: If F is an interval valued €,evq)-fuzzy
generalized bi-ideal of S, then

(Vie D(0.5,1]) Q° (F:D) # 0 = Q" (F;1)
is generalize bi-ideal of S

Corollary: Let F be an interval valued (e.€ vq;)-

fuzzy generalized bi-ideal of S, if 0 <k< F<[l1,1], then
~ 1-r Iy ko~
(Vte D(T’l]) Q (Fit)y#o= Q'(F;t)

is generalize bi-ideal of S

Proof: It is straightforward by Theorem 3.10 and 3.14.

Theorem: For any interval valued fuzzy subset F of S,
the following are equivalent:

() F is an interval valued (€. vq;) -fuzzy
generalized bi-ideal of S.
(2) (VieDO.1) [Flf # ¢ =[F]

of S

is generalize bi-ideal

Proof: Assume that Fis an interval valued (e.€ vq;) -
fuzzy generalized bi-ideal of S and let te D(0,1] such
that [F]"#¢ . Let ye [FF
ye Q“(F;D), ie, F(y)2t or
F(y)+t>[L1]-k . Using Theorem 3.5 (1), we get

and xS be such that

x<y. Then yeFE or

~ .= -k 1-k*
F(x) 2 rmm{F(Y)’[T’T]} 3)
We consider two cases:
~ 1-k 1-k* = 1-k~ 1-k*
F(y) <[ > ] and F(y)>[ > ]
The first case implies from (3) that F(x)>F(y).

Thus if F(y)>tthen F(x)>t and so xe F c[F ] If
F(y)+ t>[1,1]-k
then
Fx)+i2F(y)+T>[11]-k
which implies that U(x;t)q; F ie.,
xe Q“(F;t) c[FF

Combining the second case and (3) induces

~ -k 1-k*
F(x) 2[—, 3 ]
If fS[l_zk ,1_2k ], then F(x)>t and hence
erg[F]?.Iff>[l_2 1=k ], then
-k l k" 1-k 1-k'
F +t + s =[L1]-k
(x) >[ > 1+[ > > 1=[L1]

which implies that xe Q“(F;f) c[FF. Therefore [F]*
satisfies the condition (b1). Let x,ze[F]*. Then xeF,
or xe Q"(F;1) and zeF. or ze Q(F;D), ie, F(x)21 or
F(x)+T>[11]-k and F(z)>t or F(z)+T>[L1]-k. We

consider the following four cases.

() If F(x)=t and F(z)>t

(i) If Fx)=t and F(z) +T>[L1]1-k

(i) If F(x)+T>[1,1]-k and F(z)>t

(iv) If Fx) +t>[1,]]-k and F(z) +T>[L1]-k
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For the case (i), Theorem 3.5 (2) implies that
-k 1-k -k 1-k*

LK rmin 2 2K
5 5 1}=rmin {t,[ > > 1} i .o I 1k

F(xyz) 2 rmin{F(x),F(z),[

so that xyze F, or
-k~ 1-k* -k 1-k". =~

F {+k k=[11
(xyz) + t +k >[——— =]+ [——,—— ]+ k =[L]]
. . - - 1-k 1-k"
that is xyze Q" (F;t). Hence xyze [F]; . For the second case assume that t>[T, 5 1, then
- - 1-k 1-k'
LI-t-k<[L,1]-1
[L1] <Ll-t<[———
and so
e it RS itk i mingF) RS L < B
F(xyz) = rmin{F(x),F(z),[ > Ii= 2 B 2 .
F(x)>1, if rmin{F(z),[l_zk ,%]}>1~7(x)
S . 1-k 1-k
Thus xyze E UQ*(F;t) =[F]; Suppose that t <[ TR ] then
k- 1—-k* rmin{l:"(x),[l_k_,l_k 13 >1, if rmin{F(x),[l_k_,l_k 1} <F(2)
Fxyz) 2 rmin {FGo.F() [ ——— 1= 22 22
F(2)>[11]-1-k, if rmin{F(x),[l_zk ,%]}>F(z)
and thus
xyze EUQ (Fi1) =[F]}
_ - 1-k 1-k*
We have similar result for the case (iii). For the final case, if t >[—— ] then
- - 1-k 1-k'
L=t -k <[—— ——
[L1] <=
Hence
- L1k 1=kt 1-k 1-k' - -
F > rmin{F(x),F = LI-t-k
(xy2) 2 rmin{F(x),F(2).[——,——1} {[ 51> L]
whenever rmin{i:(x),ﬁ(z)}<[l_2k ,1_2k ] Thus
xyzeQ‘-‘(F;E)Q[F]E.IffS[%,l_zk
then
N - i it rmin{Foo,Fz)) 2 L
Foyz) zmin{Fe) f S ——l=1 *  ° o
S

rmin{F(x),F(z)} >[L1]-T-k, if rmin{F(X),F(Z)}<[1—2k’ ]

2
which implies that
xyze EUQ (F;t) =[F]F
1746



World Appl. Sci. J., 27 (12): 1737-1751, 2013

Conversely, suppose that (2) is valid. If there exist
a,be S such that a<b and

F(a) <rmin{ﬁ(b),[%,%]}
then
- -~ .1k 1=K
F@) < t, Srmm{F(b),[T,T]}

for some f, e D(O,%]. It follows that beF, c [F]E

but a€F . Also, we have F(a)+1, <2, [11]-k and
so U(a;t)GF ie, agQ"(F;t). Therefore aE[F]i a

contradiction. Hence

~ .~ 1-k 1-k*
F(x) = rmln{F(Y),[T,T]}

for all x,yeS with xy. Assume that there exist a,b,ce S
such that

F(abc) <T< rmin{ﬁ(a),ﬁ(c),[l _2k ,1 _zk

13

1-k

for some te D(0, > ]. It follows that ae E c[F]* and

ce F c[FIF, so from (b2) abce[FJ. Thus F(abe)>t or

E(abc) + T >[1,1]-k , a contradiction. Therefore

1-k” 1-k*

la(xyz)Zrmin{lE(x),lE(z),[ SRR

i

for all x,y,zeS. Using Theorem 3.5, we conclude that
F is an (€.€ vq,) -fuzzy generalized bi-ideal of S.

Corollary: For any interval valued fuzzy subset F of
S, the following are equivalent:

(1) F is an interval valued (€,€vq)-fuzzy generalized
bi-ideal of S.
) (YteDO,1]) [F], # 0 =[F]. .

is generalize bi-ideal of S

An interval valued fuzzy subset F of S is said to
be proper if Im( F) has at least two elements. Two
interval valued fuzzy subsets are said to be equivalent if
they have same family of level subsets. Otherwise, they
are said to be non-equivalent.

Theorem: Let F be an interval valued (€€ vq,) -fuzzy
generalized bi-ideal of S such that
1-k™ 1-k~

ﬂhmﬁm<h7<—7ﬂmz

Then there exist two proper non-equivalent interval
valued (€.,€ vq;) -fuzzy generalized bi-ideals of S such

that F can be expressed as the union of them.
Proof: Let

1-k 1-k° ~ o~ o~ ~
5 aT]}z{Ethtz""J{}

{F(0)[F(x) <[

where f >t,>1,>..>1, and n>2. Then the chain of

interval valued (€.€ vq;)-level generalized bi-ideals

of F is

[Ff, ., CIF) c[F, c..c[F

2 72

Let A and B be interval valued fuzzy subsets of S
defined by

T, if xe[A]
I ICRVIeL
A=t I XEIAL VAL
T Sk v AR
t,, if xe[A] \[A]}
and
Bx), if xe[Bf . ..

2 72
T B1E AR
k, if xe[BE\BI_ .
272

B()=1{%, if xe[B \[B]

t,, if xe[BL \[BY

n [P}

respectively, where i, <k <f,. Then A and B are
interval valued (€.e vq;) -fuzzy generalized bi-ideals of
S and A,B<F. The chains of interval valued
(€.€ vq;) -level generalized bi-ideals of A and B are,

respectively, given by

[AL; c[A]; c..c[A]
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and

o
o

Therefore A and B are non-equivalent and clearly
F= AUB. This completes the proof.

IMPLICATION-BASED INTERVAL
VALUED FUZZY GENERALIZED BHDEALS

Fuzzy logic is an extension of set theoretic
multivalued logic in which the truth values are
linguistic variables or terms of the linguistic variable
truth. Some operators, for example v,A,~,— in fuzzy
logic are also defined by using truth tables and the
extension principle can be applied to derive definitions
of the operators. In fuzzy logic, the truth value of fuzzy
proposition @ is denoted by [®]. For a universe U of
discourse, we display the fuzzy logical and
corresponding set-theoretical notations used in this

paper

[xe F]=F(x) @.1)

[® A W] =min{[®L[¥]} 4.2)

[® — ¥] =min{1,]1 -[®]+[¥]} 43)
[V®(x)]= inf[®(x)] (4.4)

2@ if and only if [®]=1 for all valuation (4.5)

The truth valuation rules given in (4.3) are those in
the Lukasiewicz system of continuous-valued logic. Of
course, various implication operators have been
defined. We show only a selection of them in the
following.

(a) Gaines-Rescher implication operator (jgr):

L if a<b
0, otherwise

Lsr(a,b) :{

(b) Godel implication operator (Ig):

1, if a<b
b, otherwise

I;(a,b) = {

(c) The contraposition of Godel implication operator
(ICG):

1 if a<b

1—a, otherwise.

L.a(a,b) ={

Ying [22] introduced the concept of fuzzifying
topology. We can expand his/her idea to ordered
semigroups and we define an interval valued fuzzifying
bi-ideal as follows.

Definition: An interval valued fuzzy subset F of S is
called an interval valued fuzzifying generalized bi-ideal
of S if it satisfies the following conditions:

dl) (vx,yeS)(x< y= (?[ye F1—[x € F]))

~

@) Wrz s@Fmin{& & F

0 F3 € oz I FD

Obviously, conditions (d1) and (d2) are equivalent
to (b4) and (b5), respectively. Therefore an interval
valued fuzzifying generalized bi-ideal is an ordinary
interval valued fuzzy bi-ideal. In [20], the concept of t-
tautology is introduced, i.e.,

?® if and only if [®]> t for all valuations (4.6)

Definition: An interval valued fuzzy subset F of S and
te D(0,1] is called a t-implication-based generalized

bi-ideal of S if it satisfies:

(d4) Oft,y B SUR <y A FY ¢ 8 T &8 T
(d5) Ofy.z 8 SEFy min{ € BF> BT} € ©z 8T8

Let I be an implication operator. Clearly, F isa t-
implication-based interval valued fuzzy generalized bi-
ideal of S if and only if it satisfies:

(d7) (Vx,ye S) x < y= I(F(x),F(y)) 21
(d8) (vx,ye S) I(rmin{F(x),F(z),F(xyz)}) =1

Theorem: For any interval valued fuzzy subset F of S,
we have,

(1) If I = kg then F is a [0.5, 0.5]-implication-based
interval valued fuzzy generalized bi-ideal of S if

and only if Fis an interval valued fuzzy

generalized bi-ideal of S.

(2) If I =L, then F isa [ K]-implication-based
interval valued fuzzy generalized bi-ideal of S if
and only if F is an interval valued (€.€ vq,) -fuzzy
generalized bi-ideal of S.

(3) If I =g, then F isa [“ LK ]-implication-based
interval valued generalized fuzzy bi-ideal of S if

and only if F satisfies the following conditions:
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(.1) x< y= rmax{F(x),[=== ] > rmin{F(y),[1,1]}

(32)  rmax{F(xyz),[=, 151} 2 rmin (F(x),F(2),[ 1,11}
for all x,y,ze S
Proof
(1) Straightforward.
(2) Assume that F is a [14—,1=]-implication-based

interval valued fuzzy generalized bi-ideal of S.
Then

(®
(1)

(Vx,ye8) x< y= 1 (F(x),F(y)) =[]

(Vx,y,2€8) 1,(rmin{F(x),F(2),F(xyz)}) 2[ 1 ]
Let x,yeS be such that )éy Using (i) we have
F(y) 2F(x) or F(x)> F(y) [, . Hence then

2’2

—k*

F(x) 2 rmin {F(y), 1=,

2
Case (i) implies that

F(xyz) = rmin{F(x),F(z)}
or

~ 1K'

rmin{F(x),E(z)} > F(xyz) 2[5, 5]

Thus

F(xyz) 2 rmin {F(x),F(z),[, 2]}

Using Theorem 3.5, we conclude that F is
an interval valued (€€ vq,)-fuzzy generalized
bi-ideal of S.

Conversely, suppose that Fis an interval valued
(€.€ vq;) -fuzzy generalized bi-ideal of S. Let x,yeS

such that x<y. Using Theorem 3.5 (1), we have

(L] >[5, ],

if rmin{F(x),[*2=, 2]} =F(x)
I(F(x),F(y)) =
F(y) 2[&k,
if rmin{F(x),

&,
[ Lk

k"

) = e

From Theorem 3.5 (2), if
rmin {F(x),F(z),[5=, 1]} = rmin {F(x),F(2)}
then
F(xyz) 2 rmin{F(x),F(z)}
and so
I, (rmin {F(x),F(2),F (xyz)) = [1,1] > [, =}

1-k*

1749

If
rmin{F(x),F(z), [, 0]} = [k, 1]
then
F(xyz) 2[5, ]
and thus
I, (rmin {F(x),F(2),F(xyz)) 2 [ ]

[léc ’lzk

interval valued fuzzy generalized bi-ideal of S.

Consequently, F is a ]-implication-based

(3) Suppose that F satisfies (3.1) and (3.2). Let x,y€S
be such that x<y. In (3.1), if
rmin {F(y),[1,1]} =[1,1]

then

rmax {F(x), [

A1 =(L1]

and hence F(x)=[1,1]=F(y). Therefore

Lo (FOO,F(y)) =[11]2 [, 1

2 22 -

If F(y) <[L1], then

rmax {F(x),[ =, ]} > F(y) 4.7
If Fx)> [ S L] in (4.7), then F(x) 2F(y) and thus

I, (F(x).F(y)) =[11]2 [k, Lk

If F(x) <[&,29 in (4.7), then F(y) <[:k,27]. Hence

1-k*

Lok 1ok

2 2 2

(LI =] 1. if ﬁ(X) 2F(y)

[L1]-F(y)> [5-5

E

Lo (F(x).F(y) =

otherwise

In (3.2), if
min{F(x),E(z),[1,1]} =[1,1]
then

rmax {F(xyz), [, 5

=13 =[L1]

2

and so
F(xyz) =[L1]1= rmin{F(x),F(z)}
Therefore
I, (rmin{F(x),F(2)},F(xyz)) = [1,]] 2 [k, 1]
If
min{F(x),F(z),[1,1]} = rmin{F(x),F(z)}
then
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rmax {F(xyz), [, 1) > rmin (F(x),F(2)} (4.8)
Thus, if

rmaX{F(XyZ)a[lj( ]} === ;
in (4.8), then

F(xyz) < B
and
rmin {F(x),F(z)} < [ 20

Therefore

I, (rmin{F(x),F(2)},F(xyz)) = [L,1]] 2 [k, ]

whenever
F(xyz) = rmin{F(x),F(z)}

and

I, (rmin{F(x),E(2)},F(xyz)) = [1,1] - rmin{F(x),F(z)}

> [5-,5]

whenever

F(xyz) <rmin{F(x),F(z)}
Now, if

rmax {F(xyz),[lH, =]} = F(xyz)

in (4.8), then

F(xyz) 2 rmin{F(x),F(z)}
and so

I, (rmin{F(x),F(2)},F(xyz)) = [L,1]] [k, K]

Consequently, F isa [ 2k ]-implication-based

interval valued fuzzy generalized bi-ideal of S.

Conversely assume that F is a [k k]

2 22
implication-based interval valued fuzzy generalized bi-
ideal of S. Then

-k 1-k~

(i) (Vx.yeS) x< y= IcG(F(x).F(y))2[—— R —
(i) (Vx,y,z€S)
-k 1-k~
IcG(rmln{F(x) F(z)} F(xyz))>[ TR —]

Let x,ye S be such that x<y, (iv) implies that

IcG(F(x).F(y)} =[11]
or
-k 1 k™
[L1]-F(y) 2 [L2 )

so that F(y) 2F(x) or

1-k 1-k~

F()<[2,2]

Therefore
rmax {F(x),[5=, 5]} > F(y) = rmin {F(y),[1,1]}
Finally, from (v), we have

IcG(rmin{F(x),F(2)},F(xyz) = [L1]

ie.,
rmin{F(x),E(z)} < F(xyz)
or
[L1]- rmin{F(x),F(z)} > [1—21{ ,%]
Hence

rmax {F(z),[%,%]} >rmin{F(x),F(z)}

=rmin{F(x),F(z),[1,1]}

for all x,y,ze S. This completes the proof.

Corollary: If I = I, then any interval valued fuzzy
subset F of S is a [0.5, 0.5]-implication-based interval
valued fuzzy generalized bi-ideal of S if and only if F

is an interval valued (€,evq)-fuzzy generalized bi-ideal
of S.

Corollary: If I =
subset Fof S is a [0.5, 0.5]-implication-based interval

I.g, then any interval valued fuzzy

valued generalized fuzzy bi-ideal of S if and only if F
satisfies the following condition:

(33) x< y= rmax{F(x),[0.5,0.5]} > rmin{F(y),[1,1]}
(34) rmax{F(xyz),[0.5,0.5]} >rmin{F(x),F(z),[1,1]}  for
all x,y,ze S.
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