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More General Forms of Interval Valued Fuzzy Filters of Ordered
Semigroups

Bijan Davvaz, Asghar Khan, Nor Haniza Sarmin, and Hidayatullah Khan

Abstract

In mathematics, an ordered semigroup is a
semigroup together with a partial order that is
compatible with the semigroup operation. Ordered
semigroups have many applications in the theory of
sequential machines, formal languages, computer
arithmetics, and error-correcting codes. In this article,
we try to obtain a more general form than interval
valued (g,evq)-fuzzy left (right) filters in ordered

semigroups. The notion of an interval valued
(e,evqk.)—fuzzy left (right) filter is introduced, and

several properties are investigated. Characterizations
of an interval valued (eevq )-fuzzy left (right)

filter are established. A condition for an interval
valued (e,evq )-fuzzy left (right) filter to be an

interval valued fuzzy left (right) filter is provided.
Using implication operators and the notion of
implication-based interval valued fuzzy left (resp.
right) filters, characterizations of an interval valued
fuzzy left (resp. right) filter and an interval valued
(e,evq_)-fuzzy left (resp. right) filter are considered.

Keywords: semigroup; filter; ordered semigroup; fuzzy
set; interval valued fuzzy set.

1. Introduction

Interval-valued fuzzy sets were proposed as a natural
extension of fuzzy sets. Interval valued fuzzy sets were
introduced independently by Zadeh [29], Grattan-
Guiness [9], John [11], in the same year, where the value
of the membership functions are intervals of numbers
instead of the numbers. The fundamental concept of a
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fuzzy set, introduced by Zadeh [30], provides a natural
frame-work for generalizing several basic notions of
algebra. The study of fuzzy sets in semigroups was
introduced by Kuroki [18, 19, 20]. Also see [1, 4, 8, 10,
15, 24, 26]. A systematic exposition of fuzzy semigroups
was given by Mordeson et al. [21], where one can find
theoretical results on fuzzy semigroups and their use in
fuzzy coding, fuzzy finite state machines and fuzzy
languages. The monograph by Mordeson and Malik [22]
deals with the application of fuzzy approach to the
concepts of automata and formal languages. Murali [23]
proposed the definition of a fuzzy point belonging to a
fuzzy subset under a natural equivalence on fuzzy subset.
The idea of quasi-coincidence of a fuzzy point with a
fuzzy set, played a vital role to generate some different
types of fuzzy subgroups. Bhakat and Das [2, 3] gave the
concepts of (a, ﬁ) -fuzzy subgroups by using the
belongs to relation (€ ) and quasi-coincident with
relation (q) between a fuzzy point and a fuzzy subgroup,
and introduced the concept of an (e,e \/q) -fuzzy

subgroup. Many researchers used the idea of generalized
fuzzy sets and gave several results in different branches
of algebras. In [12], Jun and Song initiated the study of
(a, ,B) -fuzzy interior ideals of a semigroup. In [14],

Kazanci and Yamak studied (e,e vq)-fuzzy bi-ideals of

a semigroup. In [7], Davvaz and Mozafar studied the
notion of (e,evq)-fuzzy Lie subalgebras and ideals.

Also see [6, 27, 31]. Shabir et al. [25], studied
characterization of regular semigroups by (a,ﬂ) -fuzzy

ideals. Jun et. al [13], discussed a generalization of an
(e,evq) -fuzzy ideals of a BCK/BCI -algebra. In

mathematics, an ordered semigroup is a semigroup
together with a partial order that is compatible with the
semigroup operation. Ordered semigroups have many
applications in the theory of sequential machines, formal
languages, computer arithmetics, design of fast adders
and error-correcting codes. The concept of a fuzzy filter
in ordered semigroups was first introduced by
Kehayopulu and Tsingelis in [13], where some basic
properties of fuzzy filters and prime fuzzy ideals were
discussed. A theory of interval valued fuzzy generalized
sets on ordered semigroups can be developed. Using the
idea of a quasi-coincidence of an interval valued fuzzy
point with an interval valued fuzzy set, Khan et al. [16]
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introduced the concept of an interval valued
(a,B)-fuzzy bi-ideals in an ordered semigroup. They

introduced a new sort of interval valued fuzzy bi-ideals,
called interval valued (a,f) -fuzzy bi-ideals, and

studied interval valued (e,e vq)-fuzzy bi-ideals. They

provided different characterizations of bi-ideals of
ordered semigroups in terms of (e,e vq)-fuzzy filters,

and extended their study in (g, vq)-fuzzy left (right)
and (e,e vq) -fuzzy bi-filters and investigated different

characterizations of left (right) and bi-filters of ordered
semigroups in terms of (e, vq)-fuzzy left (right) filters

and (e,e vq) -fuzzy bi-filters. They also introduced the

concepts of fuzzy left (right and bi)-filters with
thresholds. In this paper, we try to have more general
form of an interval valued (e,e vq) -fuzzy left (right)

filter of an ordered semigroup. We introduced the notion
of an interval valued (e,e vqlz)—fuzzy left (right) filter

of an ordered semigroup, and gave examples which are
interval valued (e, €vq, ) -fuzzy left (right) filter but not

interval valued (e,e \/q) -fuzzy left (right) filter. We
discuss of
(e,e quZ) -fuzzy left (right) filters in ordered

characterizations interval valued

semigroups. We provided a condition for an interval
valued (e,e qu) -fuzzy left (right) filter to be an
interval valued fuzzy left (right) filter. We finally

considered characterizations of an interval valued fuzzy
left (resp. right) filter and an interval valued

(e,e qu) -fuzzy left (resp. right) filter by using
implication = operators and  the notion  of

implication-based interval valued fuzzy left (resp. right)
filters. The important achievement of the study with an

interval valued (e,e va, ) -fuzzy left (resp. right) filter is

that the notion of an interval valued (e, vq)-fuzzy left
(resp. right) filter is a special case of an interval valued
(e,e qu)—fuzzy left (resp. right) filter, and thus several

results in the paper [17] are corollaries of our results
obtained in this paper.

2. Preliminaries

By an ordered semigroup (or po-semigroup) we mean
a structure (S,-,<) in which the following are satisfied:

(OS1) (S,) is asemigroup,

(0S2) (S,<) isaposet,

(0S3) (vx,a,beS) (a<b=>a-x<b-x,x-a<x-b)
Remark 1 [5]: We know in the concepts of S -language
and S -automation over a finite non-empty set X, we
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need an ordered semigroup. Indeed, let X be a
non-empty finite set and X be the free semigroup
generated by X with identity A. Let (S,,<) be an
ordered semigroup. A function f from X' into S is
called an S -language over X . An S -automation over
X is a 4-tuple A=(R,p,h,g), where R is a finite
non-empty set, p is a function from Rx X xR into
S, and h and g are functions from R into S.

Therefore, the results obtained in this paper are
fundamental for the advanced study on fuzzy ordered
semigroups and fuzzy automata.

In what follows, x-y is simply denoted by xy for

all x,yeS.

A nonempty subset A of an ordered semigroup S
is called a subsemigroup of S if A’ < A. A non-empty
subset F of an ordered semigroup S is called a left
(resp. right) filter of S if it satisfies
(bl) (vaes) (vbeF) (a<b=beF),

(b2) (va,beS) (a,beF=abeF),
(b3) (Va,beS) (abeF =aeF(respbeF))

If F is both a left filter and a right filter of S, we
say that F isafilterof S.
A fuzzy subset 4 of an ordered semigroup S is

called a fuzzy left (resp. right) filter [4] of S if it
satisfies:

(b4)(vx,yeS) (x<y=u(x)< uly)),
(b5)(¥x,yeS) (u(xy)=min{u(x) u(y)}),

(b6) (vx,yeS) (y(x)(resp.,u(y))z,u(xy))

By an interval number & we mean an interval
[a",a"] where 0<a” <a®<1. The set of all interval
nubers is denoted by D[0,1]. The interval [a,a] can
be simply identified by the number ae[0,1]. For the

8 =[a,a’], b=[b,b]eD[0,1],

interval numbers |

iel, we define for every iel ( rmax{éi,ﬁi}:
[max(a ,b’

i

min(a;’,b")]),

), max(a’,b)] ), ( rmin{éi,ﬁi} =[min(a,b"),

rinfg - [/\ai’/\ai+j|>

iel iel
rsupéi=|:\/ai’\/ai+:l
iel iel
and put
e A 1 - - + +
4<8 <a <a and a <a,,
e A —A& - — a- + At
4=4<a =a and a =a,,

* 4 <84, <4§<4§ and § =4,
* k& =[ka ,ka"], whenever 0<k <1.
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Then, it is clear that (D[0,1],<

complete lattice with 0=[0,0] as its least element and

,v,A) forms a

1=[1,1] as its greatest element.

The interval valued fuzzy subsets provide a more
adequate description of uncertainty than the traditional
fuzzy subsets; it is therefore important to use interval
valued fuzzy subsets in applications. One of the main
applications of fuzzy subsets is fuzzy control, and one of
the most computationally intensive part of fuzzy control
is the “defuzzification”. Since a transition to interval
valued fuzzy subsets usually increase the amount of
computations, it is vitally important to design faster
algorithms for the corresponding defuzzification.

An interval valued fuzzy subset F:X — D[0,1] of
X is the set

F={xe X |([F7(x).F () D011},
where F~ and F* are two fuzzy subset such that
F (X)<F*(x) for all xeX . Let F be an interval

valued fuzzy subset of X Then,
[0,0]<f <[1,1], the crisp set

U(F;f)={xe X |F(x)>{}
is called the level set of F
Note that since every ae[0,1] is in correspondence

for every

with the interval [a,a]e D[0,1], hence a fuzzy set is a
particular case of the interval valued fuzzy sets.

For any F=[F,F"] and {=[t,t"], we define
FO)+E=[F (X)+t,F*(x)+t], for all xeX . In
if F-(X)+t™>1 and F*(X)+t*>1,
write F(x)+f >[1,1].

An interval valued fuzzy subset F ofaset S of the
form

particular, we

N teD(0,1] ify=x,
F(y)= .
[0,0] if y#X,
is called an interval valued fuzzy point with support x
and value f andis denoted by x..

For an interval valued fuzzy subset F of a set S,
we say that an interval valued fuzzy point x; is

(b7) contained in F denotedby x eF, if F(x)>f.
(b8) quasi-coincident with F denoted by x qF if

t
Fo)+E>[11].
For an interval valued fuzzy point x. and an interval
valued fuzzy subset F ofaset S, we say that
(09) Xe evqF if X; € F or qulf
(b10) x.aF if xaF doesnothold for «e{e,q,evq)}.
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3. Generalizations of interval valued
(e, vq)-fuzzy filters

In what follows, let S be an ordered semigroup and
let k=[k ,k*] denote an arbitrary element of D[0,1)
unless otherwise specified. For an interval valued fuzzy

point x and an interval valued fuzzy subset F of S,
t

we say that

(c1) x q F if F(x)+f+k>[1,1], where
F +t +k >1 and F"+t"+k">1.

(€2) X evq.F if x. eF or xq.F

(c3) x.aF if xaF does not hold for

ae{qE’EVqE}

3.1 Theorem: Let F be an interval valued fuzzy subset
of S. Then, the following are equivalent:

If;f);t@:u(lf;f)J

- - U
(1) (Vt € D(i,lD ( .
2 is a left (right)filter of S

) F satisfies the following assertions:

x<y:>F

(2.1)(Vx,yeS) Srmax{ {

rmin{ (x),F (y

22) (vx,yes) F (), ,
<rmax {1 k- k*

2
(2.3)(Vx, y € S)(F(xy) <| rmax

(resp.rmax{lf(y) {1 1o k*}

Proof: Assume that U F:f) is a filter of S for all

1k’1k+

feD(%,l} with U(If;f);t@. If there exist

a,beS such that the condition (2.1) is not valid, that is,
there exist a,beS with a<b such that

E(a)> rmax{ﬁ(b),{%,l‘ﬂ}.

F(a)eD(lgk,l] and aeU( lf( ))

Then, But

=
F(y)<F(a) implies that beU(F:F(a)), a
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contradiction. Hence, (2.1) is valid. Suppose that (2.2) is
false, that is

= rmin{ﬁ(a) F (c)}

. rmax{ﬁ(ac),{%,l‘ﬂ}

for some a,c. Then, §e D(ﬂ’l} and a,ce
2

U(F;8).But aceU(F;5) since F(ac)<§. That is a

contradiction, and so (2.2) holds. Assume that there exist
a,beS such that

Then, F(ab)e D(%,l} and abeU(lf;lf(ab)).But

an(lf;lf(ab)), which is impossible. Therefore,

F(ab)< rmax{lf(a),{%,%” forall a,beS.

Conversely, assume that F satisfies the three
conditions (2.1), (2.2) and (2.3). Suppose that

U(Fsf)#@ for all feD[%,l}, Let xyeS be

such that x<y and XEU(If;f). Then, F(x)xf

and so
- 1-k= 1-k~
F
max{ (y),{ R }}
zﬁ(x)zf{l_k,l_k }
2 2
Hence, F(y)>f, that is yeU(F). If

X,y eU ( ~;f), it follows from (2.2) that

rmax{ﬁ(xy),[%,l‘“”z

2
-k 1-k*

rmin{ﬁ(x),&(y)}zf{ AR }

so that F(xy)>f ie, xyeU(F;f). Let x,yeS be
such that xy eU (F;f). Then, F(xy)=f and thus

il 7]

- - -k 1-k
>F >t .
(xy) { s }

Hence If(x)zf ie., XeU(If;t). Therefore, U(F;f)
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a filter of S for all fe D(%,l} with

U (If;f ) # . Similarly, we can obtain the desired result

for the right case.
If we take k =[0,0] in Theorem 3.1, then we have

the following corollary.
3.2 Corollary [14, Theorem 3.3]: Let F be an interval
valued fuzzy subset of S. Then, the following are

equivalent:
. u (If;f) =

(1) (vfeD(0.5,1]) - )

= U (F:f)isaleft (right) filter of S

(2) F satisfies the following assertions:

@2.1)(Vxy€s) (x<y=F(0<rmax{F(y),[0.505]})

(22) (vxyes)

(v min{F (0, F(y)} < rmax {F (x9),0.5,0.51})

(23)(vx,y €8)F (xy) <(rmax{F (x),[0.5,0.5]})

(resp.rmax{lE (y),[O.S,O.S]}).

3.3 Definition: An interval valued fuzzy subset F of

S iscalledan (gevq,)-fuzzy left (resp. right) filter of

S if it satisfies the following conditions:

(c4) (XS y.x e F=y, evqﬁlf),

(c5) {Xﬁ,e "% F ~J,

= (Xy)rmm(fl’t~2> IS quF

(06) ((Xy)t~ cF= X € vq‘zlf,(resp.yf € vqglf),

forall x,yeS and f,{,f, € D(0,1].

An (g,evq,)-fuzzy left (resp. right) filter of S with
k =[0,0] is called an (e e vq)-fuzzy left (resp. right)
filter of S.

3.4 Example: Consider the ordered semigroup

S =1{a,b,c,d,e, f} with the multiplication given in
Table 1and order relation “<»:

Table 1. Multiplication table for S.

albjc|d]|e|f
alalblb|d]|e|f
b|b|b|b|b|b|b
c|lb|{b|b|b|b|b
d|{d|{b|b|d|e|f
ele|f|fle|elf
flf|f|f|f|f|f

<= {(a,a,),(b,b),(c,c),(d,d ).(e,e).(f,f),(a,d),
(a.¢).(d.e). (b, 1).(c. 1).(c.e).(1.e)}.
Let F be an interval valued fuzzy subset defined by
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0.9,0.99] if x=a
£ (x)- 02,03] if xelb,c, f}

0.8,09] ifx=d

03,04] ifx=e.

Then, F is an interval valued (e,e vq[0'4~0‘5])-fuzzy

filter of S.
3.5 Theorem: An interval valued fuzzy subset F of S
is an interval valued (e,e vqlz)—fuzzy left (resp. right)

filter of S if and only if:

F(x),
(1)(VX,yeS) F(y)>rmin{[1_k~ 1-k* |twithx<y |
272
F0.F (y),
(2) (vx.y ) Foxy)2rmini[1-k~ 1-k*
2 72
FOxy),
(3)(VX,yeS) If(x)(resp.lf(y))zrmin 1-k™ 1=k*
272
Proof: Suppose that F is an interval valued

(e.evq;)-fuzzy filter of S. Let x,yeS such that
x<y.If F(y)<F(x),then F(y)<f<F(x) for some

fe D(O %j It follows that x. e F, but yt.glf .

F(y)+t<2t<[L1]-k , we Y:0.F.

Therefore, y.e vqlzlf, which is a contradiction. Hence,

F(y)=F(x). Now, if 'E(X)Z{l_zk’l_zk

Since get

q , then

and

= SO _F which
T'k_l” eF yPkw ?evqu
272 272
implies that E(y)> -k 1-k or
2 72
~ 1-k= 1-k" ~
F e 1,11-k.
(y){ TR }>[,]
Hence, ﬁ(y)z 1_k7’1_k _ Otherwise,
2 2
If(y)+{l—2k”1—2k }{1—;"1—; }{1—;’1—;*}
=[1,1]-k, a contradiction.
F(x),
Consequently, F(Y)> rmin -k~ 1—-k* for all
{ 2 , 2 }
x,yeS with x<y. Let x,yeS be such that
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rmin{ﬁ(x),ﬁ(y)}{l‘zk,1‘2"
F(xy)> rmin{lf(x),lf(y)}. If not, then F(xy)<f<

rmin{[f(x), F (y)} for some { e D(o %j It follows

}‘ We claim that

and 1i.e.,

Thus,

(xy);eF
contradiction.

all

that x. eF and y eF , but
(Xy)[-q_ﬁlE This is a
F(xy) > rmin{F(x),F(y)}

1-k~
2

for X,yeS with

1 K’ } If rmln{F(X) F( )}

2

[i,l_k :| 9 then X € 'f
2 2 {il—k*}
272

y e E. Using (c5), we have
{1 1k }
2 2

O] s

272 [l 27 2

rmin{lf(x),lf(y)}<[

and so

}evqkﬁ,

and so

~ 1-k™ 1-k*
F(xy)=> s
eI 1

or
1- k"l k*

F(xy){ }[1,1]—12.

If lf(xy)<{1_k_ ,1_k+},then

= 1-k™ 1-k* | _[1-k 1-k'| [1-k™ 1-k*
F(xy)+ ; < , + ;
2 72 272 2 72

=[1,1]-kK,

which is a contradiction. Hence, lf(xy) > [1 k™ 1-k } )

)

Consequently, F(xy)> rmin{lf(x), E (y){l—zk ’l—zk }}
for all x,yeS. Assume that there exist a,be S such

that F(a)< rrmn{F(ab) {1 2k,1 2k }} Taking

F(ab),
f = % F@+rmn{[1—k~ 1—-k* implies  that
2 72
fe D(O %) and (ab) eF, but a eF. Also,
F(a)+f, <2f <[1,1]-k, that is, a, q;zlf' Hence,
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a € vqkﬁ, a contradiction. Therefore, F(x)>

rmin{lf(xy),{%,l_zk }} forall x,yeS.

Conversely, let F be an interval valued fuzzy subset
of S that satisfies the three conditions (1), (2) and (3).
Let x,yeS and feD(0,1] be such that x<y and

x. € F. Then, F(x)>t,and so
lf(y)z rmin{ﬁ(x),{%,%}}z rmin{f,{%,l_2k+}}.

=+ >[1,1]-K,

It follows that y,eF or F(y)+{>
ie, y;q,F.

Hence, y; ev qﬁlf. Let x,yeS and {,f, e D(0,1]
be such that x; e F and Y, € F. Then, F(x)>f and
F(x)>t,. It follows from (2) that

F(x),F(y),
- . *) (y) . e s | 1=k™ 1-k"
F(xy)>rminq[ 1—k~ 1—k* |¢=rmin<t,t,, — 5
2 72
so that (xy) cF or

rmin{fl ,fz}

IE(xy)+ rmin{i1,£z}2|:l_2k,1_2k }+ rmin{fl,fz}

- l—k’,l—k N l—k’,l—k :[1’1]_&,
2 2 2 2
thatis (xy)

r mm{fl ,fz}

evqkﬁ. Let x,yeS and feD(0,1] be

q, F. Therefore,

(Xy)rmin{fl,fz}
such that (xy), € F .Then, F(xy)>{ which implies
from (3) that

F(x)= rmin{lf(xy),{%,%}}z rmin{f,{%,l_2k+}}.

Thus, x.eF or

1-k™ 1-k*

If(x)+fz{ R

ie, xq,F. Hence, x evq_F. Therefore, F is a

}+f>[1,1]—|2,

left (e,e vqlz)—fuzzy filter of S. Similarly, we can

obtain the desired result for the right case.
If we take k =[0,0] in Theorem 3.5, then we have

the following corollary.

3.6 Corollary [14, Theorem 4.3]: An interval valued
fuzzy subset F of S is an interval valued
(e,e vq) -fuzzy left (resp. right) filter of S if and only
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if:
(1) (vx,yeS) (xs y= F(y)> rmin{lf(x),[O.S,O.S]}).
(2) (vx,yeS) (If(xy)zrmin{lf(x),If(y),[O.S,O.S]}).

(3) (vx.y €8) (F(x)(resp. F(y)) = r min {F (x),[0.5,0.5]}).
Obviously, every fuzzy left (resp. right) filter of S is
an (e,e vqlz) -fuzzy left (resp. right) filter of S for

some Kk eD(0,1]. The following example shows that
there exists k € D(0,1] such that

(i) F is an (e,e qu)-fuzzy left (resp. right) filter of
S.

(il)) F isnot a fuzzy left (resp. right) filter of S.

3.7 Example: The interval valued (e,e vq[m’o's])—fuzzy

left (right) filter F of S in Example 3.4 is not an
interval valued fuzzy left (right) filter of S since a<e
and

F(a)=[0.9,0.99]1>[0.3,0.4]= F(e).
We give a condition for an interval valued
(e,e \/qE)-fU.ZZY left (resp. right) filter to be an interval

valued fuzzy left (resp. right) filter.

3.8 Theorem: Let F be an interval valued
(e,e qu) -fuzzy left (resp. right) filter of S. If

ﬁ(x)<{1_2k_’1_2k } for all xeS, then F is an

interval valued fuzzy left (resp. right) filter of S.
Proof: It is straightforward by Theorem 3.5.

3.9 Corollary [14, Theorem 4.9]: Let F be an interval
valued (e,e vqﬁ)-fuzzy left (resp. right) filter of S. If

F(x)<[0.5,0.5] forall xeS. Then, F is an interval

valued fuzzy left (resp. right) filter of S.

Proof: It follows from Theorem 3.8 by taking k =[0,0].
3.10 Theorem: Let S be an ordered semigroup. If
[0,0]<k <F<[1,1] . Then,
(e,e qu)—fuzzy left (resp. right) filter is an interval

every interval valued

valued (e,evq,)-fuzzy left (resp. right) filter.

Proof. It is straightforward.
Let S={a,b,c,d,e,f} be an ordered semigroup

which is considered in Example 3.4. Let F be an
interval valued fuzzy subset of S defined by

0.7,0.8] if x=f,
F(x):=10.4,0.5] if xe{a,d,e},
0.2,0.3] if x e {b,c}.

Then, F is an interval valued (e,e vqg)-fuzzy left
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filter of S with k >[0.2,0.2]. Note that f <e and

F (e)=[0.4.0.5]<[0.43,0.53] - P‘ZK = kq

2
o[

where k =[0.14,—0.6]. Thus,

first condition of Theorem 3.5, and so F is not an
interval valued (e,e vqﬁ)-fuzzy left filter of S for

k =[0.14,-0.6]. This
Theorem 3.10 is not true.

3.11 Theorem: For an interval valued fuzzy subset F of
S, the following are equivalent:

(1) F is an interval valued (e,e qu) -fuzzy left (resp.
right) filter of S.

F does not satisfy the

shows that the converse of

U (ﬁ;f)qé@
(2) (Vf € D(%,ID =U (If;f)
isa left (right) filter of S

valued

(e,e vq, )-fuzzy left filter of S and let fe D(O %}

Proof: Assume that F is an interval

be such that U (If;f);t @. Using Theorem 3.5 (1), we

have

~ ~ I-k= 1-k*

F > rmin< F(x), s
for any x,yeS with x<y and XGU(If;f). It
follows that

lf(Y)>fm1n{t {%1 2“}}:{‘

so that yeU(If;f). Let X,yeU(If;f). Then,

F(x)>f and F(y)>f. Theorem 3.5(2) induces that

F(xy)> rmin{ﬁ(x)’ﬁ(y)’{l—; ’1_2k+}}

> rmin{f,[i,l_k ”=E
2 2

Thus, xyeU(If;f). Now, let xyeU(If;f). Then,
If(xy)zf, Theorem 3.5 (3)

ﬁ(x)zrmin{ﬁ(xy)v{%’l_ﬂ}
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Thus, XGU(If;f) and therefore XEU(If;f) for

fe D(O,%} is a filter of S.

Conversely, let F be an interval valued fuzzy subset
of S such xeU (lf;f) is non-empty and is a left filter

of S for all teD(O %} If there exist a,beS
with a<b and

ﬁ(b)<rmin{l5(a),{ }}

then F(b)<ts < rmin{,;(a) [ e k*}

2
1-k
for some f D 0T and so b¢U( ;

,). This is

a contradiction. Therefore, = (y) > I min

ﬁ(x)’ iﬂ for all x,yeS with x<vy.
2 2

Assume that

F(ab)< rmin{ﬁ (a).F (b)’{%’l_;q}

Then, g(ab)<;§rmin{ﬁ(a),ﬁ(b){%’l_ﬂ}

for some f ¢ D(O %} It follows that an(If;f)

and beU (
and thus

If(xy)zrmin{lf(x),lf(y),{l_zk,1_2k }}
forall x,yeS. Suppose that
- - 1-k™ 1-k*
F in{F (ab),| ———
(a)<rmln{ (a ),{ B }}
1-k

for some a,beS. Then, there exists { < D£0,_}
@ 2

If;f), but abgU (If;f) . This is impossible,

such that
= - 1-k~ 1 k*
F(a)<t < i b .
( ) . rmm{ (a ) [ 5 5 ”

Hence, (ab). e F and afaélf.

Also, F(a)+f, <2f, <[1,1]-k, ie., a qF . Thus,
a; € vqkﬁ, a contradiction.
Therefore,
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E(x)2 rmin{ (%), F 2k’1 2k+}}

for all x,yeS. Using Theorem 3.5, we conclude that

F is an interval valued (e,e vqlz)-fuzzy left filter of

S. For the right case, it is checked by the similar way.
Taking Kk =[0,0]
following corollary.
3.12 Corollary [14, Theorem 4.10]: For an interval
valued fuzzy subset F of S, the following are
equivalent:
(1) F is an interval valued (e,evq)-fuzzy left (resp.
right) filter of S.

in Theorem 3.11 induces the

(2) (Vi e D(O,O.S])[U (If;f);t g =U (lf;f)}

isaleft (right) filter of S
3.13 Theorem: For any left (resp. right) filter F of S,
let F be an interval valued fuzzy subset of S defined

by
ﬁw:{il
[

where fle[lz,[l,lﬂ and fze([0,0],IZ), Then, F is

otherwise,

an interval valued (e,evqlz) -fuzzy left (resp. right)
filter of S.
Proof: Note that

Foif Fe(f.K]

U(ﬁ;r):{s if Fe([0,0]., ],

which is a left (resp. right) filter of S. It follows from
Theorem 3.11 that F is an interval
(e,e qu)—fuzzy left (resp. right) filter of S.

3.14 Corollary [14]: For any left (resp. right) filter F

of S, let F be an interval valued fuzzy subset of S
defined by

(3.2)

valued

lg(x): 'El if xeF
t. otherwise,

where f €[[0.5,0.5],[1,1]] and , ([0,0].[0.5,0.5]).
Then, F isan (e € vq) fuzzy left (resp. right) filter of
S.

For any interval valued fuzzy subset F of S and
t € D(0,1], we consider four subsets:

Q(Ff;f):={XeS | Xt-qlf}and
[Ifl_ :={XeS | X evqlf}.
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Q“(F:f)={xeS|xq,F}and
[If]::={XeS|Xfequ|f}.
It is clear that [ﬁ]ﬂ;zu(ﬁ;f)UQE(ﬁ;f) and
[P =[F R (R,
3.15 Theorem: If F is an interval valued
(e,e v, ) -fuzzy left ( resp. right) filter of S, then
(vfeo(ﬂ,lD Q' (F:f) =2 = Q" (F:f) |
2 isa left (resp.right) filter of S
Proof: Assume that F is an interval valued

(e,e vqk) -fuzzy left filter of S. Let e D(% 1}

be such that QE(If;f);t@. Let XEQ;(lf;f) and
yeS be such that x<y. Then, If(x)+f>[1,1]—lz.

By means of Theorem 3.5 (1), we have

(y)> rmm{F(X){ ki,l_zk }}
{1—k’1—k*} ifﬁ(x)z{l—k’l—k*}’
3 2 2 2 2
~ 1-k™ 1-k”*
F if F —_—
(x) e ()< e
>[1,1]-f K,
and so yeQ‘Z(If;f). Let x,yeQE(lf;f)‘
F(x)+f>[1,1]-k and then F(y)+f>[1,1]-k. It
follows from Theorem 3.5 (2) that

F(Xy)>rm1n{F( )F( )[ k7’1—2k }}

rmin {F (x),F (y)} if rmin{F(x),F(y)}< {1 2k’ lqu’
{l—zk,l_zk*} ifrmin{lf(x),lf(y)}2|: —2 , 2k+},
Sk

and so xyeQ" (F; f). Let x,yeS such that xye
Q* (F ) Then, F(x )+f>[1,1]—l€ and so

lf(x)zrmin{lf(xy){ Lk H
{1—2k’1—2k+} it F (xy)> { 2k’ l—k*}

- - -k 1-k*
if F <
if F (xy) { R }

F(x)

Then,

1-k™ 1

-k~
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>[1,1]-f -k,
Hence, xe Q" (If;f). Therefore, QF (If;f) is a left
filter of S. Similarly, we can obtain the desired result
for the right case.

3.16 Corollary: If F is an interval
(e, € vq) -fuzzy left ( resp. right) filter of S, then

Q“(E:f)» o
(Vte(0.5,1]) ( ) .
= Q- (F;t )isaleft (resp.right) filter of S

3.17 Corollary: Let F be an interval valued
(e.evq;) -fuzzy left ( resp. right) filter of S, if

valued

[0,0]<k <F<[1,1], then

N _ Q“(F;f)»
[VteD(l—r,lD ( ) .
2 =Q* (F;t )is aleft (resp.right)filter of S

Proof. It is straightforward by Theorem 3.10 and 3.15.

3.18 Theorem: For any interval valued fuzzy subset F
of S, the following are equivalent:

(1) F is an interval valued (e,e vqlz)-fuzzy left ( resp.

right) filter of S.
[Fli+2

~K
(2)(vieDO.1])| =[F ],
isa left (resp.right)
filterof S

Proof: Assume that F is an interval valued
(,€ vq, )-fuzzy left filter of S and let feD(0,1] such

that [F 2@, Let xe[F]

Then, XGU(If;f) or xerk_(lf;f),
F(x)=f or F(x)+f>[1,1]-k. Using Theorem 3.5
(1), we get

E(y)> rnﬁn{ﬁ(x),[%,l‘ﬂ}

We consider two cases: ﬁ(x)g[l_k 1_k+} and
2

and yeS be such that

X<y . ie.,

(3.3)

>

2

£ (x)> {1—2k‘ ,1—2k* } The first case implies
from (3.4) that F(y)>F(x). Thus, if F(x)>{, then
E(y)=f yeU(Esf)c[F]. If
F(x)+t>[1,1]-k, then F(y)+i>F(x)+{>[1,1]-k

and SO

which implies that y.q.F, ie., yeQ“(F:f g[Flk

Combining the second case and (3.4) induces
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R A

yeU(~;f)g[~]5. If

F(y)>f and  hence
> 1—k”1—k , then
2 2
~ - | 1=k 1-Kk" 1-k™ 1-k* ~
F t> =[1,1]-k
(y)+{2,2H2,2}[,],

which implies that ye QX ( F.f ) c [If]f . Therefore,

['EI satisfies the condition (bl). Let x,ye[lf]f,
Then, xe U(If;f) or xq.F and yeU(If;f) or
y:qF that is, F(x)>f or F(x)+{>[1,1]-k and
If(y)zt~ or If(y)+f>[1,1]—lz, We consider the

following four cases.

(i) If F(x)>f and F(y)>t.

(i) If F(x)>f and F(y)+f>[1,1]-k.
(iii) If F(x)+f>[1,11-k and F(y)>T

(iv) If F(X)+f>[L1]-K and E(y)+f>[11]-K.
For the case (i), Theorem 3.5 (2) implies that

E (xy)> rmin{p”(x),lf(y)[lzk ,12K+H
. rmin{f[l_zk ,1_2k+”

1—k”1—k s 1—k’,1—k ,
2 2 2 2

£ Ty L S S
2 2
so that xyeU(lf;f) or
F(xy)+f+k
{l—k l—k*} {l—k l—k*} .
> , + , + K
2 2 2 2

=[1,1],

that is xyer-(If;f) Hence, Xye[lf]flz. For the

b

second case assume that ¢ {1 -k 1-k” } Then,
2 2

[1,1]- f - K
< [1,17]- ¢
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E(xy)2 rmm{ﬁm,ﬁ(y){%,%}} which implies that ~ k_
- e\ e
e [k -k i ifrmm{ﬁ(y),[iﬂ}} XyeU(F,t)UQ (F’t)_[F]f' ~
rmm{F(y)’[T’ 2 }}>[1’1]_t_ Let x,yeS be such that xye[lf]:, Then,
ifrmin{lf(y),{ii F(xy)=t or F(xy)+f>[L1]-k. It follows from

P9t ~E(x) P Theorem 3.5 (3) that
Thus, Xyeu(ﬁ;f)UQE([f;f):[ﬁ]f, Suppose that IE(X)Zrmin{ (xy), {1 2k,1 2k }} (3.4)
Eg{l_zk ’1_2k+} Then, We consider two cases:
F(Xy){l—zk ’1—2k }

~ 1-k™ 1-k*
and F .
(Xy){ 2 72 }

k
. —k 1=k if F(X),|— L ~ ~
rmm{F(X),{%,l 2k }zf 1 I’mln{ (X) _} The first case implies from (3.5) that F(x)>F(xy).
_ <F(y), Thus, if F(xy)>f, then F(x)>f and so xe
= o[-k 1=k ] = o e - _ -

if rmin{ F(x),| —— U(F:f)c|F|]. If F t>[1,1]-k,  th
(y)>[L1)~E - ”mm{ =) Yl ’)~g[~ ! i L) eIk e
>|f(y). F(x)+t2F(xy)+t>[1,1]—k which implies that

qulglf, ie, Xe Qﬁ(ﬁ;f)g[lﬂf, Combining the

- - ~k

and thus xyeU (F;f F;t F|. We have L 1Lt

o y ( )UQ ( ) [ l second case and (3.5) induces ﬁ(xy)z 1-k ,1 K .

similar result for the case (jii). For the final case, if 2 2

f>{1_k ,I_k },then If fg{l_k 1—k*} , then If(x)zf and hence

2 2 2 72
-~ |1-k™ 1-k* - . <k 1=k 1=k*
—f- . Hence,

[1,1]-f k{ >y } ence xeU(F;t)c[F|. If t{ | then
= . - = -k~ 1-k~ B _k™ 1-k* _k™ 1—k* -
F(xy)= rmln{F(X),F(y)[ T T3 }} F(x)+f> 1-k ,1 k +1 k ,1 K =[1,1]-k,

2 2 2 2
I-k™ 1-k~ S -
= | — 1,1]-t -k Q= ~
{ 2 72 }>[ -t which implies that Xer(F;f)g[F]‘j, Therefore,
t

-k~ 1-k*
2 7 2

whenever r min{lf (x),F (y)} < [ } Thus, [If]r satisfies the condition (b3). Therefore, [If]r isa

B . left filter of S.
xy e QF [ ,f;IJ c [If Jr If fs{l_k ’1_k } Conversely, suppose that (2) is valid. If there exist

2 2 a,besS such that as<hb and
then i X F(b)< rmin{lf (a),{iji}}, then
|f(Xy)2 rmin{lf(x),lf(y)[%,%}} 2 2
N PO PP S
if rmin {F (x),F (y)} F(b)<f, Srmm{F(a),[T, > }} for some

[l—k‘ 1k }f o -
; = 1-k™ 1-k* y .
) 2 2 S et fbeD[ } It follows that an(Ff)g[FJ;
rmin{lf(x),lf(y)} if_rmi:{': (Xk)'f(y)} but ber(lf;f). Also, we have
o -k~ 1-k° . o N .
>[1,1]-f-k <= F(b)+f <2f <[1,1]-k, and so B qF, ie,
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be Qlz ( If;f). Therefore, b¢ [If]r , a contradiction.

Hence, F(y)> rmin{ﬁ(X),{%’l—zk*}} for all

X,yeS with x<vy. Suppose that there exist a,be S
such that

that

k™ 1-k~

F(ab)<fx< rmin{'f(a)"f(b)’{l_z T2

for some teD(O %} . It follows

an(lf;f)g[lf]f and beU(If;f)g[lf}f, so from
abe[F] . F(ab)=f

If(ab)+t~>[1,1]—lz, a Therefore,

(b2)  that Thus, or
contradiction.

1-k™ 1-k*

E (xy)2 rnﬁn{ﬁ(x),ﬁ(y){—%;—y—%;—}} for all

X,y €S. Assume that there exist a,beS such that
rmin { F (ab), { 5

If(a)<rmin{ (ab) {1 k1= k}} Then,
I
1-k

1 -k
t € D(O T} It follows that

F(a)<f, =<

a =

so from (b3) that ac [If]r .

F(a)>f, or F(a)+f,>[l,1]-k, a

contradiction. Therefore, F (X) > r min

{lE (Xy),{%, 1 —2k :|} for all X,ye S. Using

Theorem 3.5, we conclude that F is an interval valued
(e.€vaq, )-fuzzy left filter of S. Similarly, we obtain

the right case.
3.19 Corollary: For any interval valued fuzzy subset F
of S, the following are equivalent:
(1) F is an interval valued (e,€ vq)-fuzzy left ( resp.
right) filter of S,

Lk
[Fl =2
(2) (Vi eD(0,1]) i .
= [ F J; isaleft (resp.right) filter of S

An interval valued fuzzy subset F of S is said to
be proper if Im(F ) has at least two elements. Two
interval valued fuzzy subsets are said to be equivalent if
they have same family of level subsets. Otherwise, they
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are said to be non-equivalent.
3.20 Theorem: Let F be an interval valued
(€,€ v q)-fuzzy left (resp. right) filter of S such that

#{If(x)| ﬁ(x){l‘z"' ,1‘2'“}}22.

Then, there exist two proper non-equivalent interval
valued (e,evq)-fuzzy left (resp. right) filters of S

such that F can be expressed as the union of them.
Proof:

- - 1-k~ 1-k* o
L : -
et {F(X)IF(X)<[ B ” ({€.6,...T 1,

and n>2. Then, the chain of

where > >..>t

(e,€ v q,)-level left (resp. right) filters of F is
C[F]t C[F]t c..[F ] =S.

[FTF
S

272
Let = and 5 be interval valued fuzzy subsets of S
defined by
fif xe[E],
2(x)= £, if xe[E] \[E],
£ if xe[E]\EF
and
- . -
Z(X) if xe[Z] RIS B
27 2
B K if xe[SENSE
T (x)= {T 2 ]
f if xe[ZIX VT,
f if xe[EIFVE
respectively, where {, <IZ<t~2. Then, £ and I are

interval valued (e,ev q,)-fuzzy left (resp. right) filters
of S,and =% cF. The chains of (evq,)-level left

(resp. right) filters of = and £ are, respectively,
given by

[E1f c [E1f < ...c [E]f
and

[£1}, c (21 € ...c [2]f

t n

2
Therefore, = and £ are non-equivalent and clearly
F =Z(_E . This completes the proof.
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4. Implication-based interval valued fuzzy left (resp.
right) filters

Fuzzy logic is an extension of set theoretic
multivalued logic in which the truth values are linguistic
variables or terms of the linguistic variable truth. Some
operators, for example v,A,—,— in fuzzy logic are
also defined by using truth tables and the extension
principle can be applied to derive definitions of the
operators. In fuzzy logic, the truth value of fuzzy
proposition @ is denoted by [®]. For a universe U

of discourse, we display the fuzzy logical and
corresponding set-theoretical notations used in this paper

xe[F]=F(x), 4.1)
[® AY¥]=min{[®],[¥]}, (4.2)
[® - ¥]=min{l,1-[®]+[¥]}, (4.3)

[VO(X)]= ixnuf[q>(x)], (4.4)

® if andonlyif [®@]=1 forall valuation. (4.5)

The truth valuation rules given in (4.3) are those in the
L ukasiewicz system of continuous-valued logic. Of
course, various implication operators have been defined.
We show only a selection of them in the following.

(a) Gaines-Rescher implication operator (IGR):

1 ifa<b
l..(a,b)= ’
GR( ) {0 otherwise.
(b) Gédel implication operator (1):

1 ifa<hb
IG(a,b)={ ifa<b,

b otherwise.
(c) The contraposition of Godel implication operator
(I):
1 ifa<b,
1-a otherwise.

IcG(a,b)={

Ying [28] introduced the concept of fuzzifying topology.
We can expand his/her idea to ordered semigroups, and
we define an interval valued fuzzifying left (resp. right)
filters as follows.

4.1 Definition: An interval valued fuzzy subset F of
S is called an interval valued fuzzifying left (resp. right)
filter of S if it satisfies the following conditions:

d1) (vx,yeSs) [x <y= Hx e ﬁ} N [y c FDJ
(d2) (vx.yes) (rmin{xeﬁ},{yeﬁ}}—)[xyel}D,
@3) (vx,yeSs) uxy e ﬁ} —{x c ﬁ}(resp.[y e FDJ

Obviously, the conditions (d1), (d2) and (d3) are
equivalent to (b4), (b5) and (b6), respectively. Therefore,
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an interval valued fuzzifying left (resp. right) filter is an
ordinary interval valued fuzzy left (resp. right) filter. In
[17], the concept of f -tautology is introduced, i.e., for
all valuations

= @ if andonlyif [®]>t, (4.6)
4.2 Definition: An interval valued fuzzy subset F of
S and feD(0,1] is called a { -implication-based
interval valued fuzzy left (resp. right) filter of S if it
satisfies:

(d4) (vx,yeS) (x< y:( |:{x c ﬁ} —>[y c FD

t

(d5) (vx,yeS)

- e foer] e

(d6) (vx,yeS)

- e ]

Let | be an implication operator. Clearly, F is a
t -implication-based interval valued fuzzy left (resp.
right) filter of S if and only if it satisfies:

d7) (vx,yeS) (xgy:|(ﬁ(x),ﬁ(y)jzfj,
(d8) (vx,yeS) (I(rmin{lg(x),lz(y)},IE(Xy)JZE],
(d9)(vx,y 5) [| (ﬁ(xy), ﬁ(x)j > {J [resp.(ﬁ(xy), IE(y)J > Ej.

4.3 Theorem: For any interval valued fuzzy subset F
of S, we have,

(1) If I=1,, then F is a 0.5 -implication-based
interval fuzzy left (resp. right) filter of S if and only if
F is an interval valued fuzzy left (resp. right) filter of
S.

2) If I=1

then F

G is a 1;k -implication-based

interval valued fuzzy left (resp. right) filter of S if and
only if F is an interval valued (e,e qu)-fuzzy left
(resp. right) filter of S.

3) If 1=1

«» then F is a ﬂ—implication—based
2

interval valued fuzzy left (resp. right) filter of S if and
only if F satisfies the following conditions:

(3.1) x<y= rmax—{lz(y),{ﬁ,l_w}}z

2 7 2
rmin{ﬁ(x), [1,1]},
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(3.2) rmax{ (xy). {1 2",1 2"?}2
r min{ﬁ(x), F(y), [1,1]},
(3.3) rmax{lE (x){ﬁal—w}}z rmin{li(xy),[l,l]}

2 2

resp.max{lE (y),[%,l_zk }} >

b

rmin{lz(xy),[l,l]}

forall x,yeS.
Proof: (1) Straightforward.

(2) Assume that F isa 1=k implication-

based interval valued fuzzy left filter of S.
Then,

(i) (vx,yeS)

X<y=lg

(i) (vx,yeS)

I, (rmin{ﬁ(x),ﬁ(y)},ﬁ(xy)J{l‘zk ,I‘ZWD,
(iii) (Vx,yeS) (IG(IE(xy), ﬁ(x)) > {1— 1ok D

Let x,yeS be such that x<y. Using (i) we have

F(y)2 F(x) or ﬁ<x)>#<y>z{1‘kl1‘k+}

2 2

Hence, IE(y)Zrmin{IE(x),{%,l_zk }} From

(i), we  get

ﬁ(xy)zrmin{ﬁ(x),ﬁ(y)} or

rmin{lg(x), F (y)}> IE(XY) 2{1—2k‘ ’1—2k*

}_ Thus,

ﬁ(xy)zrmin{ﬁ(x),ﬁ(y),{%,l‘ﬂ} Case (iii)

implies  that  F(x)> ﬁ(xy) or F (xy)> F (x)=
{ﬂ’l_w} and SO ﬁ(x)zrmin
2 2

IE(xy) 1-k” 1-K . Using Theorem 3.5, we
1T 27 2

International Journal of Fuzzy Systems, Vol. 15, No. 2, June 2013

conclude that F is an interval valued (e,e vqlz)—fuzzy

left filter of S.
Conversely, suppose that F is an interval valued
(e,e qu)—fuzzy left filter of S. Let X,y €S such that

x <y. Using Theorem 3.5 (1), we have
1o FOOLF()

1-k~ 1-k*
L1]>| ——,
] [ S }

ifrmin{li(x),{%,l_kq}— F(x).

ifrmin{ﬁ(x),{ﬂ,l_k }}
2 2
-k 1=k

2 7 2 0

From Theorem 3.5 (2), if
rmin{lz(x),ﬁ(x),[%,l_2k+}}: rmin{F (x), F ()},

then

[\S]

IE(xy)z rmin{li(x), F (y)}

And so

If

1 k+
2
then F(xy)= {1 Zk,l_z

IG[rmin{FE(X),IE(y)} (V)J {%1 2k+}'

From Theorem 3.5 (3), if

rmin{F(xy) P 2"_,1 2k+}}:|5(xy),

} and thus

then
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[ Fly)F09 11112 {

-k~ l—k+
2 2
Otherwise,

ue[ﬂxy),ﬁ(x)jzf‘zk' fﬂ.

Consequently, F isa 1;k—implication—based fuzzy

left filter of S . Similarly, we obtain the right case.
(3) Suppose that F satisfies (3.1), (3.2) and (3.3). Let

X,yeS be such that x<y. In (3.1), if
rmin{F (x),[1,11} =[1,1] , then
rmax{ﬁ(y),[%,l_j }}:[1’1] and  hence

'E(y): [1,1]= IE(X) Therefore,

o FOOF() 1112 H' 1K }

If IE(X)< [1,1], then

rmax{ [1 zk',l q}_ﬁ(x). @7)

If F(y)> [1_ iy 2+ in (4.7), then F(y)=F(x)

and thus
o FOLFO)) =[1,1]{1‘2k f‘f}
If ﬁ(y)g{%,l‘;} in  (47), then
IE(X)S[I_;_,1_2k+]Hence,
o[ FOOLF(Y)
L1]> [1 K ,Hﬂ if u(y) u(x)
: 1,11- F(x { } otherwise.

2
)2
In (3.2), if rmm{ )[1, 1]}=[1,1],then

rmax{ (xy), [1 2k,1 2k+}}:[1,1]

andso F(xy)=[1,1]> rmin{ﬁ(x),ﬁ(y)}.
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Therefore,

Ice(rmin{lg(x),IE(y)},IE(xy)j=[l,1]
-k 1K'
[ ]
If rmin{ﬁ(x),ﬁ(y),[l,l]}=rmin{ﬁ(x),ﬁ(y)}, then

rmax{N(xy) {1 sy s }}Zrmin{li(x),lz(y)}.

Thus, if
- 1-k™ 1-k* 1-k™ 1-k"
F =
rmax{ (xy),[ > }} [ > S
ﬁ(xy)é[l_k,l_k }

then
2 2
1-k™ 1-k"
in{F F < .
rmln{ (x),F(y) { > }
Therefore,

I [rmin{lE (x),F (y);, F (xy)j=[1,1]

> l—k_’l—k+
2 2

whenever F(xy)> rmin{F (x

).F~(y)}, and
IcG(rmin{F( ), ﬁ(y)} F(xy)j

- el 0. £

F(y). Now,if

Jrm

F(y)} and so

} in (4.8),

and

whenever F(xy)< rmin{F (x),

rmax{lz(xy),{i,l_k

2 2

in (4.8), then F(xy)> rmin{ﬁ (%),

B (rmin{lz (x),F (y);, = (xy)] L]

1-k™ 1-k*
> ——, .
2 2

In (3.3), if F(xy)=[1,1
1-k~ 1-k'

rmax{lz(x),{ ———

], then

}} =[1,1] and hence
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|Ce(ﬁ(xy), IE(x)j =[L,1]> [1_2'( 1=K }

2
If F(xy)<[1,1], then

rmax{li(x),{l 2k 1 2k }} F(xy).

rmax{ {1 1k 1= k*}}:ﬁ(x)

in (4.9), then F( F Hence,

. ( X)j _[1— ,1—2k*}
o3 {33 -
—k*

-k } which implies that

(4.9)

If

V

b

(4.9), then F(xy)< {

2 2
o FO)F ()
1 1]>{1 k” 1_k+} if F(x) > F(xy),
) 1,1]- F Xy [ } otherwise.
Consequently, F is a 2k -implication-based

interval valued fuzzy left filter of S.

Conversely assume that F is a

1

of S. Then,

;k-implication-based interval valued fuzzy left filter
() (vxyes)
(x Sy=lg (IE -

j 1-k™ 1-k*
2 7 2 |f
(ii) (nyeS

)
[wumm{F(x) F(V)F () {l‘k',l‘“D,

v

2 2

(iii) (vx,yeS) [IG(IE(xy), ﬁ(x)j > {1— k™ 1= K* D

2 2
Let x,yeS be such that x<y. (iv) implies that

lce[ﬁ(X)ﬁ(y)j =[1,1] or [1,1]- ﬁ(x)z{l—zk' ’1_k+}

2

F)<F(y) or ﬁ(x){l"‘,l‘ﬂ

so that

2 2
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Therefore,
rmax{lz(y),[%,%}}z F (x) = rmin{F (x).[L1]}

From (v), we have

|Ce(rmin|5 } xy] [1,1],
ie., rmin{F(x),F(y)<F(xy),
or[1,1]_rmin{ﬁ(x),ﬁ(y)}2{1‘2‘(,1‘2'“}.

Hence,

rmax{lE (y),|—
mm{ﬁ<x>,ﬁ(y>} min{F(x), ( ML

forall x,yeS. Finally, (vi) implies that
Ice(ﬁ(x),ﬁ(y)}[l,l] or

1-k~

[Ll]—ﬁ(xy){ Lo

2

- -k~ 1-k*
or F <
(xy) { >

rmax{lE (x),{%,l‘;}}z F(xy)

=min{F(xy),[1,1]}.
The right case is similar to the left case. This completes
the proof.
4.4 Corollary: If 1 =1,

subset F of S is a 0.5 -implication-based interval
valued fuzzy left (resp. right) filter of S if and only if
F is an interval valued (e,e vq) -fuzzy left (resp. right)
filter of S.

4.5 Corollary: If 1 =1

subset F of S is a 0.5-implication based interval
valued fuzzy left (resp. right) filter of S if and only if

} so that F(xy) < F(x)

} Therefore,

, then any interval valued fuzzy

«» then any interval valued fuzzy

F satisfies the following condition:
(3.1)

X<y= rmax{F

(3.2)

(y),[0.5,0.5]}2 rmin{ﬁ(x),[l,l]},

rmax{F

(xy),[O.S,O.S]} > rmin{li(x), F (y),[l,l]},

(3.3) rmax{ (x).[0.5, 05]}>rm1n{F(xy) [1,1]}
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(resp.r max{lg(y), [0.5,0.5]} > rmin{li(xy),[l,l]}j
forall x,yeS.

5. Conclusions

In 1975, Zadeh [29] introduced the notion of interval
fuzzy sets as an extension of fuzzy sets in which the
value of the membership degrees are interval of numbers
instead of numbers. On the other hand, semigroups are
important in many areas of mathematics, for example,
coding and language theory, automata theory,
combinatorics and mathematical analysis. So, a theory of
interval-valued fuzzy sets on ordered semigroups can be
developed. Since the concept of fuzzy filters of ordered
semigroups play an important role in the study of
ordered semigroup structure, we studied a more general
form of interval valued (e,ev q) -fuzzy left (right)

filters in ordered semigroups and we established

characterizations of an interval valued (€,evq )-fuzzy
k

left (right) filter. Moreover the obtained results can be
applied to semirings, near-rings, hemirings, rings and
etc.
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