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1. INTRODUCTION

Algebraic structures play a prominent role in mathematics
with wide ranging applications in many disciplines like
formal languages, fuzzy automata, coding theory, theoretical
physics and control engineering. In this regards, ordered
semigroups and related structures are extensively
investigated in terms of fuzzy notions (see [1]). In 1965,
Zadeh [2] introduced a pioneering paper on fuzzy sets. Due
to the increasing number of high-quality research articles on
fuzzy sets and related concepts that have been published in
different indexed journals, workshops and conferences,
researchers are motivated to study fuzzy set theory. The
notion of fuzzy sets in algebraic structures has been initiated
by Rosenfeld [3] in 1971. Kehayopulu and Tsingelis [4]
investigated fuzzy bi-ideals in ordered semigroups and
discussed some important results of ordered semigroups in
terms of their fuzzy bi-ideals (Also see [5, 6]). Rosenfeld's
idea of fuzzy subgroup [3] has played a sparking role for
researchers to investigate similar type of generalizations of
the existing fuzzy subsystems of other algebraic structures.
With this objective in view, Sen and Saha [7] initiated the
concept of a I -semigroup, and established a relation
between regular I"-semigroup and I -group (see also [8]).
Kwon and Lee introduced the concept of I -ideals and
weakly prime I -ideals in ordered I -semigroups in [9],
and established the basic properties of ordered I'-
semigroups in terms of weakly prime I -ideals. In [10],
lampan gave the concept of (0-)minimal and maximal
ordered bi-ideals in ordered I"-semigroups, and give some
characterizations of (0-)minimal and maximal ordered bi-
ideals in ordered I -semigroups (also see [11, 12, 13, 14]).
Davvaz et al. [15] studied fuzzy I -hypernear-rings and
investigated some important results in terms of this notion.
Khan et al. [16] characterized ordered I -semigroups in
terms of fuzzy interior I -ideals and discussed some

interesting properties of fuzzy interior 1" -ideals in ordered
I" semigroups.
The concept of fuzzy subfield with thresholds has been

given by Yuan [17]. Yao [18] discussed a (A, i )-fuzzy
subrings and a (A, g )-fuzzy ideals. In [19], (A, u)-fuzzy

ideals in semigroups are studied (also see [20, 21]).
In this paper, we deal with a more generalized form of the

fuzzy bi I -ideals. We introduce the concept of a (A, 8)-
fuzzy bi-ideal of G. We show that every fuzzy bi I -ideal
is a (A,0)-fuzzy bi I -ideals of G . We also discuss that
the level subset U (z;t)(#) isabi I -ideal if and only if u
is a (A,0)-fuzzy bi T -ideal of G for all t e (4,0]. We
prove that a non-empty subset A of G is a bi I -ideal if
and only if a characteristic function £, of A isa(A4,6)-

fuzzy bi I -ideal of G. Finally, regular ordered semigroups
are also characterized in terms of this new notion.
2. Preliminaries

Let G={X,v,z,..} and I'={e,f,7,...} be any two
non-empty sets. If there is a function GXI'xG — G such
that (Xay)pz = xa(ypz) for all x,y,zeG and
a,Bf el then G is called a I"-semigroup [7]. By an

ordered I"-semigroup we mean a I" -semigroup G at the
same time a poset (G,<) satisfying the following
condition:
a<b=aox<box and
a,b,xeGand o, el
For Ac G, we denote (Al'={teG|t<h for some
he A} If A={a}, then we write (a] instead of ({a}].

xpa<xpb for all
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For A,B < G, we denote
AlB ={aab|ac AbeB,acl}

Throughout the paper G will denote the ordered I -
semigroup unless otherwise stated.

A non-empty subset A of an ordered I -semigroup G is
called a left (resp. right) I" -ideal [7] of G if it satisfies

(i) (Va,beG)(Vbe A)(a<b=acA),

(i) GITAc A (resp. ATG c A) .

If A is both left I" -ideal and a right I" -ideal of G then
A is called T -ideal of G.

A non-empty subset A of an ordered I -semigroup G is
called a bi I -ideal [14] of G if it satisfies

(i) (Va,beG)(Vbe A)(a<b=acA),

(i) ATGTTAcC A .

An ordered T"-semigroup G is regular [16] if for every
aeG and a,f el there exists XeG such that
a<aaxpa or equivalently, (i) ae (al'GI'a] for all
aeG and (i) Ac (ATGI'A] for al AcG. An
ordered I" -semigroup G is called a left (resp. right) simple
[16] if for every left (resp. right) I -ideal A of G we have

A=G. An ordered I"-semigroup G is called simple if it
is both left and right simple.
Now we recall some fuzzy logic concepts.

A fuzzy subset g of a universe X is a function from X
into a unit closed interval [0,1] of real numbers, i.e.,
u X —>[01].

For a non-empty subset A of G, the characteristic

function 4, of A isa fuzzy subset of G defined by

B 1 if xe A,
Ha=90, if xe A

If A isanon-empty subset of G and a € G. Then,

A, ={(y,2) eGxG|a< yazwherea eT}.

If 1 and F are two fuzzy subsets of G. Then the product
poF of u and F is defined by:

uoF : G—[01]|ar> (uoF)(a)=
v WY)AF(@)ifA =4

(y.2)eA,
0 ifA =4¢.
2.1 Definition
A fuzzy subset g of an ordered I -semigroup (G,T',<) is

called a fuzzy left (resp. right) I -ideal of G if it satisfies
(i) (V%Y €G)(X <y = u(X) > u(y)).

(ii)

(
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VX, y € G)(a € I')(u(xay) = u(y))(resp. p(xay) = u(X)).

If £ is both a fuzzy left and fuzzy right T -ideal of G

then it is called a fuzzy I -ideal of G.

2.2 Definition

A fuzzy subset £ of an ordered I" -semigroup (G,TI',<) is
called a fuzzy bi T -ideal of G if it satisfies

() (VX,y € G)(a e I)(u(xay) = pu(X) A u(y)),

(ii)

(VX,y,2eG)(B,y e I)(u(xpyyz) = p(x) A p(z)),
(i) (Vx,yeG)(x<y= u(x)=u(y)).

2.3 Lemma [14]
A non-empty subset A of an ordered I" -semigroup G isa

bi I' -ideal if and only if a characteristic function 1z, of A
is a fuzzy bi I -ideal of G .
For a fuzzy subset 1 of G and te (0,1], the crisp set
U (u;t) ={x e G| u(x) >t} is called the level subset of
7
2.4 Theorem [14].
A fuzzy subset p of G is afuzzy bi I" -ideal of G if and
only if each non-empty level subset U (y;t) is a bi I -
ideal of G forall t € (0,1].
3. (4, 0)-fuzzy bi I'-ideals

In this section, we introduce some new types of fuzzy bi
I -ideals in ordered I' -semigroups called (A, 8)-fuzzy bi
I -ideals and investigate different characterization theorems
in term of this notion.
In what follows, let A,0€[0,1] be such

0<A<6<1. Both A and @ are arbitrary but fixed.
Now, we introduce the concept of a (A, 8)-fuzzy bi I -

that

ideal of an ordered I -semigroup G in the following
definition.
3.1 Definition

A fuzzy subset 1 of G is called a (A4, ) -fuzzy left (resp.

right) I" -ideal of G if it satisfies the following conditions:
Q) (vx,yeG with

x < y)(max{u(x), A} = min{u(y),6}) .
5 (VXY €G)(Va e I)(u(xay) v A} = u(y) A 0)
(resp. u(xay) v A} = u(x) A 0)
3.2 Definition
A fuzzy subset g of G iscalled a (A, 8)-fuzzy bi =-ideal
of G if it satisfies the following conditions:
(B1) (WX, y €G with
x < y)(maxfu(x), 4} = min{u(y),6}) -

(B2) (vx,y e G)(Var e I)(u(xay) v 2}z u(X) A p(y) A O) .
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(9) (VX,y,2eG)(Vp,y )
(u(xByrz) v A}z u(X) A u(z) A 6)

3.3 Theorem
If a fuzzy subset 4 of an ordered I"-semigroup G is a

(4,0)-fuzzy bi T -ideal of G, then the set 4, isabi I'-
ideal of G.

Proof Assume that g is a (4,6 )-fuzzy bi T -ideal of G .
Let X,y €G suchthat X<y, Y€ . Then u(y) > A.
Since u is a (A,0)-fuzzy bi T -ideal therefore
X))V A> u(y)A@>AA0=A. Hence u(x)> A
It implies that X € . If there exist X,y € G and o €I"

such that X,y € g5. Then u(X)> A and u(y)> 4.
Since u is a (A,0)-fuzzy bi T -ideal of G, then
HXY)V A u(X)Au(Y)AO>AAANE=A.
Hence u(Xay)> A. It shows that Xay € u; for all
X,yeG and ael. let x,¥,2€G and a,f el
such that X,Z € 4. Then u(X)> A and u(z)> 4.
Since u is a (A,0)-fuzzy bi T -ideal of G, then
HXayPL)v A2 u(X)Au(Z)A0>AAANO0 =A.
Hence u(Xayfz) > A It shows that Xaty 5z € pu for all
X,y,2€G and a, B T Hence y; isabi I -ideal of

G.
3.4 Theorem

A non empty subset A of an ordered I" -semigroup G is a
bi I'-ideal of G if and only if a fuzzy subset u of G
defined as follows:

>@forall x e A,
( ={

Aforallx ¢ A,
isa (4, 0)-fuzzy bi I -ideal of G .
Proof Let A be abi I -ideal of G. If there exist X,y € G
such that X<y and ye A then XeA. Hence
u(x)>6. Therefore u(X)vA>60=u(y)no. If
y ¢ A then u(y) A6 =A1.Thus
UX)VA>A=u(y)nb. let x,yeG and ael
such that X,y € A. Hence w(X)>8 and u(y)=>6.
Therefore p(Xay)v A > 6 = u(X) A u(y) A 6. Now if
XegA or ygA then u(X)Au(y)A@=A4. Thus
uXay)v A=A =pu(x)A u(y) A 6. Assume
X,¥,2€G and a,f €I’ such that X,z€ A. Then
H1(X) =6 and p(z) > 6. Hence
u(Xeyf)v A= 0=pu(x)Au(z)~0. 1f Xg Aorzg A
then 1(X) A u(z2) A@ = 4. Thus
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uXeyfz)v A > A = u(X) A u(z) A 6. Consequently
u isa (A,0)-fuzzy bi T -ideal of G .

3.5 Proposition

If {F, : 1€ l} isafamily of (4, 8)-fuzzy bi I -ideals of

an ordered I -semigroup G. Then (F, is an (4,8)-

iel
fuzzy bi T -ideal of G ..
Proof Let {F,},., be afamily of (4, 8)-fuzzy bi I -ideals
of G.Let X,yeG,ael and X<Yy.Then

(NF)X)vA= ARV A(F(Y)A0)

iel iel

= [_ﬂ F j(y) N

iel

and
(_ﬂ 5 j(XON) v A
iel

= A Fxay)vaz  (FX)AF(y)A0)
iel iel

:(A (RO~ A (Fi(Y)/\H)j

iel iel

=(.ﬂ Fi )(X)/\(.ﬂ 5 )(Y)/\H
iel iel
Let X,¥,Z2e€ G and B,y € " . Then,

(in F'j((xﬂ’ﬂ)”F-A ROAMV2Z , (FOOAR@AO)

iel iel

=(A (RO~ O) A A (F.(Z)Aé’)j
€

icl i
= (_ﬂ R )(x) /\(_ﬂ H j(z) N
icl il

Thus (1 F, isan (A, @)-fuzzy bi T -ideal of G .
iel
3.6 Theorem
A fuzzy subset £ of an ordered I"-semigroup G is a

fuzzy bi I -ideal of G if and only if each non-empty level
subset U (x;t) isabi I -ideal of G forall t € (4,0].

Proof Let u be a (A,8)-fuzzy bi T -ideal of G. If there
X,yeG, te(4,6d] with X<y such that

yeU (u;t). Then u(y)>t, since u is a (4,6)-
fuzzy bi I" -ideal of G. Therefore

HX)VA> u(Y)A@=tA@=t>A. It implies that
#(X)>t. Thus X eU (y;t). Let X,yeG, a el and
X,y €U (u;t) where te(4,0]. Then u(x)>t and
u(y)>t, since p isa (A,0)-fuzzy bi T -ideal of G.
Hence

exist
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UXaY)VAZ u(X)A () A0 =tAtrfd=t>1.1t
implies that u(Xay)>t. Thus Xay €U (u;t). Now
assume X,Y,2e€G, a,fel’ and X,zeU(u;t)
where t e (4,0]. Then p(xX)>t and p(z)>t, since
u is a (A,6)-fuzzy bi T -ideal of G. Therefore
HXayPL)V A2 u(X)A u(Z) A =tArtrfd=t>1
. It implies that u(Xayfz) >t. Thus xeyfz € U (u;t).
Hence U (u;t) isabi I -ideal of G forall t € (4,6].
Conversely, assume that U (;t) isabi I -ideal of G for
all te(A,0]. If there exist X,y € G with X <y such
that (X) v A < u(y) A8, then there exists t e (4,6]
such that u(X)v A<t< u(y)A@. This shows that
u(y)>tand pu(x) <t so yeU (u;t), since U (u;t)
isabi I -ideal of G . Therefore X € U (x;t), but this is a
contradiction to u(X) <t. Thus u(X)v A > u(y)Aé.
If X,yeG and o € I" such that
uxay) v A < u(x) A u(y) A0,
t € (1,6] such that

uXay)v A <t< u(x) A u(y) A 0. This shows that
u(X)>t, u(y)>tand u(xay) <t so

X,y eU(;t), since U(u;t) is a bi T -ideal of G.
Therefore Xay € U (u;t), but this is a contradiction to
u(xay) <t. Thus  p(Xey)v Az p(X) A u(y) Ao
for all X,yeG and ael. Now let X,y,z€ G and
a,f €T such that

uxXaypfz)v A < pu(xX) A u(z) A6, then there exists
t € (4, 0] such that

u(xaypfz) v A <t < u(x) A u(z) A 6. This shows that
u(xX)>t,  wu(z)>t and  pu(Xaypfz) <t so
X,z eU(g;t), since U(u;t) is a bi I -ideal of G.
Therefore Xayfz € U (u;t), but this is a contradiction to
H(Xaypz) < t.Hence

uXeypz)v A > u(X) A u(z) A@ forall X,y,2€G
and a, €. Consequently  is a (4,8)-fuzzy bi T -
ideal of G.
3.7 Theorem

Let 4 be a fuzzy subset of G . If u isa (A,8)-fuzzy bi
I' -ideal, then the following conditions hold:
Q) (VX y € G)(u(X) v A > u(y) A0 with x<y),
@) (VX,y,2€eG) (Vael)
(u(xay)v Az p(X) A p(y) A 0).
B)(VX,y,2eG) (VB,y el)

(u(XByrz) v A2 pu(X) A u(z) A 0).

then there exists
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If A =0 and @ =1 then we have the following corollary.
3.8 Corollary
Every fuzzy bi I -ideal & of an ordered I"-semigroup G

isa (4, 0)-fuzzy bi I -ideal of G .
3.9 Lemma
A non-empty subset A of an ordered I" -semigroup G isa

bi I"-ideal if and only if a characteristic function £z, of A
isa (4, 0)-fuzzy bi I -ideal of G .

Proof Suppose that A is a bi I"-ideal of G and p, isa
characteristic function of A. Let X,y € G with X <.

If ye A then u,(y)=1. Since A is bi I -ideal and
X<y that ye A then XeA Therefore
Ua(X)=1. As A < 6 sowe have

UKV A2, (Y) A 6.

If y¢ A then 1£,(y)=0.Hence

HA(X)V A2 g, (Y) A 6.

Now let X,yeG and a el then we discuss the
following Cases:

Case Lif X,y € A, then £, (X) =1= 1, (y).

Since A is bi I -ideal and X,y € A, a €I'. Therefore
Xay € A. Hence u,(xay) =1. Also A <6. Thus
Ha(XaY) v A= g1, (X) A g4 (Y) A 6.

Case2if X,y ¢ A, then 2, (X) =0= u,(Y). Hence

Ha(XaY) v A= g1, (X) A p1, (Y) A 6.
Case 3 if XeA and yg A then p,(X)=1 and
Ha(Y)=0. Thus ££, (XO A 22, (y) A 8 =0. Therefore
HUp(XaY) v A2 1, (X) A pp (Y) A 6.
Similarly for X A and ye A then u,(X)=0 and
Up(y)=1. 1t implies that £, (X) A £, (Y) A0 =0.

Hence in any case £, (Xay) v A 2 11, (X) A 1, (Y) A 6.
for all X,yeG and a eI If there exist X,Yy,2e€ G

and «, f €I then we discuss the following Cases:

Case 1if X,z e A, then £, (X) =1= u,(2). Since A is
bi I'-ideal and X,ze A, «a,Bel. Therefore
XayPz € A. Hence u,(Xaypz) =1. Also A <. Thus
Up(XayPL) v A2 pp(X) A pp (2) A 6.

Case 2 if X,z ¢ A, then 11, (X) =0= 1,(z). Hence
Un(Xayfr) v Az pp(X) A 1 (2) A 6.

Case 3 if XeA and zg A then £,(X)=1 and
U, (2) =0. Thus £, (X) A £, (2) A @ = 0. Therefore

HUa(XayPL) v A2 pn(X) A pup(2) A 6.

such
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Similarly for X A and z€ A then £,(X)=0 and
Up(Z)=1. It implies that g, (X) A 1, (Z2) A0 =0.
Thus in any case
Ua(XayPr)v A=, (X) A p,(2) A G. forall
X,¥,2€G and «a,f el". Consequently s, is a
(4, 0) -fuzzy bi T -ideal of G.
Conversely, assume that £, isa (4, 8)-fuzzy bi I -ideal
of G. Suppose that X,y e€G such that X<y and
ye A Then u,(y)=1, since y, isa (4,8)-fuzzy bi
I" -ideal so
Ua(X)V A2 p,(y)n O
=1A0=0.
Since A < @ therefore 11, (X) > 6. Hence X € A If there
exist X,yeG and o€l such that X,y € A Then
Ha(X)=1= p,(y), since u, isa (4,6)-fuzzy bi T -
ideal so
Ha(Xay) v A2 1y (X) A (Y) A O
=1AlAO=0.
That is, 4,(Xay)>6. Hence Xaye A. Now let
X,¥,2€G and fB,y el such that X,zZe A. Then
Ua(X)=1= u,(2), since u, isa (1,0)-fuzzy bi T -
ideal so
HUA(XBYPZ) v A2 pup (X) A pp(Z) A6
=1A1A0=0.
It implies that g, (XAYyz) > 6. Hence Xxpyyze A

Therefore A isabi I -ideal of G.
4. Regular ordered I'-semigroups in terms of (A, 0)-
fuzzy bi I'-ideals

In this section, we introduce the notion of ,uf fuzzy subset
of G . We prove that if z isa (A, 6)-fuzzy bi T -ideals of
G, then u? is a fuzzy bi T -ideal of G. We also

characterize regular ordered I -semigroups by the
properties of their (A4, &) -fuzzy bi I -ideals.

4.1 Definition

Let x be a fuzzy subset of an ordered I"-semigroup G,

we define the fuzzy subset 1 of G as follows:
15 (X) ={u(x) Ag}v Aforall x e G.

4.2 Definition
Let & and F be fuzzy subsets of an ordered I"-semigroup

G. Then we define the fuzzy subsets u A% F,uv% F

and o9 F of G as follows:
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(e~ FYX) ={(uAF)(X) AG}v 4,
(Vs F)X) ={(uv F)(X) AG}v 4,
(105 FY(X) ={(ueo F)(X) A G}V 4,
forall X e G.

4.3 Lemma
Let 2 and F be fuzzy subsets of an ordered I"-semigroup

G. Then the following holds.
@ (unfF)=(u; nF/).
(2) (uviF)=(ujvF/).

(3) (uo) F)=(uj oF)).
Proof The proofs are straightforward.
4.4 Definition

If y, is the characteristic function of A, then (y,)9 is
defined as:

(ZA)?(X) = {

4.5 Lemma
Let A and B be non-empty subsets of an ordered I -
semigroup G. Then the following hold:

@ (xa /\Z ZB)Z(ZAmB)i'
(2) (xa Vi ZB):(ZAUB)i'

) (xa oi Xe) = (Z(AFB])Z'
Proof The proofs of (1) and (2) are obvious. For the proof of
(3) let xe(AI'B]. Then y ap(X)=1 and hence

U are) ) AV A={LAG}v A =0. It implies that
(Z(AFB])i(X) =0. X e (AIB], we

X<aab for some ae A, beB and a I". Then
(a,b) e A, and Ay = ¢. Thus

(Za 0?1 Xe)(X) ={(xn° xs)X)AO}v A
= H vV (}(A(Y)/\IB(Z))}AQ:IV/1
(¥, 2)eA

> [{(xa(@) A 25 (D))} A O]V 4.

gif xe A,
Aif xe A

Since have

Since a€ A and beB, we have y,(a)=1 and

¥s(®)=1andso

(2n°5 28)0) 2 [{(2a(@) A 25 (D)} A O]V 2
=[{AAD}IAO]V A
=[InflvA=60vAi=0

Thus, (74 Oi Xe)(X)=0= (Z(AFB])Z(X)- Let

X & (AI'B], then y arg;(X) =0 and hence,
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U arg i) A v A =(0A0)v A =A4. S0
(;((AFB])Z(X) =A. Let (y,z) € A,. Then
(Za % 26)(X) ={(Za° 26)X) AT}V A

:H \ (ZA(y)AZB(Z))}A6:|Vﬂ‘
(v.2)<A,

Since (y,z) € A, then X< ypz for fel . If ye A
and z € B, then yfz € AI'B and so x € (AI'B]. This
is a contradiction. If y ¢ A and Z € B, then

H( v, (Za(y) A ZB(Z))} A 9}\/ A

(y,2)eA,

Hence, (7 ) 25)(X) =4 = (Z(AFB])Z (X). Similarly,
for ye A and Z ¢ B, we have

(Za oi Xe)(X)=A4= (Z(ArB])i(X)-

(0/\1)}/\9:|V/1=ﬂ.

4.6 Theorem
The characteristic function (,)% of A isa (4, 6)-fuzzy

bi I -ideal if and only if A isabi I -ideal of G.

Proof Suppose that A isabi I" -ideal of G. Then by

Lemma3.9, (7,)% isa (1,0)-fuzzy bi T -ideal of G.

Conversely, assume that ()¢ isa (4, 8) -fuzzy bi T -

ideal of G. Let X,y € G and a € I' be such that

X,yeA. It that  (y,)5(x)=80

(xA)5(y)=0 Since (x,)] is a (A,0)-fuzzy bi T -

ideal of G. Therefore

max{(z,) (xay), 23> min{(x,)7 (x), (x5 (¥),6}
={60,0,6}=0.

implies and

Since A<6. Hence (y,)9(xay)=80. It shows that
Xay € A. Now if there exist X,y,2€ G and B,y e
that X,ze A. Then (x,)%(x)=6
(1.)5(2) =6 Since (y,)) is a (1,0)-fuzzy bi T -
ideal of G. We have

max{(x,)5 (xByy), A}= min{(x,)5 (%), (x4)5(2),6}
={0,0,0y=0.

such and

Since A<6. Hence (y,)5(xBysz)=06. Therefore
XpYyyz € A. Consequently, A isabi I -ideal of G.
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4.7 Lemma
The characteristic function ()% of A isa (4, 6)-fuzzy

left (resp. right) I" -ideal of an ordered I" -semigroup G if

and only if A is a left (resp. right) I" -ideal of G.
Proof The proof follows from Theorem 4.6.
4.8 Proposition

If 1 isa (A,0)-fuzzy bi T -ideal, then 1! is a fuzzy bi
I" -ideal of G.

Proof Assume that u is a (A,8)-fuzzy bi T -ideal of G.
If there exist X,Y,Z € G and &, f €T, then

max{u (xayfz), 2}
= max{({u(xaypz) n O} v A), A} =
{u(xaypz) n O} v A
={u(xaypr) v A} A{0 v A}
={u(xaypr)v A}~ 0
={(u(xaypz)v A)v 2} A O
>{(u(X)A () AO)v AFA O
={(u(X)A () ANOANO)V AV AFAO
={(u(X) A O) v 23 " {(u(2) A O) v A3} A O
={u; () A (2)}n 0

= min{u; (x), 15 (), 6}

By similar way we can show the remaining part of the

proposition.

4.9 Corollary

If {&; : 1€ 1} isafamily of (4,6)-fuzzy bi I -ideal of

an ordered I -semigroups G, then ()4 isa (1,0)-
iel

fuzzy bi I -ideal of G.

4.10 Lemma [16]

An ordered I"-semigroup G s left (resp. right) simple if

and only if (GI'a]=G (resp. (aI'G]=G) for every

aeG.

4.11 Theorem

An ordered I -semigroup G is regular, left and right

simple if and only if for every (A4, ) -fuzzy bi I -ideal

of G, ,uf is a constant function.

Proof Assume that G is regular, left and right simple and

i is a (A4,60)-fuzzy bi T -ideal of G. We consider,

E; ={eeG|e<ece for @ €T}, then E; # ¢,

because G is regular, hence for every a € G, there exists

XeG and «a,f el such that a<aaxfa, then

aax < (aaxpa)ax = (aax) f(aax) and so

aoxeE;. Let b,eeE;. Since G is left and right

simple, by Lemma 4.10, it follows that G = (GI'b] and
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G = (bI'G]. Since e€G, we have e e (GI'b] and
ec(bI'G], then e<x)b and e<bdy for some
X,y€G and y,6 €', and we have

eae = (bdy)a(xh) <bs(yax)b.
Since u isa (A4, 0)-fuzzy bi I -ideal of G, we have

1! (eae) = {u(eas) A G A
={u(eae) v Ay ~r{0 v A}
={u(eae) v A}n0
={(u(ece) v A)vA}n0O
> {(u(5(yax)p) n6) v A} 0)
= (uOo(yax)o) v A)A(@v A)A b
= (uOo(yax)o) v A)AOAEO
= (ubs(yax)p) v A) A O
= (ubs(yax)p) v A)v A) A0
> ({ud) A u(O) AG}v A)AO
= ({ub) A p(b) AT} A O) v (A A O)
=(ub)Ab)v A
= 47 (0).

Thus we have,
7 (o) 2 pi (b)  (+).
Since e € E, we have e < eqe and so
(€)= {u(e) nG}v A
=(uE)vA)A(@v )
=(u)vAi)nl
=((uE@)vA)vi)no
>{(u(eae) AO)v A}AEO
={(u(eae) A O) AG}v {1 A G}
= (u(eae) AO)Vv A
= uj (ece),
it follows that ¢ (€) > u? (eae). Thus, by (*), we have
w2 (e)> uf(b). On the other hand, since e€G, by
Lemma 4.10, we have (GI'e]=G =(eI'G]. Since

beG, we have be(GI'e] and be(e['G], then
b<gpe and b<tje forsome g,teG and S,y €T
Thus, by the same arguments as above, we get
1l (b) >l (e). It follows that ¢ (e)= ! (b) and
hence, 4. is constanton Eg.

Now, let @ € G, then there exists X€G and «, S €T
such that a < aaxfa . It follows that
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aox < (aaxpfa)ax = (aax) f(aax) and

xpfa < xf(aaxpa) = (xpa)a(xpa). Thus,

aax, xpfa € Eg, it follows by the previous arguments, we
get, 1 (aox) = puf (b) = 1] (%f3a). Since
(aax)yao(xpa) = (aaxya)oxpfa > aaxya > a,

we get,

1! (8) = {u(@) A G}
=(u@vA)A(@v i)
=(u(@vA)nl
=(u@vAviA)nl
> ({u((aax)yad(xpa)) AnGrv A) A O
= [{u((aax)yasé(xpa)) v A} A{0v A}~ 0
= [{u((aax)yasé(xpa)) v A} A 011 0
={u((aax)yas(xpa)) v A} A 0
={u((aax)as(xpa)) v Av A} A0
> [{u(aax) A u(xpa) AG}v A]n 60
= [{u(aax) A u(xpa) A Gy A 0] v [A A O]
= [{u(aox) A u(xpa) A G} v 1]
= [{u(aax) A G} v A A[{u(xpa) A G} v 4]
= ! (ac) A 1 (x5R) = 1! (b)
Thus 7 (@) > ) (b). Similarly we can show that
w1l (b)> pf(a). Therefore uf(a)= u(b) and so,
1! is a constant functionon G .

Conversely, let @ € G. Then obviously, (GI'a] isabi I -
ideal of G and Lemma 3.9, the characteristic function

oif x e (GIa],
Aif x ¢ (GI'a],
isan (A, @)-fuzzy bi I -ideal of G . By hypothesis, since
every (A, @)-fuzzy bi T -ideal is a constant function so for
every X € G, we have, yr,(X)=C. Let (GI'a]= G
and take t € G suchthat t ¢ (GI"a]. Then

X era(t) = 4, on the other hand, since aca e (GI'a],

Xerap - G [0 X xgray (X) :{

we have ¥ qr,;(@a@) = 6, acontradiction, because every
(A, 8)-fuzzy bi T -ideal is a constant function. Thus,
(GI'a] =G . In asimilar way, we have, (aI'G] =G,

consequently, G is left and right simple. Since
ae(Gral=((arGJral]=(arcraj. thus, G is
regular.
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5. CONCLUDING REMARKS.
In this paper, we investigated the more generalized form of

fuzzy bi I -ideals of an ordered I" -semigroup G and gave
the concept of a (A4, &) -fuzzy bi I -ideal of G . We proved

that £ is an ordinary fuzzy bi I -ideal for A =0 and

6@ =1. We have also provided the necessary and sufficient
conditions for both level subset U (x;t) of u# and a

characteristic function £, of A to be fuzzy bi I" -ideals of
the type (A,6). Finally, we characterized regular ordered
I" -semigroups by the properties of their (A,8)-fuzzy bi
I -ideals.

REFERENCES

Mordeson, J. N., Malik, D. S., and Kuroki, N., Fuzzy
Semigroups, Studies in Fuzziness and Soft Computing,
Springer-Verlag, Berlin, VVol., 131, (2003).

2. Zadeh, L. A., "Fuzzy sets,” Information and Control, 8,
338-353(1965).

3. Rosenfeld, A., "Fuzzy groups,” J. Math. Anal. Appl., 35,
512-517(1971).

4. Kehayopulu, N., and Tsingelis, M., "Fuzzy bi-ideals in
ordered semigroups,” Information Sciences, 171, 13-
28(2005).

5. Jun, Y. B., Khan, A, and Shabir, M., "Ordered
semigroups characterized by their (€, € v q)-fuzzy bi-

ideals,” Bull. Malays. Math. Sci. Soc., (2)32(3), 391-
408(2009).
6. Khan, A., Jun, Y. B., Sarmin, N. H., and Khan, F. M.,

"Ordered semigroups characterized by (€,€Vvq,)-

fuzzy generalized bi-ideals," Neural Comput & Applic.,
DOI:10.1007/s00521-011-0731-2(2011).

7. Sen, M. K,, and Saha, N. K., "On I" -semigroups I," Bull.
Cal. Math. Soc., 78, 180 — 186(1986).

8. Sen, M. K., "On I -semigroups," Proceedings of the
International Conference on Algebra and It's
Applications, Decker Publication, New York, 30
(1981).

9. Kwon, Y. I, and Lee, S. K., "On weakly prime ideals of
ordered I -semigroups,” Comm. Korean Math. Soc.,

Sci.Int.(Lahore),25(3),411-418,2013

13(2), 251 — 256(1998).

10. lampan, A., "Characterizing ordered bi-ldeals in ordered
I" -semigroups,” Iranian Journal of Mathematical
Sciences and Informatics, 4(1), 17-25(2009).

11. lampan, A., "Characterizing ordered quasi-ideals of
ordered I -semigroups,” Kragujevac Journal of
Mathematics, 35(1), 13-23(2011).

12. Chinram, R., "Rough prime ideals and rough fuzzy
prime ideals in gamma-semigroups,” Commun. Korean
Math. Soc., 24(3), 341-351(2009).

13. Chinram, R., and Tinpun, K., "A note on minimal bi-
ideals in ordered I -semigroups,” International
Mathematical Forum, 4(1), 1-5(2009).

14. Mahmood, A., Naeem, M. N., and Ahmad, M., 2011,
"Fuzzy I -ideals and fuzzy I -filters in ordered
gamma semigroups,” European Journal of Scientific
Research, 49(3), 311-321(2011).

15. Dawvaz, B., Zhan, J., and Kim, K. H., "Fuzzy I -
hypernear-rings," Comput. Math. Appl., 59, 2846-
2853(2010).

16. Khan, A., Mahmmod, T., and Ali, 1., "Fuzzy interior I" -
ideals in ordered I -semigroups,” J. Appl. Math. &
Informatics, 28(5-6), 1217-1225(2010).

17. Yuan, X., Zhang, C., and Ren, Y., "Generalized fuzzy
groups and many-valued implications," Fuzzy Sets and
Systems, 138, 205-211(2003).

18. Yao, B., " (A, u)-fuzzy subrings and (A, u)-fuzzy
ideals,” The Journal of Fuzzy Mathematics, 15 (4),
981-987(2007).

19. Yao, B., "(A, u)-fuzzy ideals in semigroups," Fuzzy
Systems and Mathematics, 23 (1), 123-127(2009).

20. Yao, B., "(A, u)-fuzzy normal subfields and (A, u)-

fuzzy quotient subfields,” The Journal of Fuzzy
Mathematics, 13 (3), 695-705(2005)
21. Coumaressane, S., "Near-rings characterized by their

(A,0)-fuzzy quasi-ideals,” International journal of
Computational Cognition, 8, 5-11(2010)



