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ordinary fuzzy bi Γ -ideals of an ordered Γ -semigroup G . A new characterization of ordered Γ -
semigroups in terms of a ( θλ, )-fuzzy bi Γ -ideal is given. We show that ),( tU µ  is a bi Γ -ideal if and 
only if the fuzzy subset µ  is a ( θλ, )-fuzzy bi Γ -ideal of G  for all ].,( θλ∈t  Similarly, A  is a bi Γ -
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Keywords: Ordered Γ -semigroups; regular ordered Γ -semigroups; fuzzy sets; fuzzy bi Γ -ideal; ( θλ, )-fuzzy bi 

Γ-ideal. 
Mathematical Subject Classification (MSC) 2000: 06F05; 20M12; 08A72. 

1. INTRODUCTION 
Algebraic structures play a prominent role in mathematics 
with wide ranging applications in many disciplines like 
formal languages, fuzzy automata, coding theory, theoretical 
physics and control engineering. In this regards, ordered 
semigroups and related structures are extensively 
investigated in terms of fuzzy notions (see [1]). In 1965, 
Zadeh [2] introduced a pioneering paper on fuzzy sets. Due 
to the increasing number of high-quality research articles on 
fuzzy sets and related concepts that have been published in 
different indexed journals, workshops and conferences, 
researchers are motivated to study fuzzy set theory. The 
notion of fuzzy sets in algebraic structures has been initiated 
by Rosenfeld [3] in 1971. Kehayopulu and Tsingelis [4] 
investigated fuzzy bi-ideals in ordered semigroups and 
discussed some important results of ordered semigroups in 
terms of their fuzzy bi-ideals (Also see [5, 6]). Rosenfeld's 
idea of fuzzy subgroup [3] has played a sparking role for 
researchers to investigate similar type of generalizations of 
the existing fuzzy subsystems of other algebraic structures. 
With this objective in view, Sen and Saha [7] initiated the 
concept of a Γ -semigroup, and established a relation 
between regular Γ -semigroup and Γ -group (see also [8]). 
Kwon and Lee introduced the concept of Γ -ideals and 
weakly prime Γ -ideals in ordered Γ -semigroups in [9], 
and established the basic properties of ordered Γ -
semigroups in terms of weakly prime Γ -ideals. In [10], 
Iampan gave the concept of (0-)minimal and maximal 
ordered bi-ideals in ordered Γ -semigroups, and give some 
characterizations of (0-)minimal and maximal ordered bi-
ideals in ordered Γ -semigroups (also see [11, 12, 13, 14]). 
Davvaz et al. [15] studied fuzzy Γ -hypernear-rings and 
investigated some important results in terms of this notion. 
Khan et al. [16] characterized ordered Γ -semigroups in 
terms of fuzzy interior Γ -ideals and discussed some 

interesting properties of fuzzy interior Γ -ideals in ordered 
Γ  semigroups. 
The concept of fuzzy subfield with thresholds has been 
given by Yuan [17]. Yao [18] discussed a ( µλ , )-fuzzy 
subrings and a ( µλ , )-fuzzy ideals. In [19], ( µλ , )-fuzzy 
ideals in semigroups are studied (also see [20, 21]). 
In this paper, we deal with a more generalized form of the 
fuzzy bi Γ -ideals. We introduce the concept of a ( θλ, )-
fuzzy bi-ideal of .G  We show that every fuzzy bi Γ -ideal 
is a ( θλ, )-fuzzy bi Γ -ideals of G . We also discuss that 
the level subset ( ; )( )U tµ φ  is a bi Γ -ideal if and only if µ  
is a ( θλ, )-fuzzy bi Γ -ideal of G  for all ].,( θλ∈t  We 
prove that a non-empty subset A  of G  is a bi Γ -ideal if 
and only if a characteristic function Aµ  of A  is a ( θλ, )-
fuzzy bi Γ -ideal of .G  Finally, regular ordered semigroups 
are also characterized in terms of this new notion. 
2. Preliminaries 
Let ,...},,{ zyxG =  and ,...},,{ γβα=Γ  be any two 
non-empty sets. If there is a function GGG →×Γ×  such 
that )()( zyxzyx βαβα =  for all Gzyx ∈,,  and 

Γ∈βα ,  then G  is called a Γ -semigroup [7]. By an 
ordered Γ -semigroup we mean a Γ -semigroup G  at the 
same time a poset ),( ≤G  satisfying the following 
condition: 
 xbxaba αα ≤⇒≤  and bxax ββ ≤  for all 

Gxba ∈,,  and Γ∈βα , . 
For GA ⊆ , we denote htGtA ≤∈= |{:](  for some 

}Ah∈  If }{aA = , then we write ](a  instead of }]({a . 
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For ,, GBA ⊆  we denote 
}.,,|{: Γ∈∈∈=Γ αα BbAabaBA  

Throughout the paper G  will denote the ordered Γ -
semigroup unless otherwise stated. 
A non-empty subset A  of an ordered Γ -semigroup G  is 
called a left (resp. right) Γ -ideal [7] of G  if it satisfies 
(i) ( ),)()(, AabaAbGba ∈⇒≤∈∀∈∀  
(ii) AAG ⊆Γ  ) resp.( AGA ⊆Γ  . 
If A  is both left Γ -ideal and a right Γ -ideal of G  then 
A  is called Γ -ideal of .G  

A non-empty subset A  of an ordered Γ -semigroup G  is 
called a bi Γ -ideal [14] of G  if it satisfies 
(i) ( ),)()(, AabaAbGba ∈⇒≤∈∀∈∀   
(ii) AAGA ⊆ΓΓ  . 
An ordered Γ -semigroup G  is regular [16] if for every 

Ga∈  and Γ∈βα ,  there exists Gx∈  such that 
axaa βα≤  or equivalently, )(i  ]( aGaa ΓΓ∈  for all 

Ga∈  and )(ii  ]( AGAA ΓΓ⊆  for all .GA⊆  An 
ordered Γ -semigroup G  is called a left (resp. right) simple 
[16] if for every left (resp. right) Γ -ideal A  of G  we have 

.GA =  An ordered Γ -semigroup G  is called simple if it 
is both left and right simple. 
Now we recall some fuzzy logic concepts. 
A fuzzy subset µ  of a universe X  is a function from X  
into a unit closed interval ]1,0[  of real numbers, i.e., 

]1,0[: →Xµ  . 
For a non-empty subset A  of ,G  the characteristic 

function Aµ  of A  is a fuzzy subset of G  defined by  

⎩
⎨
⎧

∉
∈

=
. if ,0
, if ,1

Ax
Ax

Aµ  

If A  is a non-empty subset of G  and .Ga∈  Then, 
}.  where|),{( Γ∈≤×∈= ααzyaGGzyAa  

If µ  and F  are two fuzzy subsets of .G  Then the product 
Foµ  of µ  and F  is defined by: 

 

( , )
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2.1 Definition 
A fuzzy subset µ  of an ordered Γ -semigroup ),,( ≤ΓG  is 
called a fuzzy left (resp. right) Γ -ideal of G  if it satisfies 
(i) ( )()()(, yxyxGyx µµ ≥⇒≤∈∀  ). 
(ii) 
(

)).()( resp.))(()()()(, xyxyyxGyx µαµµαµα ≥≥Γ∈∈∀
 If µ  is both a fuzzy left and fuzzy right Γ -ideal of G  
then it is called a fuzzy Γ -ideal of .G  
2.2 Definition 
A fuzzy subset µ  of an ordered Γ -semigroup ),,( ≤ΓG  is 
called a fuzzy bi Γ -ideal of G  if it satisfies 
(i) )),()()()()(,( yxyxGyx µµαµα ∧≥Γ∈∈∀   
(ii)  

)),()()()(,)(,,( zxzyxGzyx µµγβµγβ ∧≥Γ∈∈∀   
(iii)  ))()()(,( yxyxGyx µµ ≥⇒≤∈∀ . 
 
2.3 Lemma [14] 
A non-empty subset A  of an ordered Γ -semigroup G  is a 
bi Γ -ideal if and only if a characteristic function Aµ  of A  
is a fuzzy bi Γ -ideal of G . 
For a fuzzy subset µ  of G  and ]1,0(∈t , the crisp set 

})(|{:);( txGxtU ≥∈= µµ  is called the level subset of 
µ . 
2.4 Theorem [14]. 
A fuzzy subset µ  of G  is a fuzzy bi Γ -ideal of G  if and 
only if each non-empty level subset );( tU µ  is a bi Γ -
ideal of G  for all ]1,0(∈t . 
3. (λ, θ)-fuzzy bi Г-ideals 

In this section, we introduce some new types of fuzzy bi 
Γ -ideals in ordered Γ -semigroups called ( θλ, )-fuzzy bi 
Γ -ideals and investigate different characterization theorems 
in term of this notion. 
In what follows, let ]1,0[, ∈θλ  be such that 

.10 ≤<≤ θλ  Both λ  and θ  are arbitrary but fixed.  
Now, we introduce the concept of a ( θλ, )-fuzzy bi Γ -
ideal of an ordered Γ -semigroup G  in the following 
definition. 
3.1 Definition 
A fuzzy subset µ  of G  is called a ),( θλ -fuzzy left (resp. 
right) Γ -ideal of G  if it satisfies the following conditions: 
(1) Gyx ∈∀ ,(  with 

})),(min{}),()(max{ θµλµ yxyx ≥≤  . 

(2) 
))(})( resp.(

))(})()()(,(
θµλαµ

θµλαµα
∧≥∨

∧≥∨Γ∈∀∈∀
xyx

yyxGyx
  

3.2 Definition 
A fuzzy subset µ  of G  is called a ),( θλ -fuzzy bi -ideal 

of G  if it satisfies the following conditions: 
(B1) Gyx ∈∀ ,(  with  

})),(min{}),()(max{ θµλµ yxyx ≥≤  . 
(B2) ))()(})()()(,( θµµλαµα ∧∧≥∨Γ∈∀∈∀ yxyxGyx  . 
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(B3) 
))()(})((

),)(,,(
θµµλγβµ

γβ
∧∧≥∨

Γ∈∀∈∀
zxzyx

Gzyx
  

3.3 Theorem 
If a fuzzy subset µ  of an ordered Γ -semigroup G  is a 

),( θλ -fuzzy bi Γ -ideal of G , then the set 
λ

µ  is a bi Γ -

ideal of .G  
Proof Assume that µ  is a ( θλ, )-fuzzy bi Γ -ideal of G . 

Let Gyx ∈,  such that yx ≤ , .λµ∈y  Then .)( λµ >y  

Since µ  is a ),( θλ -fuzzy bi Γ -ideal therefore 
.)()( λθλθµλµ =∧>∧≥∨ yx  Hence .)( λµ >x  

It implies that .λµ∈x  If there exist Gyx ∈,  and Γ∈α  

such that .,
λ

µ∈yx  Then λµ >)(x  and .)( λµ >y  

Since µ  is a ),( θλ -fuzzy bi Γ -ideal of ,G  then 
.)()()( λθλλθµµλαµ =∧∧>∧∧≥∨ yxyx  

Hence .)( λαµ >yx  It shows that 
λ

µα ∈yx  for all 

Gyx ∈,  and .Γ∈α  let Gzyx ∈,,  and Γ∈βα ,  

such that .,
λ

µ∈zx  Then λµ >)(x  and .)( λµ >z  

Since µ  is a ),( θλ -fuzzy bi Γ -ideal of ,G  then 
.)()()( λθλλθµµλβαµ =∧∧>∧∧≥∨ zxzyx  

Hence λβαµ >)( zyx  It shows that 
λ

µβα ∈zyx  for all 

Gzyx ∈,,  and ., Γ∈βα  Hence 
λ

µ  is a bi Γ -ideal of 

.G  
3.4 Theorem 
A non empty subset A  of an ordered Γ -semigroup G  is a 
bi Γ -ideal of G  if and only if a fuzzy subset µ  of G  
defined as follows: 

⎩
⎨
⎧

∉
∈≥

=
, allfor  
, allfor  

)(
Ax
Ax

x
λ
θ

µ  

is a ),( θλ -fuzzy bi Γ -ideal of G . 
Proof Let A  be a bi Γ -ideal of .G  If there exist Gyx ∈,  
such that yx ≤  and Ay∈  then Ax∈ . Hence 

.)( θµ ≥x  Therefore .)()( θµθλµ ∧=≥∨ yx  If 
Ay∉  then λθµ =∧)(y . Thus 

 .)()( θµλλµ ∧=≥∨ yx  let Gyx ∈,  and Γ∈α  
such that Ayx ∈, . Hence θµ ≥)(x  and .)( θµ ≥y  
Therefore .)()()( θµµθλαµ ∧∧=≥∨ yxyx  Now if 

Ax∉  or Ay∉  then λθµµ =∧∧ )()( yx . Thus 
.)()()( θµµλλαµ ∧∧=≥∨ yxyx  Assume  

Gzyx ∈,,  and Γ∈βα ,  such that Azx ∈, . Then 
θµ ≥)(x  and .)( θµ ≥z  Hence  

.)()()( θµµθλβαµ ∧∧=≥∨ zxzyx  If Ax∉  or Az∉  
then λθµµ =∧∧ )()( zx . Thus  

.)()()( θµµλλβαµ ∧∧=≥∨ zxzyx  Consequently 
µ  is a θλ ,( )-fuzzy bi Γ -ideal of G . 
3.5 Proposition 
If }:{ IiFi ∈  is a family of ( θλ, )-fuzzy bi Γ -ideals of 

an ordered Γ -semigroup G . Then i
Ii
F

∈
I  is an ( θλ, )-

fuzzy bi Γ -ideal of G . 
 Proof Let IiiF ∈}{   be a family of ( θλ, )-fuzzy bi Γ -ideals 

of G . Let Gyx ∈, , Γ∈α  and yx ≤ . Then 

θ
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Let Gzyx ∈,,  and Γ∈γβ , . Then, 
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Thus i

Ii
F

∈
I  is an ( θλ, )-fuzzy bi Γ -ideal of G . 

3.6 Theorem 
A fuzzy subset µ  of an ordered Γ -semigroup G  is a 
fuzzy bi Γ -ideal of G  if and only if each non-empty level 
subset );( tU µ  is a bi Γ -ideal of G  for all ],( θλ∈t . 
 Proof Let µ  be a ),( θλ -fuzzy bi Γ -ideal of .G  If there 
exist Gyx ∈, , ],( θλ∈t  with yx ≤  such that 

).;( tUy µ∈  Then ty ≥)(µ ,  since µ  is a ),( θλ -
fuzzy bi Γ -ideal of .G  Therefore  

λθθµλµ >=∧=∧≥∨ ttyx )()( . It implies that 
tx ≥)(µ . Thus ).;( tUx µ∈  Let Gyx ∈, , Γ∈α  and 

);(, tUyx µ∈  where ].,( θλ∈t  Then tx ≥)(µ  and 
,)( ty ≥µ  since µ  is a ),( θλ -fuzzy bi Γ -ideal of .G  

Hence 
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λθθµµλαµ >=∧∧=∧∧≥∨ tttzxyx )()()( . It 
implies that tyx ≥)( αµ . Thus ).;( tUyx µα ∈  Now 
assume Gzyx ∈,, , Γ∈βα ,  and );(, tUzx µ∈  
where ].,( θλ∈t  Then tx ≥)(µ  and ,)( tz ≥µ  since 
µ  is a ),( θλ -fuzzy bi Γ -ideal of .G  Therefore 

λθθµµλβαµ >=∧∧=∧∧≥∨ tttzxzyx )()()(
. It implies that tzyx ≥)( βαµ . Thus ).;( tUzyx µβα ∈  
Hence );( tU µ  is a bi Γ -ideal of G  for all ].,( θλ∈t  
Conversely, assume that );( tU µ  is a bi Γ -ideal of G  for 
all ].,( θλ∈t  If there exist Gyx ∈,  with yx ≤  such 
that ,)()( θµλµ ∧<∨ yx  then there exists ],( θλ∈t  
such that .)()( θµλµ ∧≤<∨ ytx  This shows that 

ty ≥)(µ  and tx <)(µ  so );( tUy µ∈ , since );( tU µ  
is a bi Γ -ideal of G . Therefore ),;( tUx µ∈  but this is a 
contradiction to tx <)(µ . Thus .)()( θµλµ ∧≥∨ yx  
If Gyx ∈,  and Γ∈α  such that  

,)()()( θµµλαµ ∧∧<∨ yxyx  then there exists 
],( θλ∈t  such that  

.)()()( θµµλαµ ∧∧≤<∨ yxtyx  This shows that 
tx ≥)(µ , ty ≥)(µ  and tyx <)( αµ  so  

);(, tUyx µ∈ , since );( tU µ  is a bi Γ -ideal of G . 
Therefore ),;( tUyx µα ∈  but this is a contradiction to 

tyx <)( αµ . Thus θµµλαµ ∧∧≥∨ )()()( yxyx  
for all Gyx ∈,  and .Γ∈α  Now let Gzyx ∈,,  and 

Γ∈βα ,  such that 
 ,)()()( θµµλβαµ ∧∧<∨ zxzyx  then there exists 

],( θλ∈t  such that  
.)()()( θµµλβαµ ∧∧≤<∨ zxtzyx  This shows that 

tx ≥)(µ , tz ≥)(µ  and tzyx <)( βαµ  so 
);(, tUzx µ∈ , since );( tU µ  is a bi Γ -ideal of G . 

Therefore ),;( tUzyx µβα ∈  but this is a contradiction to 
tzyx <)( βαµ . Hence  

θµµλβαµ ∧∧≥∨ )()()( zxzyx  for all Gzyx ∈,,  
and ., Γ∈βα  Consequently µ  is a ),( θλ -fuzzy bi Γ -
ideal of .G  
3.7 Theorem 
Let µ  be a fuzzy subset of G . If µ  is a ),( θλ -fuzzy bi 
Γ -ideal, then the following conditions hold: 
(1) ( θµλµ ∧≥∨∈∀ )()()(, yxGyx  with ),yx ≤  
(2) ( Gzyx ∈∀ ,, ) )( Γ∈∀α   
( θµµλαµ ∧∧≥∨ )()()( yxyx ). 
(3) ( Gzyx ∈∀ ,, ) ),( Γ∈∀ γβ  
 ( θµµλγβµ ∧∧≥∨ )()()( zxzyx ). 

If 0=λ  and 1=θ  then we have the following corollary. 
3.8 Corollary 
Every fuzzy bi Γ -ideal µ  of an ordered Γ -semigroup G  
is a ),( θλ -fuzzy bi Γ -ideal of G . 
3.9 Lemma 
A non-empty subset A  of an ordered Γ -semigroup G  is a 
bi Γ -ideal if and only if a characteristic function Aµ  of A  
is a ),( θλ -fuzzy bi Γ -ideal of G . 

Proof Suppose that A  is a bi Γ -ideal of G  and Aµ  is a 
characteristic function of .A  Let  Gyx ∈,  with .yx ≤  

If Ay∈  then 1)( =yAµ . Since A  is bi Γ -ideal and 
yx ≤  such that Ay∈  then .Ax∈  Therefore 

.1)( =xAµ  As θλ <  so we have 

.)()( θµλµ ∧≥∨ yx AA  

If Ay∉  then 0)( =yAµ . Hence  

.)()( θµλµ ∧≥∨ yx AA  
Now let Gyx ∈,  and Γ∈α  then we discuss the 
following Cases: 
Case 1 if Ayx ∈, , then ).(1)( yx AA µµ ==  
Since A  is bi Γ -ideal and Ayx ∈, , .Γ∈α  Therefore 

.Ayx ∈α  Hence .1)( =yxA αµ  Also .θλ <  Thus 

.)()()( θµµλαµ ∧∧≥∨ yxyx AAA  

Case 2 if Ayx ∉, , then ).(0)( yx AA µµ ==  Hence 

.)()()( θµµλαµ ∧∧≥∨ yxyx AAA  

Case 3 if Ax∈  and Ay∉  then 1)( =xAµ  and 

.0)( =yAµ  Thus .0)(0( =∧∧ θµµ yx AA  Therefore  

.)()()( θµµλαµ ∧∧≥∨ yxyx AAA  

Similarly for Ax∉  and Ay∈  then 0)( =xAµ  and 

.1)( =yAµ  It implies that .0)()( =∧∧ θµµ yx AA  

Hence in any case .)()()( θµµλαµ ∧∧≥∨ yxyx AAA  
for all Gyx ∈,  and Γ∈α . If there exist Gzyx ∈,,  
and Γ∈βα ,  then we discuss the following Cases: 

Case 1 if Azx ∈, , then ).(1)( zx AA µµ ==  Since A  is 
bi Γ -ideal and Azx ∈, , ., Γ∈βα  Therefore 

.Azyx ∈βα  Hence .1)( =zyxA βαµ  Also .θλ <  Thus 

.)()()( θµµλβαµ ∧∧≥∨ zxzyx AAA  

Case 2 if Azx ∉, , then ).(0)( zx AA µµ ==  Hence 

.)()()( θµµλβαµ ∧∧≥∨ zxzyx AAA  

Case 3 if Ax∈  and Az∉  then 1)( =xAµ  and 

.0)( =zAµ  Thus .0)()( =∧∧ θµµ zx AA  Therefore  

.)()()( θµµλβαµ ∧∧≥∨ zxzyx AAA  
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Similarly for Ax∉  and Az∈  then 0)( =xAµ  and 

.1)( =zAµ  It implies that .0)()( =∧∧ θµµ zx AA  
Thus in any case  

.)()()( θµµλβαµ ∧∧≥∨ zxzyx AAA  for all  

Gzyx ∈,,  and Γ∈βα , . Consequently Aµ  is a 
),( θλ -fuzzy bi Γ -ideal of .G  

Conversely, assume that Aµ  is a ),( θλ -fuzzy bi Γ -ideal 
of G . Suppose that Gyx ∈,  such that yx ≤  and 

.Ay∈  Then ,1)( =yAµ  since Aµ  is a ),( θλ -fuzzy bi 
Γ -ideal so 

.1
)()(
θθ
θµλµ

=∧=
∧≥∨ yx AA  

Since θλ <  therefore .)( θµ ≥xA  Hence .Ax∈  If there 
exist Gyx ∈,  and Γ∈α  such that ., Ayx ∈  Then 

),(1)( yx AA µµ ==  since Aµ  is a ),( θλ -fuzzy bi Γ -
ideal so 

.11
)()()(

θθ
θµµλαµ

=∧∧=
∧∧≥∨ yxyx AAA  

That is, .)( θαµ ≥yxA  Hence .Ayx ∈α  Now let 
Gzyx ∈,,  and Γ∈γβ ,  such that ., Azx ∈  Then 

),(1)( zx AA µµ ==  since Aµ  is a ),( θλ -fuzzy bi Γ -
ideal so 

.11
)()()(

θθ
θµµλγβµ

=∧∧=
∧∧≥∨ zxzyx AAA  

It implies that .)( θγβµ ≥zyxA  Hence .Azyx ∈γβ  
Therefore A  is a bi Γ -ideal of .G  
4. Regular ordered Г-semigroups in terms of (λ, θ)-

fuzzy bi Г-ideals 
In this section, we introduce the notion of θ

λµ  fuzzy subset 

of G . We prove that if µ  is a ),( θλ -fuzzy bi Γ -ideals of 

,G  then θ
λµ  is a fuzzy bi Γ -ideal of .G  We also 

characterize regular ordered Γ -semigroups by the 
properties of their ),( θλ -fuzzy bi Γ -ideals. 
4.1 Definition 
Let µ  be a fuzzy subset of an ordered Γ -semigroup ,G  

we define the fuzzy subset θ
λµ  of G  as follows: 

. allfor  })({)( Gxxx ∈∨∧= λθµµθ
λ  

 
4.2 Definition 
Let µ  and F  be fuzzy subsets of an ordered Γ -semigroup 

.G  Then we define the fuzzy subsets FF θ
λ

θ
λ µµ ∨∧ ,  

and Fθ
λµ o  of G  as follows: 

,}))({())((

,}))({())((

,}))({())((

λθµµ

λθµµ

λθµµ

θ
λ

θ
λ

θ
λ

∨∧=

∨∧∨=∨

∨∧∧=∧

xFxF

xFxF

xFxF

oo

 

for all .Gx∈  
4.3 Lemma 
Let µ  and F  be fuzzy subsets of an ordered Γ -semigroup 

.G  Then the following holds. 
(1)  )()( θ

λ
θ
λ

θ
λ µµ FF ∧=∧ . 

(2)  )()( θ
λ

θ
λ

θ
λ µµ FF ∨=∨ . 

(3)  ).()( θ
λ

θ
λ

θ
λ µµ FF oo =  

Proof The proofs are straightforward. 
4.4 Definition 
If Aχ  is the characteristic function of ,A  then θ

λχ )( A  is 
defined as: 

⎩
⎨
⎧

∉
∈

=
. if 
, if 

:)()(
Ax
Ax

xA λ
θ

χ θ
λ  

4.5 Lemma 
Let A  and B  be non-empty subsets of an ordered Γ -
semigroup .G  Then the following hold: 
(1)  θ

λ
θ
λ χχχ )()( BABA ∩=∧ . 

(2)  θ
λ

θ
λ χχχ )()( BABA ∪=∨ . 

(3)  .)()( ](
θ
λ

θ
λ χχχ BABA Γ=o  

Proof The proofs of (1) and (2) are obvious. For the proof of 
(3) let ]( BAx Γ∈ . Then 1)(]( =Γ xBAχ  and hence 

.}1{})({ ]( θλθλθχ =∨∧=∨∧Γ xBA  It implies that 

.)()( ]( θχ θ
λ =Γ xBA  Since ],( BAx Γ∈  we have 

bax α≤  for some Aa∈ , Bb∈  and Γ∈α . Then 

xAba ∈),(  and Ax φ≠ . Thus  

.]))}()([{(

))()((

}))({())((

),(

λθχχ

λθχχ

λθχχχχ θ
λ

∨∧∧≥

∨
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∧

⎭
⎬
⎫

⎩
⎨
⎧

∧=

∨∧=

∨
∈

ba

zy

xx

BA

BA
Azy

BABA

x

oo

 
Since Aa∈  and Bb∈ , we have 1)( =aAχ  and 

1)( =bBχ  and so  

θλθλθ
λθ

λθχχχχ θ
λ

=∨=∨∧=
∨∧∧=

∨∧∧≥

]1[
])}11[{(

]))}()([{())(( bax BABA o

 

Thus, ).()())(( ]( xx BABA
θ
λ

θ
λ χθχχ Γ==o  Let  

],( BAx Γ∉  then 0)(]( =Γ xBAχ  and hence,  
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.)0(})({ ]( λλθλθχ =∨∧=∨∧Γ xBA  So  

.)()( ]( λχ θ
λ =Γ xBA  Let .),( xAzy ∈  Then  

λθχχ

λθχχχχ θ
λ

∨
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∧

⎭
⎬
⎫

⎩
⎨
⎧

∧=

∨∧=

∨
∈

))()((

}))({())((

),(
zy

xx

BA
Azy

BABA

x

oo

 

Since ,),( xAzy ∈  then zyx β≤  for Γ∈β . If Ay∈  

and ,Bz∈  then BAzy Γ∈β  and so ]( BAx Γ∈ . This 
is a contradiction. If Ay∉  and Bz∈ , then  

.)10(

))()((

),(

),(

λλθ

λθχχ

=∨
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∧

⎭
⎬
⎫

⎩
⎨
⎧

∧=

∨
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∧

⎭
⎬
⎫

⎩
⎨
⎧

∧

∨

∨

∈

∈

x

x

Azy

BA
Azy

zy

 

Hence, ).()())(( ]( xx BABA
θ
λ

θ
λ χλχχ Γ==o  Similarly, 

for Ay∈  and Bz∉ , we have 

).()())(( ]( xx BABA
θ
λ

θ
λ χλχχ Γ==o

 
 
4.6 Theorem 
The characteristic function θ

λχ )( A  of A  is a ),( θλ -fuzzy 

bi Γ -ideal if and only if A  is a bi Γ -ideal of .G  
Proof Suppose that A  is a bi Γ -ideal of .G  Then by  
Lemma 3.9, θ

λχ )( A  is a ),( θλ -fuzzy bi Γ -ideal of .G  

Conversely, assume that θ
λχ )( A  is a ),( θλ -fuzzy bi Γ - 

ideal of .G  Let Gyx ∈,  and Γ∈α  be such that  

Ayx ∈, . It implies that θχ θ
λ =)()( xA  and 

θχ θ
λ =)()( yA  Since θ

λχ )( A  is a ),( θλ -fuzzy bi Γ -

ideal of .G  Therefore  

.},,{
}),()(),(){(min}),(){(max

θθθθ
θχχλαχ θ

λ
θ
λ

θ
λ

==
≥ yxyx AAA

 
Since .θλ <  Hence θαχ θ

λ =)()( yxA . It shows that 

.Ayx ∈α  Now if there exist Gzyx ∈,,  and Γ∈γβ ,  

such that Azx ∈, . Then θχ θ
λ =)()( xA  and 

θχ θ
λ =)()( zA  Since θ

λχ )( A  is a ),( θλ -fuzzy bi Γ -

ideal of G.  We have 

.},,{
}),()(),(){(min}),(){(max

θθθθ
θχχλγβχ θ

λ
θ
λ

θ
λ

==
≥ zxyx AAA

 
Since .θλ <  Hence θγβχ θ

λ =)()( zyxA . Therefore 

.Azyx ∈γβ  Consequently, A  is a bi Γ -ideal of .G  

4.7 Lemma 
The characteristic function θ

λχ )( A  of A  is a ),( θλ -fuzzy 

left (resp. right) Γ -ideal of an ordered Γ -semigroup G  if 
and only if A  is a left (resp. right) Γ -ideal of .G  
Proof The proof follows from Theorem 4.6. 
4.8 Proposition 
If µ  is a ),( θλ -fuzzy bi Γ -ideal, then θ

λµ  is a fuzzy bi 

Γ -ideal of .G  
Proof Assume that µ  is a ),( θλ -fuzzy bi Γ -ideal of .G  
If there exist Gzyx ∈,,  and ,, Γ∈βα  then  

}.),(),({min

)}()({
}}))({(}))({{(

}))()({(
}))()({(

}))({(
})({

}{})({
})({

}),})({({max
}),({max

θµµ

θµµ

θλθµλθµ
θλλθθµµ

θλθµµ
θλλβαµ

θλβαµ
λθλβαµ

λθβαµ
λλθβαµ

λβαµ

θ
λ

θ
λ

θ
λ

θ
λ

θ
λ

zx

zx
zx

zx
zx

zyx
zyx
zyx

zyx
zyx

zyx

=

∧∧=

∧∨∧∧∨∧=
∧∨∨∧∧∧=

∧∨∧∧≥
∧∨∨=

∧∨=
∨∧∨=

∨∧
=∨∧=

 

By similar way we can show the remaining part of the 
proposition. 
4.9 Corollary 
If }:{ Iii ∈µ  is a family of ),( θλ -fuzzy bi Γ -ideal of 

an ordered Γ -semigroups G , then θ
λµ )( i

Ii∈
I  is a ),( θλ -

fuzzy bi Γ -ideal of .G  
4.10 Lemma [16] 
An ordered Γ -semigroup G  is left (resp. right) simple if 
and only if GaG =Γ ](  (resp. GGa =Γ ]( ) for every 

.Ga∈  
4.11 Theorem 
An ordered Γ -semigroup G  is regular, left and right 
simple if and only if for every ),( θλ -fuzzy bi Γ -ideal µ  

of ,G  θ
λµ  is a constant function. 

Proof Assume that G  is regular, left and right simple and 
µ  is a ),( θλ -fuzzy bi Γ -ideal of G . We consider, 

eeeGeEG α≤∈= |{  for },Γ∈α  then ,GE φ≠   

because G  is regular, hence for every Ga∈ , there exists 
Gx∈  and Γ∈βα ,  such that axaa βα≤ , then 

)()()( xaxaxaxaxa αβααβαα =≤  and so  

.GExa ∈α  Let ., GEeb ∈  Since G  is left and right 

simple, by Lemma 4.10, it follows that ]( bGG Γ=  and 
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].( GbG Γ=  Since Ge∈ , we have ]( bGe Γ∈  and 
]( Gbe Γ∈ , then bxe γ≤  and ybe δ≤  for some 

Gyx ∈,  and Γ∈δγ , , and we have  
.)()()( bxybbxybee γαδγαδα ≤=  

Since µ  is a ),( θλ -fuzzy bi Γ -ideal of G , we have  

).(
))((

)()})()(({
)})()(({

))))(((
)))(((
)))(((

)()))(((
)})))(({(

}))({(
})({

}{})({
})({)(

b
b

bb
bb

bxyb
bxyb
bxyb
bxyb
bxyb

ee
ee
ee
eeee

θ
λ

θ
λ

µ

λθµ
θλθθµµ

θλθµµ
θλλγαδµ

θλγαδµ
θθλγαδµ

θλθλγαδµ
θλθγαδµ

θλλαµ
θλαµ

λθλαµ
λθαµαµ

=

∨∧=
∧∨∧∧∧=

∧∨∧∧≥
∧∨∨=

∧∨=
∧∧∨=

∧∨∧∨=
∧∨∧≥

∧∨∨=
∧∨=

∨∧∨=
∨∧=

 

Thus we have, 
).()()( ∗≥ bee θ

λ
θ
λ µαµ  

Since ,GEe∈  we have eee α≤  and so  

),(
))((

}{}))({(
}))({(

)))(((
))((

)())((
})({)(

ee
ee
ee
ee

e
e
e
ee

αµ

λθαµ
θλθθαµ

θλθαµ
θλλµ

θλµ
λθλµ

λθµµ

θ
λ

θ
λ

=

∨∧=
∧∨∧∧=

∧∨∧≥
∧∨∨=

∧∨=
∨∧∨=

∨∧=

 

it follows that ).()( eee αµµ θ
λ

θ
λ ≥  Thus, by )(∗ , we have 

).()( be θ
λ

θ
λ µµ ≥  On the other hand, since Ge∈ , by 

Lemma 4.10, we have ].(]( GeGeG Γ==Γ  Since 
Gb∈ , we have ]( eGb Γ∈  and ],( Geb Γ∈  then 

egb β≤  and etb γ≤  for some Gtg ∈,  and Γ∈γβ , . 
Thus, by the same arguments as above, we get 

).()( eb θ
λ

θ
λ µµ ≥  It follows that )()( be θ

λ
θ
λ µµ =  and 

hence, θ
λµ  is constant on .GE  

Now, let Ga∈ , then there exists Gx∈  and Γ∈βα ,  
such that axaa βα≤ . It follows that  

)()()( xaxaxaxaxa αβααβαα =≤  and  
).()()( axaxaxaxax βαββαββ =≤  Thus,  

,, GEaxxa ∈βα  it follows by the previous arguments, we 

get, ).()()( axbxa βµµαµ θ
λ

θ
λ

θ
λ ==  Since  

,)()()( aaxaaxaxaaxaxa ≥≥= γαβδγαβδγα   
we get,  

)()()(
]})([{]})([{

]})()([{
][]})()([{

]})()([{
}))()(({

}))()(({
]}))()(([{

}]{}))()(([{
)}))()((({

))((
))((

)())((
})({)(

baxxa
axxa

axxa
axxa
axxa
axaxa
axaxa
axaxa
axaxa
axaxa

a
a
a
aa

θ
λ

θ
λ

θ
λ

θ
λ

µβµαµ

λθβµλθαµ
λθβµαµ

θλθθβµαµ
θλθβµαµ
θλλβδγαµ

θλβδγαµ
θθλβδγαµ

θλθλβδγαµ
θλθβδγαµ

θλλµ
θλµ

λθλµ
λθµµ

=∧=

∨∧∧∨∧=
∨∧∧=

∧∨∧∧∧=
∧∨∧∧≥
∧∨∨=

∧∨=
∧∧∨=

∧∨∧∨=
∧∨∧≥

∧∨∨=
∧∨=

∨∧∨=
∨∧=

 

Thus ).()( ba θ
λ

θ
λ µµ ≥  Similarly we can show that 

).()( ab θ
λ

θ
λ µµ ≥  Therefore )()( ba θ

λ
θ
λ µµ =  and so, 

θ
λµ  is a constant function on G . 

Conversely, let Ga∈ . Then obviously, ]( aGΓ  is a bi Γ -
ideal of G  and Lemma 3.9, the characteristic function  

⎩
⎨
⎧

Γ∉
Γ∈

=→ ΓΓ ],( if 
],( if 

)(|]1,0[: ](]( aGx
aGx

xxG aGaG λ
θ

χχ a

is an ( θλ, )-fuzzy bi Γ -ideal of G . By hypothesis, since 
every ( θλ, )-fuzzy bi Γ -ideal is a constant function so for 

every ,Gx∈  we have, .)(]( cxaG =Γχ  Let GaG ⊂Γ ](  

and take Gt∈  such that ].( aGt Γ∉  Then 

,)(]( λχ =Γ taG  on the other hand, since ]( aGaa Γ∈α , 

we have ,)(]( θαχ =Γ aaaG  a contradiction, because every 

( θλ, )-fuzzy bi Γ -ideal is a constant function. Thus, 
GaG =Γ ]( . In a similar way, we have, ,]( GGa =Γ  

consequently, G  is left and right simple. Since 
].(]]((]( aGaaGaaGa ΓΓ=ΓΓ=Γ∈  Thus, G  is 

regular. 
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5. CONCLUDING REMARKS. 
In this paper, we investigated the more generalized form of 
fuzzy bi Γ -ideals of an ordered Γ -semigroup G  and gave 
the concept of a ),( θλ -fuzzy bi Γ -ideal of G . We proved 
that µ  is an ordinary fuzzy bi Γ -ideal for 0=λ  and 

.1=θ  We have also provided the necessary and sufficient 
conditions for both level subset );( tU µ  of µ  and a 

characteristic function  Aµ  of A  to be fuzzy bi Γ -ideals of 
the type ).,( θλ  Finally, we characterized regular ordered 
Γ -semigroups by the properties of their ),( θλ -fuzzy bi 
Γ -ideals. 
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