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Abstract In this paper, we introduce a considerable
machinery that permits us to characterize a number of special
(fuzzy) subsets in ordered semigroups. In this regard, we
generalize (Davvaz and Khan in Inform Sci 181:1759-1770
2011) and define (€, € Vg;)-fuzzy generalized bi-ideals in
ordered semigroups, which is a generalization of the concept
of an (a, f)-fuzzy generalized bi-ideal in an ordered semi-
group. We also define (€, € Vgy)-fuzzy left (resp. right)-
ideals. Using these concept, some characterization theorems
of regular, left (resp. right) regular, completely regular and
weakly regular ordered semigroups are provided. The upper/
lower parts of an (&€, € Vqi)-fuzzy generalized bi-ideal and
(€, € Vqy)-fuzzy left (resp. right)-ideal are given, and some
characterizations are provided.
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1 Introduction

A new type of fuzzy subgroup, that is, the («, f)-fuzzy
subgroup, was introduced in an earlier paper of Bhakat and
Das [1, 2] by using the combined notions of “belonging-
ness” and “quasi-coincidence” of a fuzzy point and a
fuzzy set. In particular, the concept of an (€, € Vg)-fuzzy
subgroup is a useful generalization of Rosenfeld’s fuzzy
subgroup [23]. Davvaz [6] introduced the concept of
(€, € Vg)-fuzzy sub-near-ring (R-subgroups, ideals) of a
near-ring and investigated some of their properties. Jun and
Song [8] discussed the general forms of fuzzy interior
ideals in semigroups. Davvaz and Khan [3] discussed some
characterizations of regular ordered semigroups in terms of
(o, p)-fuzzy generalized bi-ideals, where o, f € {€,q, €
Vg, € Nq} and o #€ Agq. Also, Khan et al. introduced the
concept of an (o, ff)-fuzzy interior ideals and gave some
basic properties of ordered semigroups in terms of this
notion (see [7, 12]). Kazanci and Yamak [13] introduced
the concept of a generalized fuzzy bi-ideal in semigroups
and gave some properties of fuzzy bi-ideals in terms of
(€, € Vg)-fuzzy bi-ideals. In [25], regular semigroups are
characterized by the properties of (€, € Vq)-fuzzy ideals.
Jun [9, 10] introduced the concept of (€, € Vgi)-fuzzy
subalgebras of a BCK/BClI-algebra. In [26], Shabir et al.
gave the concept of more generalized forms of (o, f)-fuzzy
ideals and defined (€, € Vg)-fuzzy ideals of semigroups,
by generalizing the concept of x;¢4, and defined x;q;4, as
A (x)+t+ k>1, where k € [0,1) (also see [11]). For
further reading regarding (o, f§)-fuzzy subsets and its gen-
eralization, we refer the reader to [4, 5, 21, 22].
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The topic of these investigations belongs to the theo-
retical soft computing (fuzzy structure). Indeed, it is well
known that semigroups are basic structures in many
applied branches like automata and formal languages,
coding theory, finite state machines and others. Due to
these possibilities of applications, semigroups and related
structures are presently extensively investigated in fuzzy
settings (see, e.g., monograph [20]).

Our aim in this paper is to introduce a new sort of fuzzy
generalized bi-ideals and fuzzy left (resp. right)-ideals in
ordered semigroup, called (€, € Vg;)-fuzzy generalized
bi-ideals and (€, € Vqy )-fuzzy left (resp. right)-ideals. Then,
some results are given in terms of (€, € Vgy)-fuzzy gen-
eralized bi-ideals and (€, € Vgy)-fuzzy left (resp. right)-
ideals in ordered semigroups and define the lower/upper
parts of these generalized fuzzy ideals. We characterize
regular, left and right regular, completely regular and weakly
regular ordered semigroups in terms of these notions.

2 Basic definitions and preliminaries

By an ordered semigroup (or po-semigroup), we mean a
structure (S,-, <) in which the following conditions are
satisfied:

(OS1) (S,-) is a semigroup,

(0S2) (S, <) is a poset,

(0S3) a<b—ax<bx and a<b — xa<xb for all
a,b,x €8S.

For subsets A, B of an ordered semigroup S, we denote
by AB = {ab € Sla € A,b € B}. If A C S we denote (A] =
{te S|t<h for some h € A}. If A = {a}, then we write
(a] instead of ({a}]. If A,B C S, then A C (4], (A](B] C
(AB], and (A 1] = (Al.

Let (S,-, <) be an ordered semigroup. A non-empty
subset A of S is called a subsemigroup of S if A2 C A.
A non-empty subset A of S is called a left (resp. right) ideal
of S if

. VaeS)(VbeA)(a<b— acA),
2. AS C A (resp.SA C A).

A non-empty subset A of an ordered semigroup S is
called a generalized bi-ideal [24] of S if

1. (VaeS)(VbeA)(a<b—acA),
2. ASA CA.

A non-empty subset A of an ordered semigroup S is
called a bi-ideal [14] of S if

. VaeS)(VbeA)(a<b— acA),
2. A2CaA,
3. ASA CA.

@ Springer

Note that every bi-ideal of S is a generalized bi-ideal of
S, but the converse is not true, as given in [24].

An ordered semigroup S is regular [14] if for every
a € S there exists, x € § such that a < axa, or equiva-
lently, we have (1) a€ (aSa] Va€S and (2) AC
(ASA] VA CS. An ordered semigroup S is called left
(resp. right) regular [19] if for every a € S there exists
x € S such that a < xa* (resp. a < azx), or equivalently,
(1) a € (Sa*](resp.a € (a*S]) Va € Sand(2)A C (SA?](
resp. A C (A%S]) VA CS. An ordered semigroup S is
called left (resp. right) simple [14, 15] if for every left
(resp. right) ideal A of S we have A = S and S is called
simple [14] if it is both left and right simple. An ordered
semigroup § is called completely regular [14], if it is left
regular, right regular and regular. An ordered semigroup
S is called left weakly regular [24], if for every a € S, there
exist x,y € S such that a < xaya, or equivalently, (1) a €
((Sa)’] YaeS and (2) AC((SA)’] VACS. Right
weakly regular ordered semigroups are defined similarly.
An ordered semigroup S is called weakly regular if it is
both a left and right weakly regular.

Note that if S is a commutative, then the concepts of
regular and weakly regular ordered semigroups coincide.

By B(a) (resp. L(a), R(a) and I(a)), we mean the gen-
eralized bi- (resp. left, right and two-sided) ideal of S gen-
erated by a(a € S)[24], and we have B(a) = (a U
aSal, L(a) = (a U Sa]l, R(a) = (a UaS] and I(a) = (a U
Sa U aS U SaS].

Now, we give some fuzzy logic concepts.

A function A : S — [0, 1] is called a fuzzy subset of S.

The study of fuzzification of algebraic structures has
started in the pioneering paper of Rosenfeld [23]. Rosenfeld
introduced the notion of fuzzy groups and successfully
extended many results from groups in the theory of fuzzy
groups. Kuroki [16, 17] studied fuzzy ideals, fuzzy bi-ideals
and semiprime fuzzy ideals in semigroups (also see [18]).

If 1 and p are fuzzy subsets of S, then A < u means
Mx) < w(x) for all x € S and the symbols A and V will
mean the following fuzzy subsets:

AANp: S — [0, 1)jx+— (A A p)(x) = A(x) A u(x)
— min{A(x), u(x)}

IVu: S —[0,1]jx+— (AV p)(x) = A(x) V u(x)
= max{(x), p(x)},

for all x € S.

A fuzzy subset A of S is called a fuzzy subsemigroup if
A(xy) > min{A(x), A(y)} for all x,y € S.

A fuzzy subset 4 of S is called a fuzzy generalized
bi-ideal [24] of S if

1. x<y— Ax)>Ay),
2. A(xyz) > min{A(x), A(z)} for all x,y,z € S.
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A fuzzy subset 4 of S is called a fuzzy left (resp. right)-
ideal [14] of S if

1. x<y— i(x)>Ay),
2. Axy) = A(y)(A(xy) = A(x)) for all x,y € S.

A fuzzy subset of S is called a fuzzy ideal if it is both a
fuzzy left and right ideal of S.

A fuzzy subsemigroup 4 is called a fuzzy bi-ideal [14] of
S if
L. x<y— Ax)>A>),
2. Alxyz) > min{i(x),A(z)} for all x,y,z € S.

Note that every fuzzy bi-ideal is a generalized fuzzy
bi-ideal of S. But the converse is not true, as given in [24].

Let S be an ordered semigroup and 4 is a fuzzy subset of
S. Then, for all t € (0, 1], the set U(4;1) = {x € S|A(x) >}
is called a level set of /.

Theorem 2.1 [14] A fuzzy subset 1 of an ordered semi-
group S is a fuzzy left (resp. right)-ideal of S if and only if
U(2;1) (5 0) wheret € (0, 1] is aleft (resp. right)-ideal of S.

Theorem 2.2 [3] A fuzzy subset 1 of an ordered semi-
group S is a fuzzy generalized bi-ideal of S if and only if
U(2;1) (5 0) where t € (0, 1] is a generalized bi-ideal of S.

Theorem 2.3 [14] A non-empty subset A of an ordered
semigroup S is a left (resp. right)-ideal of S if and only if

1 if XeAa
TS — [0, 1]]x— z4(x) = {0 ifx & A.

is a fuzzy left (resp. right)-ideal of S.

Theorem 2.4 [3] A non-empty subset A of an ordered
semigroup S is a generalized bi-ideal of S if and only if

1 if x €A,
s — 0l 0 = {15

is a fuzzy generalized bi-ideal of S.
If a € S and A is a non-empty subset of S, then
Aa = {(%1) €S x S|a§yz}

If 1 and u are two fuzzy subsets of S, then the product
Ao pof Aand yu is defined by:

Jop: s — [0,1)la— (o u)a)
{ VGO AuG) f A £,
0

V,2)€A,
if A, = 0.

Let 4 be a fuzzy subset of S, then the set of the form:
ify=ux

_Jte(0,1]
Ay) = {0 if y # x,

is called a fuzzy point with support x and value ¢ and is
denoted by [x; f]. A fuzzy point [x; #] is said to belong to

(resp. quasi-coincident with) a fuzzy set A, written as
[x;1] € A (resp. [x; flgA) if A (x) > ¢ (resp. 2 (x) + ¢ > 1). If
[x;1] € 2 or [x;t]gA, then we write [x;7] € VgA. The symbol
€ Vg means € Vg does not hold.

Generalizing the concept of [x; f]gA, in semigroups, Jun
[9, 10] defined [x; flgid, as A (x) + ¢+ k> 1, where
ke0,1).

3 (€, € Vgi)-fuzzy generalized bi-ideals

In what follows, let S denote an ordered semigroup unless
otherwise specified. In this section, we define a more
generalized form of (o, f)-fuzzy generalized bi-ideals of an
ordered semigroups S and introduce (€, € Vgy)-fuzzy
generalized bi-ideals S where o€ {€,q, € Aq, € Vq}
and k is an arbitrary element of [0,1) unless otherwise
specified.

Definition 3.1 A fuzzy subset 1 of S is called an
(€, € Vqy)-fuzzy generalized bi-ideal of S if it satisfies the
conditions:

. (Vx,yeS)(Vte (0,1)(x<y,[y;f] € 21—
[x; 1] € Vayl),

2. (Vx,y,z€8)(Vt,r € (0,1])([x;
[xyz;s A 1] € Vagil).

sle Ayt er—

Definition 3.2 A fuzzy subset A which is both an
(€, € Vqi)-fuzzy generalized bi-ideal and an (€, € Vgi)-
fuzzy subsemigroup of S is called an (€, € Vqy)-fuzzy bi-
ideal of S.

Example 3.3 Consider the ordered

{a’ b’ c7 d}

semigroup S =

< :={(a,a),(b,b),(c,c),(d,d),(a,b)}.

Define a fuzzy subset 4 of S as follows:

08 ifx=a
07 ifx=d
LS — [0, 1]jx— A(x) = 04 if x— ¢
03 ifx=0>b

Then, it is easy to calculate that 4 is an (&, € Vgy)-fuzzy
bi-ideal of S for k = 0.4.

Theorem 3.4 Let A be a generalized bi-ideal of S and
A a fuzzy subset in S defined by

@ Springer
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ifxeA
otherwise.

Ax) = {Ozlzk

Then

1. Aisa (g, € Vgi)-fuzzy generalized bi-ideal of S.
2. Ais an (€, € Vqi)-fuzzy generalized bi-ideal of S.

Proof

l. Letx,y€ S,x<y and t € (0, 1] be such that [y; f]q/.
Then y € A, A(y) +¢> 1. Since A is a generalized
bi-ideal of S and x<y € A, we have x € A. Thus
A(x) 2 Lk If 1 < 5k then 2 (x) > rand so [x;1] € 4.
Ift > 154 thenA()+t+k> Lhp Lkt k=1and
o [x; t]qk). Therefore, [x;¢] € Vgl Letx,y,z € S and
t,r € (0,1] be such that [x; f]q4 and [z; r]gA. Then
x,z€A,A(x)+t>1and 1 (y) +¢> 1. Since A is a
generalized bi-ideal of S, we have xyz € A. Thus
)t(xyz) LEoIf tAr>15E then Ax)+i1Ar+
k>1 k—i—l k—l—k—l and so [x; t A rlqed. If tA
r< 2", then 2 (x) >t A r and so [x;tAT] € A
Therefore, [x;t A r] € V.

2. Letx,ye S,x<yandt e (0,1] be such that [y;7] € /
Then 4 (y) >t and y €A. Since x<y €A, we have
x € A. Thus A(x) > £ If r < 15K then 4 (x) > 7 and
so el If t> 2", then /1( )+ t+k> Sh4
%Jr k=1 and so [x; f]lqiA. Therefore, [x;1] € V.
Let x,y,z € S and t,r € (0, 1] be such that [x; ¢in and
[z;7] € i Then x,z€A and xyz€A. Thus
Axyz) > SR It Ar> 55 then Ax) + 1A+ k>
%+12"+k— 1 and so [x, tA gt I e A r< K
then 2 (x) >t A r and so [x;tAr] € L. Therefore,
[x;t A 7] € Vgrd. Consequently, A is an (€, € Vgy)-
fuzzy generalized bi-ideal of S. O

If we take kK = 0 in Theorem 3.4, then we get the
following corollary:

Corollary 3.5 [3] Let A be a generalized bi-ideal of
S and A a fuzzy subset in S defined by

> LhifxeA
1= 73

A) { 0 otherwise.

Then

1. Aisa (g, € Vq)-fuzzy generalized bi-ideal of S.
2. Jis an (€, € Vq)-fuzzy generalized bi-ideal of S.

Theorem 3.6 Let A be a fuzzy subset of S. Then, A is
an (€, € Vqi)-fuzzy generalized bi-ideal of S if and only if

L (VxyeS)x<y — Ax) = 200) A 155,
2. (Vx,y,z€8)(Alxyz) = A(x) A A(z) ASE).

@ Springer

Proof Let 4 be an (€, € Vgy)-fuzzy generalized bi-ideal
of S. On the contrary, assume that there exist x,y € S, and
x <y such that A(x) <A(y) A15%. Choose 7 € (0,1] such
that A(x) <t < A(y) A15%. Then [y;1] € A but 1 (x) <t and
Ax)+t+ k<B4 5k 4 k=1, so [x;1]€ Ve, which is
a contradiction. Hence A(x)>A(y) A5 for all x,y € §
with x < y. If there exist x,y,z € § such that /(xyz)<
A(x) A Az) A % Choose t € (0, 1] such that A(xyz) <7<
A(x) A A(z) AN5E. Then [Z' 1] € A,[z;1] € A but A (xyz) <t
and A(xyz) + t +hk<FE+EL k=1, so [xyz flgi
Thus, [xyz;1]€ Vi, Wthh is a contradiction. Therefore,
Axyz) = A(x) A Az) ASE for all x,y,z € S.

Conversely, let [y;7] € Afort € (0,1]. Then A(y) >t
Now, A(x) > A(y) AL5E > AR Ifr > 155 then A(x) >
155 and A(x )+t+k > k4 Dk k=1, it follows that
[x gt <155 then A (x) > ¢ and so [x;7] € A. Thus,
[x;1] € Vgil. Let [x, f] € Aand [z;r] € A, then 4 (x) > ¢ and
2 (z) = r. Thus A(xyz) > A(x) AA(z) ASE > Ar ASEIE
tAr> 15K then Alxyz)>1* and A(xyz) —H/\r—i—
k > 1’k+ 17k+k: 1 and so [xyz; tA rlqud. If A
r< L5k then 1 (xyz) >t A r and hence, [xyz;t A 7] € /.
Thus [xyz, tAr] € Vg s and consequently, 1 is an
(€, € Vgr)-fuzzy generalized bi-ideal of S. O

If we take k = 0 in Theorem 3.6, we have the following
corollary.

Corollary 3.7 [3] Let A be a fuzzy subset of S. Then
A is an (€, € Vq)-fuzzy generalized bi-ideal of S if and
only if

1. (Vx,y€S)(x<y — Ax) > A(y) A0.5),

2. (Vx,y,z € 8)(Alxyz) > A(x) A A(z) A 0.5).
Theorem 3.8 A fuzzy subset A of S is an (€,€ Vqy)-
fuzzy generalized bi-ideal of S if and only if U(A;1)(# 0)
is a generalized bi-ideal of S for all t € (0,%].

Proof Assume that A is an (€, € Vg )-fuzzy generalized
bi-ideal of S. Let x,y € S be such that x<y € U(4;t)
where 7 € (0,55%]. Then A(y)>t and by Theorem 3.6,
A(x) > A(y) NS >t ALK = 1 Tt follows that x € U(Z;1).
Let x,z€ U(4¢) and y€S. Then A (x) >¢ and A
(z) = t and by Theorem 3.6,

Alxyz) > A(x) A A(z) A

Thus 4 (xyz) > t and so xyz € U(4;1). Therefore, U(4; 1) is
a generalized bi-ideal.

Conversely, assume that U(4;7)(# 0)) is a generalized
bi-ideal of S for all 7 € (0,5%]. If there exist x,y € S with

x <y such that A(x) <A(y) AL5%. Then A(x)<r<i(y) A
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5% for some 7 € (0,155]. Then, y € U(/;1) but x & U(4;1),
a contradiction. Thus 4(x) > A(y) A 5% for all x,y € S with
x <y. If there exist x,y,z€ S such that A(xyz)
<(x) A A(z) A5* Then there exists ¢ € (0,'54] such that

1 -k
N
It shows that A(x) > and A(z) >t but A(xyz) <ti.e., x,y €
U(4;t) but xay ¢ U(A;t), a contradiction. Therefore,
A(xyz) > A(x) A A(y) AN55E for all x,y,z € S. Hence by
Theorem 3.6, A is an (€, € Vq,)-fuzzy generalized bi-ideal
of S. |

A(xyz) <t < A(x) A A(z)

Example 3.9 Consider the ordered semigroup S = {a, b,
c, d}

a|a

a | a

S
Q|||

Q|||

< :={(a,a),(b,b),(c,c),(d,d),(a,b)}.

Then {a}, {a, b}, {a, c}, {a, d}, {a, b, c}, {a, ¢, d} and
{a, b, c, d} are generalized bi-ideals of S. But {a, c},
{a, d} and {a, c, d} are not bi-ideals of S. Define a fuzzy
subset 4 of S as follows:

08 ifx=a
0.7 ifx=d
A:S— [0, 1]jx+— A(x) = 04  ifr—c
03 ifx=bh
Then
S if 0<r<0.3
. Jiaedy if03<1<04
VA= o d) if04<1<0.7
] if 0.8<r<1

Then, by Theorem 3.8, A is an (€, € Vgi)-fuzzy general-
ized bi-ideal of S for k € (0,5%] with k = 0.4.

Note that every (&, € Vgi)-fuzzy bi-ideal of S is an
(€, € Vgi)-fuzzy generalized bi-ideal of S. However, the
converse is not true, in general, as shown in the following
example:

Example 3.10 Consider the ordered semigroup as shown
in Example 3.9, and define a fuzzy subset A as follows:

08 ifx=a
0 ifx=>
A:S— [0, 1]jx+— A(x) = 07 ifx—c
0 ifx=d

Then, we have

{a,c} if 0<r<0.7
U(4;t) =< {a} if 0.7<r<0.8
0 if 0.8<r<1

Then by Theorem 3.8, 1 is an (€, € Vg )-fuzzy generalized
bi-ideal of S for every k € [0, 1) but Ais not an (€, € Vgy)-
fuzzy bi-ideal of S, because U(4; 0.6) = {a,c} is a gen-
eralized bi-ideal but not a bi-ideal of S.

Proposition 3.11 Every (€, € Vq,)-fuzzy generalized bi-
ideal of a regular ordered semigroup S is an (€,€ Vqy)-
fuzzy bi-ideal of S.

Proof Leta,b € S and 1 an (€, € Vqy)-fuzzy generalized
bi-ideal of S. Since S is regular, there exists x € S such that
b < bxb. Then

Aab) > Ma(bxb) = Aa(bx)b) > {/l(a) A A(b) A %}

This means that 1 is an (€, € Vgy)-fuzzy subsemigroup of
S. Thus, 4 is an (€, € Vg)-fuzzy bi-ideal of S. O

Proposition 3.12 Every (€,€ Vq,)-fuzzy generalized
bi-ideal of a left weakly regular ordered semigroup S is
an (€, € Vqy)-fuzzy bi-ideal of S.

Proof Leta,b € S and 1 an (€, € Vqy)-fuzzy generalized
bi-ideal of S. Since S is left weakly regular, there exist
x,y € S such that b < xbyb. Then

Alab) > A(a(xbyb) = A(a(xby)b) > {i(a) N A(b) A %}

This means that 1 is an (€, € Vgy)-fuzzy subsemigroup of
S. Thus 4 is an (€, € Vgi)-fuzzy bi-ideal of S. O

Remark 3.13 From Proposition 3.11 and 3.12, it follows
that in regular and left weakly regular ordered semigroups,
the concepts of (€, € Vqy)-fuzzy generalized bi-ideals and
(€, € Vqy)-fuzzy bi-ideals coincide.

Proposition 3.14 If 1 is a nonzero (€,€ Vqi)-fuzzy
generalized bi-ideal of S. Then the set Ay = {x € S|A(x)
> 0}is a generalized bi-ideal of S.

Proof Let A be an (€, € Vqi)-fuzzy generalized bi-ideal
of S.Letx,y € S,x<yandy € 4. Then, 4 (y) > 0. Since 1
is an (€, € Vqi)-fuzzy generalized bi-ideal of S, we have

1—
Ax) > Aly) A Tk > 0, because A(y) > 0.

Thus A (x) >0 and so x € Jy. Let x,z€ 2o and y € S.
Then, A (x) > 0 and A (z) > 0. Now,
1—k
Axyz) > A(x) A Az) A 5

> 0, because A(x) > 0 and A(z) > 0.
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Thus xyz € 49 and consequently, A o is a generalized
bi-ideal of S. ]

Lemma 3.15 A non-empty subset A of S is a gen-
eralized bi-ideal if and only if the characteristic function y
A of A isan (€, € Vqi)-fuzzy generalized bi-ideal of S.

Proof The proof is straightforward. O

Definition 3.16 A fuzzy subset 1 of S is called a
(€, € Vqyr)-fuzzy left (resp. right) ideal of S if it satisfies the
conditions:

1. (Vx,y € S,Vt e (0,1]such that x<y)
(1] € 4 — [x;1] € Vaid),
2. (Vx,ye8)(Vte (0,1])([y;t] € 4 —
[(v); 1] € Var)(resp.[(yx); 1] € Vaid).
A fuzzy subset / is called (€, € Vgy)-fuzzy idealif it is
both an (€, € Vg )-fuzzy left and right ideal of S.

Theorem 3.17 Let A be a left (resp. right)-ideal of S
and ). a fuzzy subset in S defined by

ifxeA
otherwise.

1k
>3

Mx) = {O

Then

1. Aisa (g, € Vqi)-fuzzy left (resp. right)-ideal of S.
2. Ais an (€, € Vgy)-fuzzy left (resp. right)-ideal of S.

Proof The proof follows from Theorem 3.4. O

Theorem 3.18 Let A be afuzzy subsetof S.Then A isan
(€, € Vqi)-fuzzy left (resp. right)-ideal of S if and only if

L (Vx,y €8)(x<y — A(x) > A(y) AL5h),
2. (Vx,y € S)(Alxy) > Aly) A5 (resp.A(xy) > A(x)
A1),

Proof The proof follows from Theorem 3.6. O

Theorem 3.19 A fuzzy subset ). of S is an (€,€ Vgy)
~fuzzy left (resp. right)-ideal of S if and only if U(A;1)
(#£ 0) is a left (resp. right)-ideal of S for all t € (O,%].

Proof The proof follows from Theorem 3.8. U]

4 Upper and lower parts of (¢, € Vg, )-fuzzy
generalized bi-ideals

In this section, we define the upper/lower parts of an
(€, € Vqp)-fuzzy generalized bi-ideal and characterize
regular and left weakly regular ordered semigroups in
terms of (€, € Vgy)-fuzzy generalized bi-ideals and
(€, € Vqy)-fuzzy left (resp. right)-ideals.

@ Springer

Definition 4.1 Let 4 and u be a fuzzy subsets of S. Then,

the fuzzy subsets Ik, AN, (A VAT, and (4 o* )~ of
S as follows:

728 0,1 o 2(0) = A AT

(LA ) 28— [0, 1w (A 1)) = (AR () AT

(V) 28— [0, 1l (V4 1) () = (V) () A
k

(k1) S — [0, i (o ) = (o) (1) AT

for all x € S.

Lemma 4.2 Let A and p be fuzzy subsets of S. Then
the following hold:

L (Anp) = (Zk/\ﬁk>,
2. (AVRp) = (Ik vn"),
3. (i ok ,u)7: (Ik ) ﬁk>.

Proof The proof follows from [26]. |

Let A be a non-empty subset of S, then the upper and
lower parts of the characteristic function y % are defined as
follows:

-k
—k —k = ifxeA

: 0,1 ) =< 2 .

Za S — 0 1]wi— 74 (%) { 0 otherwise,

Lemma 4.3 Let A and B be non-empty subset of S.
Then the following hold:

Lo O A 28)” = Thrps
2' (XA vk 23)7 = ZIIZUBa
3. (o) = 7](<AB]'

Proof The proofs of (1) and (2) are obvious.

(3) Let x€ (AB]. Then y @p(x) =1 and hence
Ziag(x) = 1 A15E =155 Since x € (AB], we have x < ab
for some a € A and b € B. Then (a,b) € A, and A, # 0.
Thus

_ 1—k
(XA ot XB) (x) = (ta © x5)(x) A T
1—k
= V (b)) N——
(y,2)€Ax
1—k
> (xala) A rp(b)) /\T-
Since a €A and b€ B, we have y 4(a) =1 and

% s(b) = 1 and so
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(1 o 7)) = (10 (@) A 75(0)) A 22

2
1-k 1—k

Thus, (14 o* 1) (x) = 55 = ZIZAB] (x). Let x ¢ (AB],
then 7 (ap(x) = 0 and hence, 7’(‘AB] (x) =0ALE=0. Let
(y,z) € A,. Then

1 -k

(Xa ot xg) (X)) = (xa 0 2x5)(x) A 5

= |V @) A | At

(7,2 €A

Since (y,z) € A,, then x < yz. If y € A and z € B, then
yz € AB and so x € (AB]. This is a contradiction. If y ¢ A
and z € B, then

1—k%
\V (a0 Azs@) | A
(v,2)€Ax
1—-k
=V oA N——=0.
(_\)‘Z)GA)—

Hence, 7’(‘AB] (x) =0 = (4 o* x5) " (x). Similarly, for y €
A and z ¢ B, we have Q’EAB] (x) =0=(gy % yp) (x). O

Lemma 4.4 The lower part Zﬁ of the characteristic
function y o of A is an (€,€ Vqy)-fuzzy generalized
bi-ideal of S if and only if A is a generalized bi-ideal
of S.

Proof Let A be a generalized bi-ideal of S. Then, by
Theorems 2.3 and 3.15, 7% is an (€, € Vg)-fuzzy gen-
eralized bi-ideal of S. Conversely, assume that Zf‘ is an
(€, € Vgr)-fuzzy generalized bi-ideal of S. Let x,y € S,
x<y If yeA, then 7,(y)=15*. Since 7, is an
(€, € Vqy)-fuzzy generalized bi-ideal of S, and x < y, we
have, 7% (x) > 74 () AL5E =155 Tt follows that 7% (x) =
kandsox € A. Letx,z € Aand y € S. Then, 74 (x) =
and 74 (z) = 5%, Now,

1-k
2

Th(0y2) > 75 () AT (D) AN—— = ——.

Hence 7 (xyz) = 15* and so xyz € A. Therefore, A is a
generalized bi-ideal of S. O

Lemma 4.5 The lower part Z’; of the characteristic
function y o of A isan (&, € Vqy)-fuzzy left (resp. right)-
ideal of S if and only if A is a left (resp. right)-ideal
of S.

Proof The proof follows from Lemma 4.4. O

In the following Proposition, we show that if 4 is an

(€, € Vqi)-fuzzy generalized bi-ideal of S, then Ik is a
fuzzy generalized bi-ideal of S.

Proposition 4.6 If /. is an (€, € Vqy)-fuzzy generalized
bi-ideal of S, then Zk is a fuzzy generalized bi-ideal of S.

Proof Letx,y €S, x <y.Since 4is an (€, € Vgq;)-fuzzy
generalized bi-ideal of S and x < y, we have A(x) > A(y) A

£ It follows that A(x) A5E >2(y) AL5E, and hence

Zk(x) > Zk(x). For x,y,z€ S, we have A(xyz) > A(x) A

AMz) NS5 Then  Alxyz) AR >A(x) A A(z) ANSE =
(2(x) AE) A (Az) A5E), and so 7 0ov2) = 7 () AT ().
Consequently, Ik is a fuzzy generalized bi-ideal of S. [

In [24], regular and left weakly regular ordered semi-
groups are characterized by the properties of their fuzzy
left (resp. right) and fuzzy generalized bi-ideals. In the
following, we characterize regular, left weakly regular, left
and right simple and completely regular ordered semi-
groups in terms of (€, € Vg)-fuzzy left (resp. right) and
(€, € Vqy)-fuzzy generalized bi-ideals.

Lemma 4.7 [14] An ordered semigroup S is left (resp.
right) simple if and only if (Sa] = S (resp. (aS] = S) for
every a € S.

Proposition 4.8 If S is regular, left and right simple
ordered semigroup, then for every (€, € Vqy)-fuzzy gene-
ralized bi-ideal ) of S we have Ik(a) = Ik(b)7f0r every
a,b es.

Proof Assume that S is regular, left and right simple and
A an (€, € Vgy)-fuzzy generalized bi-ideal of S. We con-
sider, Es = {e € S|e < ¢€*}, then Es # (), because S is reg-
ular, hence for every a € S, there exists x € § such that
a < axa , then ax < (axa)x = (ax)(ax) = (ax)2 and so
ax € Eg. Let b,e € Es. Since S is left and right simple, by
Lemma 4.7, it follows that S = (Sh] and S = (bS]. Since
e € S, we have e € (Sh] and e € (bS], then e < xb and
e < by for some x,y € S, and we have

e? = (by)(xb) < b(yx)b.

Since /4 is an (€, € Vgy)-fuzzy generalized bi-ideal of
S, we have

V
N
N
S
S~—
>
S
—~
S
S~—
>

—_
N‘ .
kS
N———
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k

742 =T ) (%).

Sincee € Es, wehavee < e*andso A(e) > A(e?) AL it
follows that A(e) A 5% > 2(e?) AL5%, and so 7 (e) > 74 (e?).
Thus, by (), we have Ik(e) > 7 (b). On the other hand, since
e € S,byLemma4.7, we have (Se] = S = (eS]. Sinceb € S,
we have b € (Se] and b € (eS], then b < se and b < fe for
some s,¢ € S. Thus, by the same arguments as above, we get
zk(b) > Ik(e). It follows that Ik(b) = Ik(e) and hence 7 is
constant on Ejg.

Now, let a € S, then there exists x € S such that
a < axa. It follows that ax < (axa)x = (ax)(ax) = (a)c)2
and xa < x(axa) = xa)(xa) = (xa)z. Thus, ax,xa € Eg, it

—k
) =4 (b) =

(axa)xa > axa > a, we have,

follows by the previous arguments, zk(ax
7 (xa). Since (ax)a(xa) =
1—k

> ()t(ax) A A(xa) /\zl%k> Al—;k

- (z(ax) /\%) A <A(xa) /\%)

Thus A(a) A Tk > (Aax) A5 k) A (A(xa) A1FE) and we
—k

have 7' (a)zﬂu (ax) A2 (xa) = 7 (b). Since b € (Sa] and
€ (aS], we have b < pa and b < agq for some p,q € S.
Then b* < (ag)(pa) = a(gp)a and we have

Ma) = A((ax)a(xa)) A

hence, A(b*) AL5E > A(a) ALFE and we have, Ik(bz) >

Zk( ). Since b € Es, we have, b> > b, then A(b) > A(b*) A

Lk and so A(b) NFE> /l(bz) AR it follows  that
<k

b )>/1 (b%) and so z (b) >7"(a). Thus, 7 (b) = 7' (a)
and so, )v is a constant function on S. O
Lemma 4.9 [14] An ordered semigroup S is completely

regular if and only if for every A CS, we have,
A C (A%SA?).

Theorem 4.10 An ordered semigroup S is completely
regular if and only if for every (€, € Vqy)-fuzzy generalized
bi-ideal of S, we have

7 (a) = 7 ()
Proof — Let a € S. Since § is completely regular, by
Lemma 4.9, a € (a®Sa?]. Then, there exists x € S, such that

for every a € S.

@ Springer

a < a’xa’. Since . is an (€, € Vq)-fuzzy generalized

bi-ideal of S, we have

Ma)> z(a%m)ﬂ;k
> (z(az) A M) /\1—2k> /\I—;k
:()»((1%/\%)
z(z(am;( )/\¥>/\%
')
Thus, ;L()ATkz/l HA Tkz/l()A Sk, and it
follows that 7 (a) > 7 (a?) > 7'(a). Thus 7 (a) = 7 (a?)

for every a € S.

<= Let a € S. We consider the generalized bi-ideal
B(a*) = (a®U a*Sa®] of S, generated by a*(a € S). Then,
by Lemma 4.4,

-k 2
& _J5 ifaeB(a)
XB(“Z)(a) { 0  otherwise

is an (€, € Vqy)-fuzzy generalized bi-ideal of S. By
hypothesis, we have

%g((ﬂ) (az) = Z]é(az) (a) .

Since a* € B(a*), we have, Zﬁ(uz)(az) =L

Z’;(az)(a) =1k Thus, a € B(d?
If a§a2, then a<da?=aa<d*a®=
and a € (a’Sa?]. If a < dxd’,
then a € a®Sa® and a € (a®Sa®]. Thus, S is completely
regular. 0

and hence,

) and hence, a < a® or

2

[S]

2
a < axa.
aad® < a*aa® € a*Sa?

Lemma 4.11 [24] Let S be an ordered semigroup, then
the following conditions are equivalent:

1. S is regular,

2. BNLC (BL] for every generalized bi-ideal B and left
ideal L of S,

3. B(a)NL(a) C (B(a)L(a)] for every a € S.

Theorem 4.12 An ordered semigroup S is regular if

and only if for every (€, € Vqy)-fuzzy generalized bi-ideal

A and (€, € Vaqy)-fuzzy left ideal p of S, we have

(A )= (2okp).

Proof Suppose that 4 is an (€, € Vg )-fuzzy generalized
bi-ideal and p an (€, € Vgi)-fuzzy left ideal of a regular
ordered semigroup S. Let a € S. Since S is regular, there
exits x €S such that a < axa < (axa)(xa). Then
(axa,xa) € A, and A, # . Thus,
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(Lo 1) (@) = (o (@) AT
= |V G0 aue)| At
(v.2)€Aq
1—k

> (Maxa) A p(xa)) A —
Since A is an (€, € Vgi)-fuzzy generalized bi-ideal

and ¢ an (€, € Vqgi)-fuzzy left ideal of S, we have
Maxa) > A(a) A Aa) NFE = A(a) N5E and p(xa) > p(a)

ALE. Therefore,
(1o 5 '3
=/ (a) N i (a)

Y

Aaxa) A p(xa) /\—}

Thus (Ao*u) (a)> (AN ) (a).

Conversely, assume that (AAfpu) < (Aofpu)  for
every (€,€ Vqi)-fuzzy generalized bi-ideal A and
every (€,€ Vqi)-fuzzy left ideal u of S. To prove
that S is regular, by Lemma 4.11, it is enough to prove

that
BNLC (BL] for generalized bi-ideal B and left ideal L of S.

Let xe BNL. Then x&€B and x<L. Since B is a
generalized bi-ideal and L a left ideal of S, by Lemma 4.4
and 4.5, 7% is an (€, € Vg )-fuzzy generalized bi-ideal and
7% an (€, € Vgy)-fuzzy left ideal of S. By hypothesis, (y; of
) 092 () ()= (A M5 Sine xe
and x € L, we have 75 (x) =15% and 7} (x) = 5%, Thus (x4 A
IV () ANSE =2k (x) Ak (x )/\12"— Lk 1t follows that
(28°* 11)” (x) =15%. By using Lemma 4.3 (3), we have
(159" 21)” =7(py)- Therefore, Z(z,(x)=13* and so xe
(BL). Consequently, S is regular. O

Lemma 4.13 [24] Let S be an ordered semigroup, then
the following conditions are equivalent:

1. S is regular,
B N I = (BIB] for every generalized bi-ideal B and
ideal I of S,
3. B(a)NI(a) = (B(a)l(a)B(a)] for every a € S.
Theorem 4.14 An ordered semigroup S is regular if
and only if for every (€, € Vqy)-fuzzy generalized bi-ideal
A and every (€, € Vqi)-fuzzy ideal p of S, we have

(/l Ak ,u)ij (i of ok )»)7.

Proof Suppose that 1 is an (€, € Vgy)-fuzzy generalized
bi-ideal and p an (€, € Vgy)-fuzzy left ideal of a regular
ordered semigroup S. Let a € S. Since § is regular, there

exits x € § such that a < axa < (axa)(xa) = a(xaxa).
Then (a,xaxa) € A, and A, # (. Thus,

_ 1—k
(Aok ok 2) (a) =

()Vok,uo/l)(a)/\T

V Gt )i | Aty

(y,2)€Aa
X 1—k 1—k
= V|V (Gruaat ) e | a5
(v2)€Aa | (Pg)EAa

=V VG0 A n i) A

(v2)€Aa (p,9) €A

V VG Aw@) A

(9,2)€Aq (P19)€AL

> (Ala) A u(xax) A A(a)) A

((Alp) A ulg

i(z))/\%

—k

Since ¢ an (€,€Vg;)-fuzzy ideal of S, we have
pi(xax) > p(ax) A15E > (u(a) A155) ALSE. Therefore,
11—k

[A(a) A pi(xax) A Ala) A T}

> (i(a) /\1;k> A <,u(a) /\1;k>
=/ (a) N p ()

Thus (4 o* uok 2) (a) > (A A" 1) (a).

Conversely, assume that (A AF )" < (20F po 2)™ for
every (€, € Vqi)-fuzzy generalized bi-ideal 4 and every
(€, € Vqi)-fuzzy ideal u of S. To prove that S is regular, by
Lemma 4.13, it is enough to prove that

BN1IC (BIB] for generalized bi-ideal B and ideal I of S.

Let xe BNI. Then x€B and x<. Since B is a
generalized bi-ideal and [ an ideal of S, by Lemma 4.4 and
4.5, 7% is an (€, € Vqy)-fuzzy generalized bi-ideal and 7*
an (€, € Vgy)-fuzzy ideal of S. By hypothesis, (i o* y; of
18) ()= (i N )~ (x) = (x’é A ) (x) A "“- Since x € B
and x € I, we have 75 (x) = 5% and 7} (x) = 15%. Thus (5 A
15 (%) ANSE = 7k (x0) Ay (x )/\12"—12—". It follows that
(28 °* 29" x3)”(x) =15%. By using Lemma 4.3 (3), we
have (750" 1, 0" 15)” = Y’EBIB]' Therefore, TEBIB] (x) =13*
and so x € (BIB]. Consequently, S is regular. O

Lemma 4.15 [24] Let S be an ordered semigroup, then
the following conditions are equivalent:

1. S is regular,

2. RNBNLC (RBL] for every right ideal R, generalized
bi-ideal B and left ideal L of S,

3. R(a)NB(a) NL(a) C (R(a)B(a)L(a)] for every a € S.
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Theorem 4.16 An ordered semigroup S is regular if
and only if for every (€,€ Vqy)-fuzzy generalized bi-
ideal u, every (€,€ Vqi)-fuzzy right ideal A and every
(€, € Vqi)-fuzzy left ideal p of S, we have,
(ANpAp) = (lopop) .

Proof Let S be a regular ordered semigroup, y an
(€, € Vgi)-fuzzy generalized bi-ideal, . an (€, € Vgy)-
fuzzy right ideal and p an (€, € Vgy)-fuzzy left ideal of
S. Let a € S. Since S is regular, there exits x € S such that
a < axa = axa < (axa)(xa) < (axa)x(axa) = (ax)(axa)
(xa). Then ((ax)(axa),xa) € A, and A, # (. Thus,

1—k

(iokﬂop)(a)/\T

VG nn) | A1

(r:2)€Aq

ViV

(r2)€Aq | (P.q)€AL

=V VI

(72)€Aa (P.q) €A

=V V) Ara) A pe) A

(r,2)€Aq (P,9) €A

(ot ot ) (@) =

/\l—k
2

(G Au@) A1 55) ot

1—k

(4(p) Alg)) A p(2)) A

1—k
> (Alax) A p(axa) A p(xa)) /\T.
Since 4 an (€, € Vg )-fuzzy right ideal p an (€, € Vgy)-

fuzzy generalized ideal and p an (€, € Vgy)-fuzzy left ideal
of S, we have A(ax)>A(a) A5, u(axa) > p(a) A p(a) N5E
12K Therefore,

and p(xa) > p(a) N
[ (ax) A pu(axa) A p(xa)/\l_k}
)A%) A (p(a)/\%)

(15
o5

J (@) A (a) N p (a

Thus (Ao* uokp) (a)> (AN un*p) ™ (a).

Conversely, assume that (2 A* u AF p) < (2 0k ok p)~
for every (€, € Vqi)-fuzzy right ideal 4 , every (€, € Vqy)-
fuzzy generalized ideal u and every (€, € Vg )-fuzzy left
ideal p of S. To prove that § is regular, by Lemma 4.15, it is
enough to prove that

RNBNLC (RBL] for right ideal R, generalized bi-ideal B
and left ideal L of S.

Let x€e RNBNL. Then x€R, x€ B and x € L. Since
R is aright ideal, B a generalized bi-ideal and L a left ideal

@ Springer

of S, by Lemma 4.4 and 4.5, 7% is an (€, € Vg )-fuzzy right
ideal, 7% an (€, € Vg )-fuzzy generalized bi-ideal and 7% an
(€, € Vqr)-fuzzy left ideal of S. By hypothesis, (3 o y of
2)” () > (i N N )™ () = (i A g A ) (0) AR

Since x € R, x € Band x € L, we have 74 (x) = 15£, 75 (x) =

Lk and 76(x) =15%. Thus (7 A b A k) (x) Al5E=
k

2
1 (6) Al A () A
71)” (x) =15%. By using Lemma 4.3 (3), we have (ygof
79" 1) = 7]({RBL}' Therefore, 7]({RBL] (x) =15*
(RBL)]. Consequently, S is regular. O

=15k Tt follows that (o 50

and so x €

Lemma 4.17 [24] Let (S, -, <) be an ordered semigroup,
then the following conditions are equivalent:

1. S is left weakly regular,
2. INL C(IL] for every ideal I and left ideal L of S,
3. I(a) NL(a) C (I(a)L(a)] for every a € S.

Theorem 4.18 An ordered semigroup (S,-, <) is left
weakly regular if and only if for every (€, € Vqy)-fuzzy
ideal J and every (€, € Vqy)-fuzzy left ideal p of S,
we have

(AN u)” = (o).

Proof Suppose that 1 is an (€, € Vgy)-fuzzy ideal and p
an (€, € Vqy)-fuzzy left ideal of a left weakly regular
ordered semigroup S. Let a € S. Since § is left weakly
regular, there exits x,y € S such that a < xaya = (xa)(ya).
Then (xa,ya) € A, and A, # ). Thus,

(Lo 1) (@) = (o w)(a) A1

= |V G aue)| A1t
(7,2)€Aq
1—k

2 (A(xa) A p(ya)) A —
Since 1 is an (€, € Vgi)-fuzzy ideal and g an
(€, € Vgi)-fuzzy left ideal of S, we have A(xa) > A(a) A

£ and p(ya) > p(a) A15E. Therefore,

{/l(xa) A ulya) A 1;"} > (;L(a) A 1;")

(o 5)

— (@) N4 ()

Thus (Z0f )~ (a) > (AAF 1) (a).

Conversely, assume that (AAfp) =< (A0fu)" for
every (€, € Vqy)-fuzzy ideal 4 and every (€, € Vg )-fuzzy
left ideal u of S. To prove that S is left weakly regular, by
Lemma 4.17, it is enough to prove that
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INLC(IL] for ideal I and left ideal L of S.

LetxeINL. Then x € I and x € L. Since I is an ideal
and L a left ideal of S, by Lemma 4.4 and 4.5, 7’1‘ is an
(€, € Vqi)-fuzzy ideal and 7 an (€, € Vqi)-fuzzy left

ideal of S. By hypothesis, (y; 0% ;)" (x) > (x, A*
7)) () = (5 A xp)(x) ALSEL Since x €1 and x € L, we
have (x) =15% and 7% (x) =155, Thus (F A k) (x) A

%)

=@ A x) ASE=1E Tt follows that (y; o
XL) (x) =Lk By using Lemma 4.3 (3), we have (y; of
1) = 7]((11,]' Therefore, 7»](31‘] (x) =13 and so x € (IL].
Consequently, S is left weakly regular. U

Lemma 4.19 [24] Let S be an ordered semigroup, then
the following conditions are equivalent:

1. S is left weakly regular,

2. INB C (IB] for every generalized bi-ideal B and
every ideal I of S,

3. I(a) NB(a) C (I(a)B(a)] for every a € S.

Theorem 4.20 An ordered semigroup (S,-, <) is left
weakly regular if and only if for every (€, € Vqp)-fuzzy
ideal A and every (€, € Vqy)-fuzzy generalized bi-ideal
of S, we have

(AN 1) = (2o p).

Proof Suppose that 1 is an (€, € Vg )-fuzzy ideal and p

n (€, € Vgi)-fuzzy generalized bi-ideal of a left weakly
regular ordered semigroup S. Let a € S. Since S is left
weakly regular, there exits x,y € § such that a < xaya <
x(xaya)ya = (x*ay)(aya). Then (x*ay,aya) € A, and A, #
. Thus,

(o 1) (@) = (Lo w)(a) A1

= |V o) nue)| A5

(}’-,Z)EA(,

> (3(va) A u(ya)) At

2

Since 1 is an (€, € Vgi)-fuzzy ideal and g an
(€, € Vqi)-fuzzy generalized bi-ideal of S, we have
AxPay) > Aay) AMFE > (A(a) ANSE) ASE = A(a) N 1FE
and p(aya) > u(a) A p(a) A5E = p(a) A5E. Therefore

A(Xay) A p(aya) A %] > (l(a) ﬂ)

(1@ A 155

= A" (a) N i (a)

Thus (0% u) (a) > (AA* 1) (a).

[\

>
)
==

Conversely, assume that (AAfu) < (Aofu)  for
every (€, € Vqi)-fuzzy ideal 1 and every (€, € Vgy)-fuzzy
generalized bi-ideal u of S. To prove that S is left weakly

regular, by Lemma 4.19, it is enough to prove that

INBC (IL] forideal I and generalized bi-ideal B of S.

Let x€eINB. Then x € I and x € B. Since [ is an ideal
and B a generalized bi-ideal of S, by Lemma 4.4 and 4.5, Z’,‘
is an (€, € Vgi)-fuzzy ideal and 75 an (€, € Vqy)-fuzzy

generalized bi-ideal of S. By hypothesis, (y; o

18) " () = (N p) ™ (x) = (AII‘AX'E;)(JC)A%- Since x €/
and x € B, we have 7j(x) =15* and 7}(x) =15%. Thus
(XI/\/(B)(X)/\%_XI( ) A 2 (x )/\%:%~ It follows

that (y;of y5)” (x) ='3%. By using Lemma 4.3 (3), we

have (1, 9" 15)” =7 Therefore, 7(;5(x) ='3* and so
€ (IB]. Consequently, S is left weakly regular. O
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