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Abstract In this paper, we introduce a considerable

machinery that permits us to characterize a number of special

(fuzzy) subsets in ordered semigroups. In this regard, we

generalize (Davvaz and Khan in Inform Sci 181:1759–1770

2011) and define (2;2 _qk)-fuzzy generalized bi-ideals in

ordered semigroups, which is a generalization of the concept

of an (a, b)-fuzzy generalized bi-ideal in an ordered semi-

group. We also define (2;2 _qk)-fuzzy left (resp. right)-

ideals. Using these concept, some characterization theorems

of regular, left (resp. right) regular, completely regular and

weakly regular ordered semigroups are provided. The upper/

lower parts of an (2;2 _qk)-fuzzy generalized bi-ideal and

(2;2 _qk)-fuzzy left (resp. right)-ideal are given, and some

characterizations are provided.

Keywords Ordered semigroups � Regular, left (resp.

right) regular, completely regular and weakly regular

ordered semigroups � Fuzzy generalized bi-ideals � Fuzzy

left (resp. right) ideals � ð2;2 _qkÞ-fuzzy left (right) ideals �
ð2;2 _qkÞ-fuzzy bi-ideals

1 Introduction

A new type of fuzzy subgroup, that is, the (a, b)-fuzzy

subgroup, was introduced in an earlier paper of Bhakat and

Das [1, 2] by using the combined notions of ‘‘belonging-

ness’’ and ‘‘quasi-coincidence’’ of a fuzzy point and a

fuzzy set. In particular, the concept of an (2;2 _q)-fuzzy

subgroup is a useful generalization of Rosenfeld’s fuzzy

subgroup [23]. Davvaz [6] introduced the concept of

(2;2 _q)-fuzzy sub-near-ring (R-subgroups, ideals) of a

near-ring and investigated some of their properties. Jun and

Song [8] discussed the general forms of fuzzy interior

ideals in semigroups. Davvaz and Khan [3] discussed some

characterizations of regular ordered semigroups in terms of

(a, b)-fuzzy generalized bi-ideals, where a; b 2 f2; q;2
_q;2 ^qg and a 6¼2 ^q. Also, Khan et al. introduced the

concept of an (a, b)-fuzzy interior ideals and gave some

basic properties of ordered semigroups in terms of this

notion (see [7, 12]). Kazanci and Yamak [13] introduced

the concept of a generalized fuzzy bi-ideal in semigroups

and gave some properties of fuzzy bi-ideals in terms of

(2;2 _q)-fuzzy bi-ideals. In [25], regular semigroups are

characterized by the properties of (2;2 _q)-fuzzy ideals.

Jun [9, 10] introduced the concept of (2;2 _qk)-fuzzy

subalgebras of a BCK/BCI-algebra. In [26], Shabir et al.

gave the concept of more generalized forms of (a, b)-fuzzy

ideals and defined (2;2 _qk)-fuzzy ideals of semigroups,

by generalizing the concept of xkqk, and defined xkqkk, as

k (x) ? t ? k [ 1, where k 2 ½0; 1Þ (also see [11]). For

further reading regarding (a, b)-fuzzy subsets and its gen-

eralization, we refer the reader to [4, 5, 21, 22].
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The topic of these investigations belongs to the theo-

retical soft computing (fuzzy structure). Indeed, it is well

known that semigroups are basic structures in many

applied branches like automata and formal languages,

coding theory, finite state machines and others. Due to

these possibilities of applications, semigroups and related

structures are presently extensively investigated in fuzzy

settings (see, e.g., monograph [20]).

Our aim in this paper is to introduce a new sort of fuzzy

generalized bi-ideals and fuzzy left (resp. right)-ideals in

ordered semigroup, called ð2;2 _qkÞ-fuzzy generalized

bi-ideals and ð2;2 _qkÞ-fuzzy left (resp. right)-ideals. Then,

some results are given in terms of ð2;2 _qkÞ-fuzzy gen-

eralized bi-ideals and ð2;2 _qkÞ-fuzzy left (resp. right)-

ideals in ordered semigroups and define the lower/upper

parts of these generalized fuzzy ideals. We characterize

regular, left and right regular, completely regular and weakly

regular ordered semigroups in terms of these notions.

2 Basic definitions and preliminaries

By an ordered semigroup (or po-semigroup), we mean a

structure S; �; �ð Þ in which the following conditions are

satisfied:

(OS1) S; �ð Þ is a semigroup,

(OS2) S; �ð Þ is a poset,

(OS3) a� b �! ax� bx and a� b �! xa� xb for all

a; b; x 2 S:

For subsets A, B of an ordered semigroup S, we denote

by AB ¼ fab 2 Sja 2 A; b 2 Bg: If A � S we denote ðA� ¼
ft 2 S j t� h for some h 2 Ag: If A = {a}, then we write

(a] instead of ({a}]. If A;B � S; then A � ðA�; ðA�ðB� �
ðAB�; and ((A ] ] = (A].

Let S; �; �ð Þ be an ordered semigroup. A non-empty

subset A of S is called a subsemigroup of S if A2 � A:

A non-empty subset A of S is called a left (resp. right) ideal

of S if

1. ð8 a 2 SÞð8 b 2 AÞða� b �! a 2 AÞ;
2. AS � A ðresp: SA � AÞ:

A non-empty subset A of an ordered semigroup S is

called a generalized bi-ideal [24] of S if

1. ð8 a 2 SÞð8 b 2 AÞða� b �! a 2 AÞ;
2. ASA � A:

A non-empty subset A of an ordered semigroup S is

called a bi-ideal [14] of S if

1. ð8 a 2 SÞð8 b 2 AÞða� b �! a 2 AÞ;
2. A2 � A;

3. ASA � A:

Note that every bi-ideal of S is a generalized bi-ideal of

S, but the converse is not true, as given in [24].

An ordered semigroup S is regular [14] if for every

a 2 S there exists, x 2 S such that a B axa, or equiva-

lently, we have (1) a 2 ðaSa� 8 a 2 S and (2) A �
ðASA� 8A � S: An ordered semigroup S is called left

(resp. right) regular [19] if for every a 2 S there exists

x 2 S such that a B xa2 (resp. a B a2x), or equivalently,

(1) a 2 ðSa2�ð resp. a 2 ða2S�Þ 8 a 2 S and (2) A � ðSA2�ð
resp. A � ðA2S�Þ 8A � S: An ordered semigroup S is

called left (resp. right) simple [14, 15] if for every left

(resp. right) ideal A of S we have A = S and S is called

simple [14] if it is both left and right simple. An ordered

semigroup S is called completely regular [14], if it is left

regular, right regular and regular. An ordered semigroup

S is called left weakly regular [24], if for every a 2 S; there

exist x; y 2 S such that a B xaya, or equivalently, (1) a 2
ððSaÞ2� 8 a 2 S and (2) A � ððSAÞ2� 8A � S: Right

weakly regular ordered semigroups are defined similarly.

An ordered semigroup S is called weakly regular if it is

both a left and right weakly regular.

Note that if S is a commutative, then the concepts of

regular and weakly regular ordered semigroups coincide.

By B(a) (resp. L(a), R(a) and I(a)), we mean the gen-

eralized bi- (resp. left, right and two-sided) ideal of S gen-

erated by aða 2 SÞ[24], and we have B(a) = (a [
aSa], L(a) = (a [ Sa], R(a) = (a [ aS] and I(a) = (a [
Sa [ aS [ SaS].

Now, we give some fuzzy logic concepts.

A function k : S �! ½0; 1� is called a fuzzy subset of S.

The study of fuzzification of algebraic structures has

started in the pioneering paper of Rosenfeld [23]. Rosenfeld

introduced the notion of fuzzy groups and successfully

extended many results from groups in the theory of fuzzy

groups. Kuroki [16, 17] studied fuzzy ideals, fuzzy bi-ideals

and semiprime fuzzy ideals in semigroups (also see [18]).

If k and l are fuzzy subsets of S, then k � l means

k(x) B l(x) for all x 2 S and the symbols ^ and _ will

mean the following fuzzy subsets:

k ^ l : S �! ½0; 1�jx�! ðk ^ lÞ xð Þ ¼ k xð Þ ^ l xð Þ
¼ minfk xð Þ; l xð Þg

k _ l : S �! ½0; 1�jx�! ðk _ lÞ xð Þ ¼ k xð Þ _ l xð Þ
¼ maxfk xð Þ; l xð Þg;

for all x 2 S:

A fuzzy subset k of S is called a fuzzy subsemigroup if

k xyð Þ� minfk xð Þ; k yð Þg for all x; y 2 S:

A fuzzy subset k of S is called a fuzzy generalized

bi-ideal [24] of S if

1. x� y �! k xð Þ� k yð Þ;
2. k xyzð Þ� minfk xð Þ; k zð Þg for all x; y; z 2 S:
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A fuzzy subset k of S is called a fuzzy left (resp. right)-

ideal [14] of S if

1. x� y �! k xð Þ� k yð Þ;
2. k xyð Þ� k yð Þðk xyð Þ� k xð ÞÞ for all x; y 2 S:

A fuzzy subset of S is called a fuzzy ideal if it is both a

fuzzy left and right ideal of S.

A fuzzy subsemigroup k is called a fuzzy bi-ideal [14] of

S if

1. x� y �! k xð Þ� k yð Þ;
2. k xyzð Þ� minfk xð Þ; k zð Þg for all x; y; z 2 S:

Note that every fuzzy bi-ideal is a generalized fuzzy

bi-ideal of S. But the converse is not true, as given in [24].

Let S be an ordered semigroup and k is a fuzzy subset of

S. Then, for all t 2 ð0; 1�; the set Uðk; tÞ ¼ fx 2 Sjk xð Þ� tg
is called a level set of k.

Theorem 2.1 [14] A fuzzy subset k of an ordered semi-

group S is a fuzzy left (resp. right)-ideal of S if and only if

Uðk; tÞ 6¼ ;ð Þ where t 2 ð0; 1� is a left (resp. right)-ideal of S.

Theorem 2.2 [3] A fuzzy subset k of an ordered semi-

group S is a fuzzy generalized bi-ideal of S if and only if

Uðk; tÞ 6¼ ;ð Þ where t 2 ð0; 1� is a generalized bi-ideal of S.

Theorem 2.3 [14] A non-empty subset A of an ordered

semigroup S is a left (resp. right)-ideal of S if and only if

vA : S �! ½0; 1�jx�! vAðxÞ ¼
1 if x 2 A;
0 if x 62 A:

�

is a fuzzy left (resp. right)-ideal of S.

Theorem 2.4 [3] A non-empty subset A of an ordered

semigroup S is a generalized bi-ideal of S if and only if

vA : S �! ½0; 1�jx�! vAðxÞ ¼
1 if x 2 A;
0 if x 62 A:

�

is a fuzzy generalized bi-ideal of S.

If a 2 S and A is a non-empty subset of S, then

Aa ¼ fðy; zÞ 2 S	 Sja� yzg:

If k and l are two fuzzy subsets of S, then the product

k 
 l of k and l is defined by:

k 
 l : S �! ½0; 1�ja�! k 
 lð Þ að Þ

¼
W

y;zð Þ2Aa

k yð Þ ^ l zð Þð Þ if Aa 6¼ ;;

0 if Aa ¼ ;:

(

Let k be a fuzzy subset of S, then the set of the form:

kðyÞ :¼ t 2 ð0; 1� if y ¼ x
0 if y 6¼ x;

�

is called a fuzzy point with support x and value t and is

denoted by [x; t]. A fuzzy point [x; t] is said to belong to

(resp. quasi-coincident with) a fuzzy set k, written as

½x; t� 2 k (resp. [x; t]qk) if k (x) C t (resp. k (x) ? t [ 1). If

½x; t� 2 k or [x;t]qk, then we write ½x; t� 2 _qk: The symbol

2 _q means 2 _q does not hold.

Generalizing the concept of [x; t]qk, in semigroups, Jun

[9, 10] defined [x; t]qkk, as k (x) ? t ? k [ 1, where

k 2 ½0; 1Þ:

3 (2;2 _qk)-fuzzy generalized bi-ideals

In what follows, let S denote an ordered semigroup unless

otherwise specified. In this section, we define a more

generalized form of (a, b)-fuzzy generalized bi-ideals of an

ordered semigroups S and introduce ð2;2 _qkÞ-fuzzy

generalized bi-ideals S where a 2 f2; q;2 ^q;2 _qg
and k is an arbitrary element of [0,1) unless otherwise

specified.

Definition 3.1 A fuzzy subset k of S is called an

ð2;2 _qkÞ-fuzzy generalized bi-ideal of S if it satisfies the

conditions:

1. ð8 x; y 2 SÞ ð8 t 2 ð0; 1�Þðx� y; ½y; t� 2 k �!
½x; t� 2 _qkkÞ;

2. ð8 x; y; z 2 SÞ ð8 t; r 2 ð0; 1�Þð½x; s� 2 k; ½y; t� 2 k �!
½xyz; s ^ t� 2 _qkkÞ:

Definition 3.2 A fuzzy subset k which is both an

ð2;2 _qkÞ-fuzzy generalized bi-ideal and an ð2;2 _qkÞ-
fuzzy subsemigroup of S is called an ð2;2 _qkÞ-fuzzy bi-

ideal of S.

Example 3.3 Consider the ordered semigroup S =

{a, b, c, d}

� :¼ f a; að Þ; b; bð Þ; c; cð Þ; d; dð Þ; a; bð Þg:

Define a fuzzy subset k of S as follows:

k : S �! ½0; 1�jx�! kðxÞ ¼

0:8 if x ¼ a
0:7 if x ¼ d
0:4 if x ¼ c
0:3 if x ¼ b

8>><
>>:

Then, it is easy to calculate that k is an ð2;2 _qkÞ-fuzzy

bi-ideal of S for k = 0.4.

Theorem 3.4 Let A be a generalized bi-ideal of S and

k a fuzzy subset in S defined by
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kðxÞ ¼ � 1�k
2

if x 2 A
0 otherwise.

�

Then

1. k is a ðq;2 _qkÞ-fuzzy generalized bi-ideal of S.

2. k is an ð2;2 _qkÞ-fuzzy generalized bi-ideal of S.

Proof

1. Let x; y 2 S; x� y and t 2 ð0; 1� be such that [y; t]qk.

Then y 2 A; kðyÞ þ t [ 1: Since A is a generalized

bi-ideal of S and x� y 2 A; we have x 2 A: Thus

kðxÞ� 1�k
2
: If t� 1�k

2
; then k (x) C t and so ½x; t� 2 k:

If t [ 1�k
2
; then kðxÞ þ t þ k [ 1�k

2
þ 1�k

2
þ k ¼ 1 and

so [x; t]qkk. Therefore, ½x; t� 2 _qkk: Let x; y; z 2 S and

t; r 2 ð0; 1� be such that [x; t]qk and [z; r]qk. Then

x; z 2 A; kðxÞ þ t [ 1 and k (y) ? t [ 1. Since A is a

generalized bi-ideal of S, we have xyz 2 A: Thus

kðxyzÞ� 1�k
2
: If t ^ r [ 1�k

2
; then kðxÞ þ t ^ r þ

k [ 1�k
2
þ 1�k

2
þ k ¼ 1 and so [x; t ^ r]qkk. If t ^

r� 1�k
2
; then k (x) C t ^ r and so ½x; t ^ r� 2 k:

Therefore, ½x; t ^ r� 2 _qkk:
2. Let x; y 2 S; x� y and t 2 ð0; 1� be such that ½y; t� 2 k:

Then k (y) C t and y 2 A: Since x� y 2 A; we have

x 2 A: Thus kðxÞ� 1�k
2
: If t� 1�k

2
; then k (x) C t and

so ½x; t� 2 k: If t [ 1�k
2
; then kðxÞ þ t þ k [ 1�k

2
þ

1�k
2
þ k ¼ 1 and so [x; t]qkk. Therefore, ½x; t� 2 _qkk:

Let x; y; z 2 S and t; r 2 ð0; 1� be such that ½x; t ink and

½z; r� 2 k: Then x; z 2 A and xyz 2 A: Thus

kðxyzÞ� 1�k
2
: If t ^ r [ 1�k

2
; then kðxÞ þ t ^ r þ k [

1�k
2
þ 1�k

2
þ k ¼ 1 and so [x; t ^ r]qkk. If t ^ r� 1�k

2
;

then k (x) C t ^ r and so ½x; t ^ r� 2 k:Therefore,

½x; t ^ r� 2 _qkk: Consequently, k is an ð2;2 _qkÞ-
fuzzy generalized bi-ideal of S. h

If we take k = 0 in Theorem 3.4, then we get the

following corollary:

Corollary 3.5 [3] Let A be a generalized bi-ideal of

S and k a fuzzy subset in S defined by

kðxÞ ¼ � 1�k
2

if x 2 A
0 otherwise.

�

Then

1. k is a ðq;2 _qÞ-fuzzy generalized bi-ideal of S.

2. k is an (2;2 _qÞ-fuzzy generalized bi-ideal of S.

Theorem 3.6 Let k be a fuzzy subset of S. Then, k is

an (2;2 _qk)-fuzzy generalized bi-ideal of S if and only if

1. ð8 x; y 2 SÞðx� y �! kðxÞ� kðyÞ ^ 1�k
2
Þ;

2. ð8 x; y; z 2 SÞðkðxyzÞ� kðxÞ ^ kðzÞ ^ 1�k
2
Þ:

Proof Let k be an (2;2 _qk)-fuzzy generalized bi-ideal

of S. On the contrary, assume that there exist x; y 2 S; and

x B y such that kðxÞ\kðyÞ ^ 1�k
2
: Choose t 2 ð0; 1� such

that kðxÞ\t� kðyÞ ^ 1�k
2
: Then ½y; t� 2 k but k (x) \ t and

kðxÞ þ t þ k\ 1�k
2
þ 1�k

2
þ k ¼ 1; so ½x; t�2 _qkk; which is

a contradiction. Hence kðxÞ� kðyÞ ^ 1�k
2

for all x; y 2 S

with x B y. If there exist x; y; z 2 S such that kðxyzÞ\
kðxÞ ^ kðzÞ ^ 1�k

2
: Choose t 2 ð0; 1� such that kðxyzÞ\t�

kðxÞ ^ kðzÞ ^ 1�k
2
: Then ½z; t� 2 k; ½z; t� 2 k but k (xyz) \ t

and kðxyzÞ þ t þ k\ 1�k
2
þ 1�k

2
þ k ¼ 1; so [xyz; t]qkk.

Thus, ½xyz; t�2 _qkk; which is a contradiction. Therefore,

kðxyzÞ� kðxÞ ^ kðzÞ ^ 1�k
2

for all x; y; z 2 S:

Conversely, let ½y; t� 2 k for t 2 ð0; 1�: Then kðyÞ� t:

Now; kðxÞ� kðyÞ ^ 1�k
2
� t ^ 1�k

2
: Ift [ 1�k

2
; then kðxÞ�

1�k
2

and kðxÞ þ t þ k [ 1�k
2
þ 1�k

2
þ k ¼ 1; it follows that

½x; t�qkk:If t� 1�k
2
; then k (x) C t and so ½x; t� 2 k: Thus,

½x; t� 2 _qkk: Let ½x; t� 2 k and ½z; r� 2 k; then k (x) C t and

k (z) C r. Thus kðxyzÞ� kðxÞ ^ kðzÞ ^ 1�k
2
� t ^ r ^ 1�k

2
: If

t ^ r [ 1�k
2
; then kðxyzÞ� 1�k

2
and kðxyzÞ þ t ^ r þ

k [ 1�k
2
þ 1�k

2
þ k ¼ 1 and so [xyz; t^ r]qkk. If t ^

r� 1�k
2
; then k (xyz) C t ^ r and hence, ½xyz; t ^ r� 2 k:

Thus ½xyz; t ^ r� 2 _qkk and consequently, k is an

(2;2 _qk)-fuzzy generalized bi-ideal of S. h

If we take k = 0 in Theorem 3.6, we have the following

corollary.

Corollary 3.7 [3] Let k be a fuzzy subset of S. Then

k is an (2;2 _q)-fuzzy generalized bi-ideal of S if and

only if

1. ð8 x; y 2 SÞðx� y �! kðxÞ� kðyÞ ^ 0:5Þ;
2. ð8 x; y; z 2 SÞðkðxyzÞ� kðxÞ ^ kðzÞ ^ 0:5Þ:

Theorem 3.8 A fuzzy subset k of S is an 2;2 _qkð Þ-
fuzzy generalized bi-ideal of S if and only if U k; tð Þð6¼ ;Þ
is a generalized bi-ideal of S for all t 2 ð0; 1�k

2
�:

Proof Assume that k is an 2;2 _qkð Þ-fuzzy generalized

bi-ideal of S. Let x; y 2 S be such that x� y 2 U k; tð Þ
where t 2 ð0; 1�k

2
�: Then k yð Þ� t and by Theorem 3.6,

k xð Þ� k yð Þ ^ 1�k
2
� t ^ 1�k

2
¼ t: It follows that x 2 Uðk; tÞ:

Let x; z 2 Uðk; tÞ and y 2 S. Then k (x) C t and k
(z) C t and by Theorem 3.6,

kðxyzÞ� kðxÞ ^ kðzÞ ^ 1� k

2
� t ^ 1� k

2
¼ t:

Thus k (xyz) C t and so xyz 2 Uðk; tÞ: Therefore, U(k; t) is

a generalized bi-ideal.

Conversely, assume that U k; tð Þ 6¼ ;ð Þ is a generalized

bi-ideal of S for all t 2 ð0; 1�k
2
�: If there exist x; y 2 S with

x B y such that k xð Þ\k yð Þ ^ 1�k
2
: Then k xð Þ\t� k yð Þ ^
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1�k
2

for some t 2 ð0; 1�k
2
�: Then, y 2 U k; tð Þ but x 62 U k; tð Þ;

a contradiction. Thus k xð Þ� k yð Þ ^ 1�k
2

for all x; y 2 S with

x B y. If there exist x; y; z 2 S such that k xyzð Þ
\k xð Þ ^ k zð Þ ^ 1�k

2
:Then there exists t 2 ð0; 1�k

2
� such that

k xyzð Þ\t� k xð Þ ^ k zð Þ ^ 1� k

2
:

It shows that k xð Þ� t and k zð Þ� t but k xyzð Þ\t i.e., x; y 2
U k; tð Þ but xay 62 U k; tð Þ; a contradiction. Therefore,

k xyzð Þ� k xð Þ ^ k yð Þ ^ 1�k
2

for all x; y; z 2 S: Hence by

Theorem 3.6, k is an 2;2 _qkð Þ-fuzzy generalized bi-ideal

of S. h

Example 3.9 Consider the ordered semigroup S = {a, b,

c, d}

� :¼ f a; að Þ; b; bð Þ; c; cð Þ; d; dð Þ; a; bð Þg:

Then {a}, {a, b}, {a, c}, {a, d}, {a, b, c}, {a, c, d} and

{a, b, c, d} are generalized bi-ideals of S. But {a, c},

{a, d} and {a, c, d} are not bi-ideals of S. Define a fuzzy

subset k of S as follows:

k : S �! ½0; 1�jx�! kðxÞ ¼

0:8 if x ¼ a
0:7 if x ¼ d
0:4 if x ¼ c
0:3 if x ¼ b

8>><
>>:

Then

Uðk; tÞ ¼

S if 0\t� 0:3
fa; c; dg if 0:3\t� 0:4
fa; dg if 0:4\t� 0:7
; if 0:8\t� 1

8>><
>>:

Then, by Theorem 3.8, k is an ð2;2 _qkÞ-fuzzy general-

ized bi-ideal of S for k 2 ð0; 1�k
2
� with k = 0.4.

Note that every 2;2 _qkð Þ-fuzzy bi-ideal of S is an

2;2 _qkð Þ-fuzzy generalized bi-ideal of S. However, the

converse is not true, in general, as shown in the following

example:

Example 3.10 Consider the ordered semigroup as shown

in Example 3.9, and define a fuzzy subset k as follows:

k : S �! ½0; 1�jx�! kðxÞ ¼

0:8 if x ¼ a
0 if x ¼ b
0:7 if x ¼ c
0 if x ¼ d

8>><
>>:

Then, we have

Uðk; tÞ ¼
fa; cg if 0\t� 0:7
fag if 0:7\t� 0:8
; if 0:8\t� 1

8<
:

Then by Theorem 3.8, k is an ð2;2 _qkÞ-fuzzy generalized

bi-ideal of S for every k 2 ½0; 1Þ but k is not an ð2;2 _qkÞ-
fuzzy bi-ideal of S, because U(k; 0.6) = {a,c} is a gen-

eralized bi-ideal but not a bi-ideal of S.

Proposition 3.11 Every 2;2 _qkð Þ-fuzzy generalized bi-

ideal of a regular ordered semigroup S is an 2;2 _qkð Þ-
fuzzy bi-ideal of S.

Proof Let a; b 2 S and k an 2;2 _qkð Þ-fuzzy generalized

bi-ideal of S. Since S is regular, there exists x 2 S such that

b B bxb. Then

kðabÞ� kðaðbxbÞ ¼ kðaðbxÞbÞ� kðaÞ ^ kðbÞ ^ 1� k

2

� �
:

This means that k is an 2;2 _qkð Þ-fuzzy subsemigroup of

S. Thus, k is an 2;2 _qkð Þ-fuzzy bi-ideal of S. h

Proposition 3.12 Every 2;2 _qkð Þ-fuzzy generalized

bi-ideal of a left weakly regular ordered semigroup S is

an 2;2 _qkð Þ-fuzzy bi-ideal of S.

Proof Let a; b 2 S and k an 2;2 _qkð Þ-fuzzy generalized

bi-ideal of S. Since S is left weakly regular, there exist

x; y 2 S such that b B xbyb. Then

kðabÞ� kðaðxbybÞ ¼ kðaðxbyÞbÞ� kðaÞ ^ kðbÞ ^ 1� k

2

� �
:

This means that k is an 2;2 _qkð Þ-fuzzy subsemigroup of

S. Thus k is an 2;2 _qkð Þ-fuzzy bi-ideal of S. h

Remark 3.13 From Proposition 3.11 and 3.12, it follows

that in regular and left weakly regular ordered semigroups,

the concepts of (2;2 _qk)-fuzzy generalized bi-ideals and

(2;2 _qk)-fuzzy bi-ideals coincide.

Proposition 3.14 If k is a nonzero ð2;2 _qkÞ-fuzzy

generalized bi-ideal of S. Then the set k0 ¼ fx 2 Sjk xð Þ
[ 0gis a generalized bi-ideal of S.

Proof Let k be an (2;2 _qk)-fuzzy generalized bi-ideal

of S. Let x; y 2 S; x� y and y 2 k0: Then, k (y) [ 0. Since k
is an (2;2 _qk)-fuzzy generalized bi-ideal of S, we have

kðxÞ� kðyÞ ^ 1� k

2
[ 0; because kðyÞ[ 0:

Thus k (x) [ 0 and so x 2 k0: Let x; z 2 k0 and y 2 S:

Then, k (x) [ 0 and k (z) [ 0. Now,

kðxyzÞ� kðxÞ ^ kðzÞ ^ 1� k

2

[ 0; because kðxÞ[ 0 and kðzÞ[ 0:
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Thus xyz 2 k0 and consequently, k 0 is a generalized

bi-ideal of S. h

Lemma 3.15 A non-empty subset A of S is a gen-

eralized bi-ideal if and only if the characteristic function v

A of A is an (2;2 _qk)-fuzzy generalized bi-ideal of S.

Proof The proof is straightforward. h

Definition 3.16 A fuzzy subset k of S is called a

(2;2 _qk)-fuzzy left (resp. right) ideal of S if it satisfies the

conditions:

1. ð8 x; y 2 S; 8 t 2 ð0; 1� such that x� yÞ
ð½y; t� 2 k �! ½x; t� 2 _qkkÞ;

2. ð8 x; y 2 SÞð8 t 2 ð0; 1�Þð½y; t� 2 k �!
½ðxyÞ; t� 2 _qkkÞðresp:½ðyxÞ; t� 2 _qkkÞ:

A fuzzy subset k is called ð2;2 _qkÞ-fuzzy idealif it is

both an (2;2 _qk)-fuzzy left and right ideal of S.

Theorem 3.17 Let A be a left (resp. right)-ideal of S

and k a fuzzy subset in S defined by

kðxÞ ¼ � 1�k
2

if x 2 A
0 otherwise.

�

Then

1. k is a ðq;2 _qk)-fuzzy left (resp. right)-ideal of S.

2. k is an (2;2 _qk)-fuzzy left (resp. right)-ideal of S.

Proof The proof follows from Theorem 3.4. h

Theorem 3.18 Let k be a fuzzy subset of S. Then k is an

(2;2 _qk)-fuzzy left (resp. right)-ideal of S if and only if

1. (8 x; y 2 SÞðx� y �! kðxÞ� kðyÞ ^ 1�k
2

),

2. (8 x; y 2 SÞðkðxyÞ� kðyÞ ^ 1�k
2
ð resp:kðxyÞ� kðxÞ

^ 1�k
2
ÞÞ:

Proof The proof follows from Theorem 3.6. h

Theorem 3.19 A fuzzy subset k of S is an 2;2 _qkð Þ
-fuzzy left (resp. right)-ideal of S if and only if U k; tð Þ
ð6¼ ;Þ is a left (resp. right)-ideal of S for all t 2 ð0; 1�k

2
�:

Proof The proof follows from Theorem 3.8. h

4 Upper and lower parts of (2;2 _qk)-fuzzy

generalized bi-ideals

In this section, we define the upper/lower parts of an

(2;2 _qk)-fuzzy generalized bi-ideal and characterize

regular and left weakly regular ordered semigroups in

terms of (2;2 _qk)-fuzzy generalized bi-ideals and

(2;2 _qk)-fuzzy left (resp. right)-ideals.

Definition 4.1 Let k and l be a fuzzy subsets of S. Then,

the fuzzy subsets k
k
; (k ^kl)-, (k _kl)-, and ðk 
k lÞ� of

S as follows:

k
k

: S�!½0;1�jx�! kkðxÞ¼ kðxÞ^1� k

2
;

ðk^k lÞ� : S�!½0;1�jx�!ðk^k lÞðxÞ¼ ðk^lÞðxÞ^1� k

2
;

ðk_k lÞ� : S�!½0;1�jx�!ðk_k lÞðxÞ¼ ðk_lÞðxÞ^1� k

2
;

ðk
k lÞ� : S�!½0;1�jx�!ðk
k lÞðxÞ¼ ðk
lÞðxÞ^1� k

2
;

for all x 2 S:

Lemma 4.2 Let k and l be fuzzy subsets of S. Then

the following hold:

1. k ^k l
� ��¼ k

k ^ lk
� �

;

2. k _k l
� ��¼ k

k _ lk
� �

;

3. k 
k l
� ��¼ k

k 
 lk
� �

:

Proof The proof follows from [26]. h

Let A be a non-empty subset of S, then the upper and

lower parts of the characteristic function v A
k are defined as

follows:

vk
A : S �! ½0; 1�jx�! vk

AðxÞ ¼
1�k

2
if x 2 A

0 otherwise,

�

Lemma 4.3 Let A and B be non-empty subset of S.

Then the following hold:

1. (vA ^k vBÞ� ¼ vk
A\B;

2. (vA _k vBÞ� ¼ vk
A[B;

3. (vA 
k vBÞ� ¼ vk
ðAB�:

Proof The proofs of (1) and (2) are obvious.

(3) Let x 2 ðAB�: Then v (AB](x) = 1 and hence

vk
ðAB�ðxÞ ¼ 1 ^ 1�k

2
¼ 1�k

2
: Since x 2 ðAB�; we have x B ab

for some a 2 A and b 2 B: Then ða; bÞ 2 Ax and Ax 6¼ ;:
Thus

vA 
k vB

� ��ðxÞ ¼ ðvA 
 vBÞðxÞ ^
1� k

2

¼
_
ðy;zÞ2Ax

vAðyÞ ^ vBðzÞð Þ

2
4

3
5 ^ 1� k

2

� vAðaÞ ^ vBðbÞð Þ ^ 1� k

2
:

Since a 2 A and b 2 B; we have v A(a) = 1 and

v B(b) = 1 and so
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ðvA 
k vBÞ�ðxÞ� vAðaÞ ^ vBðbÞð Þ ^ 1� k

2

¼ ð1 ^ 1Þ ^ 1� k

2
¼ 1� k

2
:

Thus, ðvA 
k vBÞ
�ðxÞ ¼ 1�k

2
¼ vk

ðAB�ðxÞ: Let x 62 ðAB�;
then v (AB](x) = 0 and hence, vk

ðAB�ðxÞ ¼ 0 ^ 1�k
2
¼ 0: Let

ðy; zÞ 2 Ax: Then

ðvA 
k vBÞ�ðxÞ ¼ ðvA 
 vBÞðxÞ ^
1� k

2

¼
_
ðy;zÞ2Ax

vAðyÞ ^ vBðzÞð Þ

2
4

3
5 ^ 1� k

2

Since ðy; zÞ 2 Ax; then x B yz. If y 2 A and z 2 B; then

yz 2 AB and so x 2 ðAB�: This is a contradiction. If y 62 A

and z 2 B; then

_
ðy;zÞ2Ax

vAðyÞ ^ vBðzÞð Þ

2
4

3
5 ^ 1� k

2

¼
_
ðy;zÞ2Ax

0 ^ 1ð Þ

2
4

3
5 ^ 1� k

2
¼ 0:

Hence, vk
ðAB�ðxÞ ¼ 0 ¼ ðvA 
k vBÞ�ðxÞ: Similarly, for y 2

A and z 62 B; we have vk
ðAB�ðxÞ ¼ 0 ¼ ðvA 
k vBÞ

�ðxÞ: h

Lemma 4.4 The lower part vk
A of the characteristic

function v A of A is an (2;2 _qk)-fuzzy generalized

bi-ideal of S if and only if A is a generalized bi-ideal

of S.

Proof Let A be a generalized bi-ideal of S. Then, by

Theorems 2.3 and 3.15, vk
A is an (2;2 _qk)-fuzzy gen-

eralized bi-ideal of S. Conversely, assume that vk
A is an

(2;2 _qk)-fuzzy generalized bi-ideal of S. Let x; y 2 S;

x B y. If y 2 A; then vk
AðyÞ ¼ 1�k

2
: Since vk

A is an

(2;2 _qk)-fuzzy generalized bi-ideal of S, and x B y, we

have, vk
AðxÞ� vk

AðyÞ ^ 1�k
2
¼ 1�k

2
: It follows that vk

AðxÞ ¼
1�k

2
and so x 2 A: Let x; z 2 A and y 2 S: Then, vk

AðxÞ ¼ 1�k
2

and vk
AðzÞ ¼ 1�k

2
: Now,

vk
AðxyzÞ� vk

AðxÞ ^ vk
AðzÞ ^

1� k

2
¼ 1� k

2
:

Hence vk
AðxyzÞ ¼ 1�k

2
and so xyz 2 A: Therefore, A is a

generalized bi-ideal of S. h

Lemma 4.5 The lower part vk
A of the characteristic

function v A of A is an (2;2 _qk)-fuzzy left (resp. right)-

ideal of S if and only if A is a left (resp. right)-ideal

of S.

Proof The proof follows from Lemma 4.4. h

In the following Proposition, we show that if k is an

(2;2 _qk)-fuzzy generalized bi-ideal of S, then k
k

is a

fuzzy generalized bi-ideal of S.

Proposition 4.6 If k is an (2;2 _qk)-fuzzy generalized

bi-ideal of S, then k
k

is a fuzzy generalized bi-ideal of S.

Proof Let x; y 2 S; x B y. Since k is an (2;2 _qk)-fuzzy

generalized bi-ideal of S and x B y, we have kðxÞ� kðyÞ ^
1�k

2
: It follows that kðxÞ ^ 1�k

2
� kðyÞ ^ 1�k

2
; and hence

k
kðxÞ� k

kðxÞ: For x; y; z 2 S; we have kðxyzÞ� kðxÞ ^
kðzÞ ^ 1�k

2
: Then kðxyzÞ ^ 1�k

2
� kðxÞ ^ kðzÞ ^ 1�k

2
¼

kðxÞ ^ 1�k
2

� �
^ kðzÞ ^ 1�k

2

� �
; and so k

kðxyzÞ� k
kðxÞ ^ k

kðzÞ:
Consequently, k

k
is a fuzzy generalized bi-ideal of S. h

In [24], regular and left weakly regular ordered semi-

groups are characterized by the properties of their fuzzy

left (resp. right) and fuzzy generalized bi-ideals. In the

following, we characterize regular, left weakly regular, left

and right simple and completely regular ordered semi-

groups in terms of (2;2 _qk)-fuzzy left (resp. right) and

(2;2 _qk)-fuzzy generalized bi-ideals.

Lemma 4.7 [14] An ordered semigroup S is left (resp.

right) simple if and only if (Sa] = S (resp. (aS] = S) for

every a 2 S:

Proposition 4.8 If S is regular, left and right simple

ordered semigroup, then for every (2;2 _qk)-fuzzy gene-

ralized bi-ideal k of S we have k
kðaÞ ¼ k

kðbÞ; for every

a; b 2 S:

Proof Assume that S is regular, left and right simple and

k an (2;2 _qk)-fuzzy generalized bi-ideal of S. We con-

sider, ES ¼ fe 2 Sje� e2g; then ES 6¼ ;; because S is reg-

ular, hence for every a 2 S; there exists x 2 S such that

a B axa , then ax B (axa)x = (ax)(ax) = (ax)2 and so

ax 2 ES: Let b; e 2 ES: Since S is left and right simple, by

Lemma 4.7, it follows that S = (Sb] and S = (bS]. Since

e 2 S; we have e 2 ðSb� and e 2 ðbS�; then e B xb and

e B by for some x; y 2 S; and we have

e2 ¼ ðbyÞðxbÞ� bðyxÞb:

Since k is an (2;2 _qk)-fuzzy generalized bi-ideal of

S, we have

kðe2Þ� kðbðyxÞbÞ ^ 1� k

2

� kðbÞ ^ kðbÞ ^ 1� k

2

� 	
^ 1� k

2

¼ kðbÞ ^ 1� k

2

� 	

Thus kðe2Þ ^ 1�k
2
� kðbÞ ^ 1�k

2
and we have,
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k
kðe2Þ� k

kðbÞ ð�Þ:

Since e 2 ES;we have e B e2 and so kðeÞ� kðe2Þ ^ 1�k
2
; it

follows that kðeÞ ^ 1�k
2
� kðe2Þ ^ 1�k

2
; and so k

kðeÞ� k
kðe2Þ:

Thus, by ð�Þ;we have k
kðeÞ� k

kðbÞ:On the other hand, since

e 2 S; by Lemma 4.7, we have (Se] = S = (eS]. Since b 2 S;

we have b 2 ðSe� and b 2 ðeS�; then b B se and b B te for

some s; t 2 S: Thus, by the same arguments as above, we get

k
kðbÞ� k

kðeÞ: It follows that k
kðbÞ ¼ k

kðeÞ and hence k
k

is

constant on ES.

Now, let a 2 S; then there exists x 2 S such that

a B axa. It follows that ax B (axa)x = (ax)(ax) = (ax)2

and xa B x(axa) = xa)(xa) = (xa)2. Thus, ax; xa 2 ES; it

follows by the previous arguments, k
kðaxÞ ¼ k

kðbÞ ¼
k

kðxaÞ: Since (ax)a(xa) = (axa)xa C axa C a, we have,

kðaÞ� kððaxÞaðxaÞÞ ^ 1� k

2

� kðaxÞ ^ kðxaÞ ^ 1� k

2

� 	
^ 1� k

2

¼ kðaxÞ ^ 1� k

2

� 	
^ kðxaÞ ^ 1� k

2

� 	

Thus kðaÞ ^ 1�k
2
� kðaxÞ ^ 1�k

2

� �
^ kðxaÞ ^ 1�k

2

� �
and we

have k
kðaÞ� k

kðaxÞ ^ k
kðxaÞ ¼ k

kðbÞ: Since b 2 ðSa� and

b 2 ðaS�; we have b B pa and b B aq for some p; q 2 S:

Then b2 B (aq)(pa) = a(qp)a and we have

kðb2Þ� kðaðqpÞaÞ ^ 1� k

2

� kðaÞ ^ kðaÞ ^ 1� k

2

� 	
^ 1� k

2

¼ kðaÞ ^ 1� k

2

� 	
;

hence, kðb2Þ ^ 1�k
2
� kðaÞ ^ 1�k

2
and we have, k

kðb2Þ�
k

kðaÞ: Since b 2 ES; we have, b2 C b, then kðbÞ� kðb2Þ ^
1�k

2
and so kðbÞ ^ 1�k

2
� kðb2Þ ^ 1�k

2
; it follows that

k
kðbÞ� k

kðb2Þ and so k
kðbÞ� k

kðaÞ: Thus, k
kðbÞ ¼ k

kðaÞ
and so, k

k
is a constant function on S. h

Lemma 4.9 [14] An ordered semigroup S is completely

regular if and only if for every A � S; we have,

A � ðA2SA2�:

Theorem 4.10 An ordered semigroup S is completely

regular if and only if for every (2;2 _qk)-fuzzy generalized

bi-ideal of S, we have

k
kðaÞ ¼ k

kða2Þ for every a 2 S:

Proof �! Let a 2 S: Since S is completely regular, by

Lemma 4.9, a 2 ða2Sa2�: Then, there exists x 2 S; such that

a B a2xa2. Since k is an (2;2 _qk)-fuzzy generalized

bi-ideal of S, we have

kðaÞ� kða2xa2Þ ^ 1� k

2

� kða2Þ ^ kða2Þ ^ 1� k

2

� 	
^ 1� k

2

¼ kða2Þ ^ 1� k

2

� 	

� kðaÞ ^ kðaÞ ^ 1� k

2

� 	
^ 1� k

2

¼ kðaÞ ^ 1� k

2

� 	
:

Thus, kðaÞ ^ 1�k
2
� kða2Þ ^ 1�k

2
� kðaÞ ^ 1�k

2
; and it

follows that k
kðaÞ� k

kða2Þ� k
kðaÞ: Thus k

kðaÞ ¼ k
kða2Þ

for every a 2 S:

(¼ Let a 2 S: We consider the generalized bi-ideal

B(a2) = (a2[ a2Sa2] of S, generated by a2ða 2 SÞ: Then,

by Lemma 4.4,

vk
Bða2ÞðaÞ ¼

1�k
2

if a 2 Bða2Þ
0 otherwise

�

is an (2;2 _qk)-fuzzy generalized bi-ideal of S. By

hypothesis, we have

vk
Bða2Þða2Þ ¼ vk

Bða2ÞðaÞ:

Since a2 2 Bða2Þ; we have, vk
Bða2Þða2Þ ¼ 1�k

2
and hence,

vk
Bða2ÞðaÞ ¼ 1�k

2
: Thus, a 2 Bða2Þ and hence, a B a2 or

a B a2xa2. If a B a2, then a� a2 ¼ aa� a2a2 ¼
aaa2� a2aa2 2 a2Sa2 and a 2 ða2Sa2�: If a B a2xa2,

then a 2 a2Sa2 and a 2 ða2Sa2�: Thus, S is completely

regular. h

Lemma 4.11 [24] Let S be an ordered semigroup, then

the following conditions are equivalent:

1. S is regular,

2. B \ L � ðBL� for every generalized bi-ideal B and left

ideal L of S,

3. B að Þ \ L að Þ � ðB að ÞLðaÞ� for every a 2 S:

Theorem 4.12 An ordered semigroup S is regular if

and only if for every 2;2 _qkð Þ-fuzzy generalized bi-ideal

k and 2;2 _qkð Þ-fuzzy left ideal l of S, we have

k ^k l
� ��� k 
k l

� ��
:

Proof Suppose that k is an 2;2 _qkð Þ-fuzzy generalized

bi-ideal and l an 2;2 _qkð Þ-fuzzy left ideal of a regular

ordered semigroup S. Let a 2 S: Since S is regular, there

exits x 2 S such that a B axa B (axa)(xa). Then

axa; xað Þ 2 Aa and Aa = [. Thus,
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k 
k l
� ��

að Þ ¼ ðk 
 lÞðaÞ ^ 1� k

2

¼
_

y;zð Þ2Aa

k yð Þ ^ l zð Þð Þ

2
4

3
5 ^ 1� k

2

� k axað Þ ^ l xað Þð Þ ^ 1� k

2
:

Since k is an 2;2 _qkð Þ-fuzzy generalized bi-ideal

and l an 2;2 _qkð Þ-fuzzy left ideal of S, we have

k axað Þ� k að Þ ^ k að Þ ^ 1�k
2
¼ k að Þ ^ 1�k

2
and l xað Þ� l að Þ

^ 1�k
2
: Therefore,

k axað Þ^l xað Þ^1�k

2


 �
� k að Þ^1�k

2

� 	
^ l að Þ^1�k

2

� 	

¼k� að Þ^k l� að Þ

Thus k
k l
� ��

að Þ� k^k l
� ��

að Þ:
Conversely, assume that k ^k l

� ��� k 
k l
� ��

for

every 2;2 _qkð Þ-fuzzy generalized bi-ideal k and

every 2;2 _qkð Þ-fuzzy left ideal l of S. To prove

that S is regular, by Lemma 4.11, it is enough to prove

that

B\L�ðBL� for generalized bi-ideal B and left ideal L of S.

Let x2B\L: Then x2B and x2L: Since B is a

generalized bi-ideal and L a left ideal of S, by Lemma 4.4

and 4.5, vk
B is an 2;2_qkð Þ-fuzzy generalized bi-ideal and

vk
L an 2;2_qkð Þ-fuzzy left ideal of S. By hypothesis, ðvB 
k

vLÞ�ðxÞ�ðvB^k vLÞ�ðxÞ¼ ðvk
B^vk

LÞðxÞ^ 1�k
2
: Since x2B

and x2L; we have vk
BðxÞ¼ 1�k

2
and vk

LðxÞ¼ 1�k
2
: Thus ðvk

B^
vk

LÞðxÞ^ 1�k
2
¼ vk

BðxÞ^vk
LðxÞ^ 1�k

2
¼ 1�k

2
: It follows that

ðvB 
k vLÞ�ðxÞ¼ 1�k
2
: By using Lemma 4.3 (3), we have

ðvB 
k vLÞ� ¼ vk
ðBL�: Therefore, vk

ðBL�ðxÞ¼ 1�k
2

and so x2
ðBL�: Consequently, S is regular. h

Lemma 4.13 [24] Let S be an ordered semigroup, then

the following conditions are equivalent:

1. S is regular,

2. B \ I = (BIB] for every generalized bi-ideal B and

ideal I of S,

3. B að Þ \ I að Þ ¼ ðB að ÞI að ÞB að Þ� for every a 2 S:

Theorem 4.14 An ordered semigroup S is regular if

and only if for every 2;2 _qkð Þ-fuzzy generalized bi-ideal

k and every 2;2 _qkð Þ-fuzzy ideal l of S, we have

k ^k l
� ��� k 
k l 
k k

� ��
:

Proof Suppose that k is an 2;2 _qkð Þ-fuzzy generalized

bi-ideal and l an 2;2 _qkð Þ-fuzzy left ideal of a regular

ordered semigroup S. Let a 2 S: Since S is regular, there

exits x 2 S such that a B axa B (axa)(xa) = a(xaxa).

Then a; xaxað Þ 2 Aa and Aa 6¼ ;: Thus,

k
k l
k k
� ��

að Þ¼ ðk
k l
kÞðaÞ^1� k

2

¼
_

y;zð Þ2Aa

ðk
k lÞðyÞ^k zð Þ

2
4

3
5^1� k

2

¼
_

y;zð Þ2Aa

_
p;qð Þ2Aa

ðkðpÞ^lðqÞÞ^1� k

2

� 	
^k zð Þ

2
4

3
5^1� k

2

¼
_

y;zð Þ2Aa

_
p;qð Þ2Aa

ðkðpÞ^lðqÞÞ^k zð Þð Þ^1� k

2

¼
_

y;zð Þ2Aa

_
p;qð Þ2Aa

kðpÞ^lðqÞ^k zð Þð Þ^1� k

2

� k að Þ^l xaxð Þ^k að Þð Þ^1� k

2
:

Since l an 2;2_qkð Þ-fuzzy ideal of S, we have

l xaxð Þ�l axð Þ^ 1�k
2
� l að Þ^ 1�k

2

� �
^ 1�k

2
: Therefore,

k að Þ ^ l xaxð Þ ^ k að Þ ^ 1� k

2


 �

� k að Þ ^ 1� k

2

� 	
^ l að Þ ^ 1� k

2

� 	

¼ k� að Þ ^k l� að Þ

Thus k 
k l 
k k
� ��

að Þ� k ^k l
� ��

að Þ:
Conversely, assume that k ^k l

� ��� k 
k l 
k k
� ��

for

every 2;2 _qkð Þ-fuzzy generalized bi-ideal k and every

2;2 _qkð Þ-fuzzy ideal l of S. To prove that S is regular, by

Lemma 4.13, it is enough to prove that

B\ I � ðBIB� for generalized bi-ideal B and ideal I of S:

Let x 2 B\ I: Then x 2 B and x 2 I: Since B is a

generalized bi-ideal and I an ideal of S, by Lemma 4.4 and

4.5, vk
B is an 2;2 _qkð Þ-fuzzy generalized bi-ideal and vk

I

an 2;2 _qkð Þ-fuzzy ideal of S. By hypothesis, ðvB 
k vI 
k

vBÞ�ðxÞ�ðvB ^k vIÞ�ðxÞ ¼ ðvk
B ^ vk

I ÞðxÞ ^ 1�k
2
: Since x 2 B

and x 2 I; we have vk
BðxÞ ¼ 1�k

2
and vk

I ðxÞ ¼ 1�k
2
: Thus ðvk

B ^
vk

I ÞðxÞ ^ 1�k
2
¼ vk

BðxÞ ^ vk
I ðxÞ ^ 1�k

2
¼ 1�k

2
: It follows that

ðvB 
k vI 
k vBÞ�ðxÞ ¼ 1�k
2
: By using Lemma 4.3 (3), we

have ðvB 
k vI 
k vBÞ� ¼ vk
ðBIB�: Therefore, vk

ðBIB�ðxÞ ¼ 1�k
2

and so x 2 ðBIB�: Consequently, S is regular. h

Lemma 4.15 [24] Let S be an ordered semigroup, then

the following conditions are equivalent:

1. S is regular,

2. R \ B \ L � ðRBL� for every right ideal R, generalized

bi-ideal B and left ideal L of S,

3. R að Þ \ B að Þ \ L að Þ � ðR að ÞB að ÞL að Þ� for every a 2 S:
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Theorem 4.16 An ordered semigroup S is regular if

and only if for every 2;2 _qkð Þ-fuzzy generalized bi-

ideal l , every 2;2 _qkð Þ-fuzzy right ideal k and every

2;2 _qkð Þ-fuzzy left ideal q of S, we have,

k ^ l ^ qð Þ�� k 
 l 
 qð Þ�:

Proof Let S be a regular ordered semigroup, l an

2;2 _qkð Þ-fuzzy generalized bi-ideal, k an 2;2 _qkð Þ-
fuzzy right ideal and q an 2;2 _qkð Þ-fuzzy left ideal of

S. Let a 2 S: Since S is regular, there exits x 2 S such that

a B axa = axa B (axa)(xa) B (axa)x(axa) = (ax)(axa)

(xa). Then ðaxÞðaxað Þ; xaÞ 2 Aa and Aa 6¼ ;: Thus,

k
k l
k q
� ��

að Þ¼ ðk
k l
qÞðaÞ^1� k

2

¼
_

y;zð Þ2Aa

ðk
k lÞðyÞ^q zð Þ

2
4

3
5^1� k

2

¼
_

y;zð Þ2Aa

_
p;qð Þ2Aa

ðkðpÞ^lðqÞÞ^1� k

2

� 	
^q zð Þ

2
4

3
5^1� k

2

¼
_

y;zð Þ2Aa

_
p;qð Þ2Aa

ðkðpÞ^lðqÞÞ^q zð Þð Þ^1� k

2

¼
_

y;zð Þ2Aa

_
p;qð Þ2Aa

kðpÞ^lðqÞ^q zð Þð Þ^1� k

2

� k axð Þ^l axað Þ^q xað Þð Þ^1� k

2
:

Since k an 2;2_qkð Þ-fuzzy right ideal l an 2;2_qkð Þ-
fuzzy generalized ideal and q an 2;2_qkð Þ-fuzzy left ideal

of S, we have k axð Þ�k að Þ^ 1�k
2
; lðaxaÞ�lðaÞ^lðaÞ^ 1�k

2

and qðxaÞ�qðaÞ^ 1�k
2
: Therefore,

k axð Þ^l axað Þ^q xað Þ^1�k

2


 �

� k að Þ^1�k

2

� 	
^ l að Þ^l að Þ^1�k

2

� 	
^ q að Þ^1�k

2

� 	

¼ k að Þ^1�k

2

� 	
^ l að Þ^1�k

2

� 	
^ q að Þ^1�k

2

� 	

¼k� að Þ^k l� að Þ^k q� að Þ

Thus k
k l
k q
� ��

að Þ� k^k l^k q
� ��

að Þ:
Conversely, assume that k ^k l ^k q

� ��� k 
k l 
k q
� ��

for every 2;2 _qkð Þ-fuzzy right ideal k , every 2;2 _qkð Þ-
fuzzy generalized ideal l and every 2;2 _qkð Þ-fuzzy left

ideal q of S. To prove that S is regular, by Lemma 4.15, it is

enough to prove that

R\B\ L� ðRBL� for right ideal R, generalized bi-ideal B

and left ideal L of S:

Let x 2 R\B\ L: Then x 2 R; x 2 B and x 2 L: Since

R is a right ideal, B a generalized bi-ideal and L a left ideal

of S, by Lemma 4.4 and 4.5, vk
R is an 2;2 _qkð Þ-fuzzy right

ideal, vk
B an 2;2 _qkð Þ-fuzzy generalized bi-ideal and vk

L an

2;2 _qkð Þ-fuzzy left ideal of S. By hypothesis, ðvR 
k vB 
k

vLÞ
�ðxÞ�ðvR ^k vB^k vLÞ

�ðxÞ ¼ ðvk
B ^ vk

I ^ vk
LÞðxÞ ^ 1�k

2
:

Since x 2 R; x 2 B and x 2 L; we have vk
RðxÞ ¼ 1�k

2
; vk

BðxÞ ¼
1�k

2
and vk

LðxÞ ¼ 1�k
2
: Thus ðvk

R ^ vk
B ^ vk

LÞðxÞ ^ 1�k
2
¼

vk
RðxÞ ^ vk

B ^ vk
LðxÞ ^ 1�k

2
¼ 1�k

2
: It follows that ðvR 
k vB 
k

vLÞ�ðxÞ ¼ 1�k
2
: By using Lemma 4.3 (3), we have ðvR 
k

vB 
k vLÞ� ¼ vk
ðRBL�: Therefore, vk

ðRBL�ðxÞ ¼ 1�k
2

and so x 2
ðRBL�: Consequently, S is regular. h

Lemma 4.17 [24] Let ðS; �; � Þ be an ordered semigroup,

then the following conditions are equivalent:

1. S is left weakly regular,

2. I \ L � ðIL� for every ideal I and left ideal L of S,

3. IðaÞ \ LðaÞ � ðIðaÞLðaÞ� for every a 2 S:

Theorem 4.18 An ordered semigroup ðS; �; �Þ is left

weakly regular if and only if for every (2;2 _qk)-fuzzy

ideal k and every (2;2 _qk)-fuzzy left ideal l of S,

we have

ðk ^k lÞ� � ðk 
k lÞ�:

Proof Suppose that k is an 2;2 _qkð Þ-fuzzy ideal and l
an 2;2 _qkð Þ-fuzzy left ideal of a left weakly regular

ordered semigroup S. Let a 2 S: Since S is left weakly

regular, there exits x; y 2 S such that a B xaya = (xa)(ya).

Then xa; yað Þ 2 Aa and Aa 6¼ ;: Thus,

k 
k l
� ��

að Þ ¼ ðk 
 lÞðaÞ ^ 1� k

2

¼
_

y;zð Þ2Aa

k yð Þ ^ l zð Þð Þ

2
4

3
5 ^ 1� k

2

� k xað Þ ^ l yað Þð Þ ^ 1� k

2
:

Since k is an 2;2 _qkð Þ-fuzzy ideal and l an

2;2 _qkð Þ-fuzzy left ideal of S, we have k xað Þ� k að Þ ^
1�k

2
and l yað Þ� l að Þ ^ 1�k

2
: Therefore,

k xað Þ ^ l yað Þ ^ 1� k

2


 �
� k að Þ ^ 1� k

2

� 	

^ l að Þ ^ 1� k

2

� 	

¼ k� að Þ ^k l� að Þ

Thus k 
k l
� ��

að Þ� k ^k l
� ��

að Þ:
Conversely, assume that k ^k l

� ��� k 
k l
� ��

for

every 2;2 _qkð Þ-fuzzy ideal k and every 2;2 _qkð Þ-fuzzy

left ideal l of S. To prove that S is left weakly regular, by

Lemma 4.17, it is enough to prove that
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I \ L � ðIL� for ideal I and left ideal L of S:

Let x 2 I \ L: Then x 2 I and x 2 L: Since I is an ideal

and L a left ideal of S, by Lemma 4.4 and 4.5, vk
I is an

2;2 _qkð Þ-fuzzy ideal and vk
L an 2;2 _qkð Þ-fuzzy left

ideal of S. By hypothesis, ðvI 
k vLÞ�ðxÞ� ðvI ^k

vLÞ�ðxÞ ¼ ðvk
I ^ vk

LÞðxÞ ^ 1�k
2
: Since x 2 I and x 2 L; we

have vk
I ðxÞ ¼ 1�k

2
and vk

LðxÞ ¼ 1�k
2
: Thus ðvk

I ^ vk
LÞðxÞ ^

1�k
2
¼ vk

I ðxÞ ^ vk
LðxÞ ^ 1�k

2
¼ 1�k

2
: It follows that ðvI 
k

vLÞ�ðxÞ ¼ 1�k
2
: By using Lemma 4.3 (3), we have ðvI 
k

vLÞ� ¼ vk
ðIL�: Therefore, vk

ðIL�ðxÞ ¼ 1�k
2

and so x 2 ðIL�:
Consequently, S is left weakly regular. h

Lemma 4.19 [24] Let S be an ordered semigroup, then

the following conditions are equivalent:

1. S is left weakly regular,

2. I \ B � ðIB� for every generalized bi-ideal B and

every ideal I of S,

3. IðaÞ \ BðaÞ � ðIðaÞBðaÞ� for every a 2 S:

Theorem 4.20 An ordered semigroup ðS; �; �Þ is left

weakly regular if and only if for every (2;2 _qk)-fuzzy

ideal k and every (2;2 _qk)-fuzzy generalized bi-ideal l
of S, we have

ðk ^k lÞ� � ðk 
k lÞ�:

Proof Suppose that k is an 2;2 _qkð Þ-fuzzy ideal and l
an 2;2 _qkð Þ-fuzzy generalized bi-ideal of a left weakly

regular ordered semigroup S. Let a 2 S: Since S is left

weakly regular, there exits x; y 2 S such that a B xaya B

x(xaya)ya = (x2ay)(aya). Then x2ay; ayað Þ 2 Aa and Aa =

[. Thus,

k 
k l
� ��

að Þ ¼ ðk 
 lÞðaÞ ^ 1� k

2

¼
_

y;zð Þ2Aa

k yð Þ ^ l zð Þð Þ

2
4

3
5 ^ 1� k

2

� k xað Þ ^ l yað Þð Þ ^ 1� k

2
:

Since k is an 2;2 _qkð Þ-fuzzy ideal and l an

2;2 _qkð Þ-fuzzy generalized bi-ideal of S, we have

k x2ayð Þ� k ayð Þ ^ 1�k
2
� k að Þ ^ 1�k

2

� �
^ 1�k

2
¼ k að Þ ^ 1�k

2

and l ayað Þ� l að Þ ^ l að Þ ^ 1�k
2
¼ l að Þ ^ 1�k

2
: Therefore

k x2ay
� �

^ l ayað Þ ^ 1� k

2


 �
� k að Þ ^ 1� k

2

� 	

^ l að Þ ^ 1� k

2

� 	

¼ k� að Þ ^k l� að Þ

Thus k 
k l
� ��

að Þ� k ^k l
� ��

að Þ:

Conversely, assume that k ^k l
� ��� k 
k l

� ��
for

every 2;2 _qkð Þ-fuzzy ideal k and every 2;2 _qkð Þ-fuzzy

generalized bi-ideal l of S. To prove that S is left weakly

regular, by Lemma 4.19, it is enough to prove that

I \B� ðIL� for ideal I and generalized bi-ideal B of S:

Let x 2 I \B: Then x 2 I and x 2 B: Since I is an ideal

and B a generalized bi-ideal of S, by Lemma 4.4 and 4.5, vk
I

is an 2;2 _qkð Þ-fuzzy ideal and vk
B an 2;2 _qkð Þ-fuzzy

generalized bi-ideal of S. By hypothesis, ðvI 
k

vBÞ�ðxÞ�ðvI ^k vBÞ�ðxÞ ¼ ðvk
I ^ vk

BÞðxÞ ^ 1�k
2
: Since x 2 I

and x 2 B; we have vk
I ðxÞ ¼ 1�k

2
and vk

BðxÞ ¼ 1�k
2
: Thus

ðvk
I ^ vk

BÞðxÞ ^ 1�k
2
¼ vk

I ðxÞ ^ vk
BðxÞ ^ 1�k

2
¼ 1�k

2
: It follows

that ðvI 
k vBÞ�ðxÞ ¼ 1�k
2
: By using Lemma 4.3 (3), we

have ðvI 
k vBÞ
� ¼ vk

ðIB�: Therefore, vk
ðIB�ðxÞ ¼ 1�k

2
and so

x 2 ðIB�: Consequently, S is left weakly regular. h
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