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^Äëíê~Åí. Let G and H be groups which act on each other and each of which acts on itself by 

conjugation, then the actions are compatible if 
−

′ ′=
1( ) ( ( ))

g h g h gg g  and 
−

′ ′=
1( ) ( ( ))

h g h g hh h  for 

∈, 'g g G  and ∈, 'h h H . Compatible actions play a very important role in determining the 

nonabelian tensor product. The nonabelian tensor product, ⊗ ,G H   was introduced by Brown 

and Loday in 1984. The nonabelian tensor product  is the group generated by ⊗g h  with two 

relations ⊗ = ⊗ ⊗' ( ' )( )g ggg h g h g h  and ⊗ = ⊗ ⊗' ( )( ')h hg hh g h g h  for ∈, 'g g G  and 

∈, 'h h H , where G and H act on each other in a compatible fashion and act on themselves by 

conjugation.  In 1987, Brown Éí= ~äK gave an open problem in determining whether the tensor 
product of two cyclic groups is cyclic. Visscher in 1998 has shown that the nonabelian tensor 
product is not necessarily cyclic, but he only focused on the case of cyclic groups of 2-power order 
where the action is of order two. In this paper, the compatibility and the nonabelian tensor product 
of cyclic groups of order p2 with the actions of order p are determined. 
 

hÉóïçêÇëW Groups; cyclic group; compatible action; nonabelian tensor product 
 

^Äëíê~âK Katalah G dan H dua kumpulan yang bertindak ke atas satu sama lain dan masing-
masing  bertindak ke atasnya sendiri secara konjugasi, maka tindakan tersebut adalah serasi jika 

−

′ ′=
1( ) ( ( ))

g h g h gg g  and 
−

′ ′=
1( ) ( ( ))

h g h g hh h  for ∈, 'g g G  and ∈, 'h h H . Keserasian tindakan 

adalah penting dalam penentuan hasil darab tensor tak abelan. Hasil darab tensor tak abelan, 

⊗ ,G H telah diperkenalkan oleh Brown dan Loday pada tahun 1984. Hasil darab tensor tak 

abelan adalah kumpulan yang dijana oleh ⊗g h dengan dua hubungan ⊗ = ⊗ ⊗' ( ' )( )g ggg h g h g h    
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dan ⊗ = ⊗ ⊗' ( )( ')h hg hh g h g h  bagi ∈, 'g g G  dan ∈, 'h h H dengan G dan H bertindak 

antara satu sama lain dalam tindakan yang serasi dan bertindak ke atas mereka sendiri dengan 
konjugasi. Pada tahun 1987, Brown dan rakan-rakan memberikan masalah terbuka dalam 
menentukan sama ada hasil darab tensor tak abelan dari dua kumpulan kitaran adalah juga 
kumpulan kitaran. Visscher pada tahun 1998 telah membuktikan bahawa hasil darab tensor tak 
abelan tidak semestinya kumpulan kitaran, tetapi kajian beliau hanya difokuskan kepada 
kumpulan kitaran berperingkat kuasa bagi dua dengan tindakannya berperingkat dua. Dalam 
makalah ini, keserasian dan hasil darab tensor tak abelan berperingkat p2 dengan tindakan 
berperingkat p ditentukan. 
=

h~í~=âìåÅáW Kumpulan; kumpulan kitaran; tindakan serasi; hasil darab tensor tak abelan 
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The nonabelian tensor product, ⊗G H , for groups G and H was originated in 
connection with a generalized Van Kampen Theorem and its construction has its 
origins in the algebraic K-theory and in homotopy theory. It was introduced by 
Brown and Loday in [1]. It is defined for a pair of groups which act on each other 
provided the actions satisfy the compatibility conditions. A compatible action 
between two groups is defined as follows: 

 
aÉÑáåáíáçå=NKNK=xOz=E`çãé~íáÄäÉ=^ÅíáçåëF=iÉí=d=~åÇ=e=ÄÉ=Öêçìéë=ïÜáÅÜ=~Åí=
çå=É~ÅÜ=çíÜÉê=~åÇ=çå=íÜÉãëÉäîÉë=Äó=ÅçåàìÖ~íáçåK=qÜÉëÉ=ãìíì~ä=~Åíáçåë=~êÉ=ë~áÇ=
íç=ÄÉ=Åçãé~íáÄäÉ=áÑ==

( ) −

′ ′=
1

( ( ))
g h g h gg g  and ( ) −

′ ′=
1

( ( ))
h g h g hh h  

for all ′∈,g g G  and ′∈,h h H . 
 
  Now, if G and H are groups which act compatibly on each other, then the 
definition of the nonabelian tensor products of groups G and H, ⊗G H , is given 
as follows: 
 
aÉÑáåáíáçå= NKOK= xOz= Ekçå~ÄÉäá~å= qÉåëçê= mêçÇìÅíF fÑ=d=~åÇ=e=~êÉ=Öêçìéë=
ïÜáÅÜ=~Åí=Åçãé~íáÄäó=çå=É~ÅÜ=çíÜÉêI=íÜÉå=íÜÉ=åçå~ÄÉäá~å=íÉåëçê=éêçÇìÅí= ⊗G H =
áë= íÜÉ= Öêçìé= ÖÉåÉê~íÉÇ= Äó= íÜÉ= ëóãÄçäë= ⊗g h =Ñçê= ~ää= ∈g G =~åÇ= ∈h H ïáíÜ=

êÉä~íáçåë==

⊗ = ⊗ ⊗' ( ' )( )g ggg h g h g h      (1) 
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⊗ = ⊗ ⊗' ( )( ')h hg hh g h g h      (2) 

for all ′∈,g g G  and ′∈,h h H . 
 

  Starting with the paper of Brown Éí= ~äK [3], many researchers had studied group 
theoretical aspects of nonabelian tensor products extensively.  
  When the groups G and H are the same, the nonabelian tensor product 
becomes the nonabelian tensor square. It is interesting to check the compatible 
conditions when calculating the tensor product since the groups are not the same 
or when the actions are nontrivial. Ellis and McDermott [4] had done this but 
specifically for quaternion group of order 32. Visscher [5] in 1998 had provided 
necessary and sufficient conditions for a pair of cyclic groups to act compatibly. 
He gave complete compatible conditions when one of the actions is trivial or both 
actions are trivial in cyclic groups of p-power order. In this paper, we give a new 
necessary and sufficient condition for a pair of cyclic groups of p-power order to 
act compatibly. 
  Brown and Loday already established in [2] that the tensor square, ⊗G G , is 
finite for a finite group G. Then Ellis [6] extended the results for tensor products. 
In addition he showed that the tensor product ⊗G H  is of p-power order if G 
and H are of p-power order. McDermott [4] computed the nonabelian tensor 
product, ⊗G H  when G is a p-group and H is a q-group, where p and q are 
primes. However, he just concentrated on the bound on the order of ⊗G H  and 
give some results on that case. Visscher [5] continued the study on the tensor 
product of p-power order and specifically to cyclic groups. He computed some of 
the tensor product of cyclic group of p-power order and gave a complete 
classification of all nonabelian tensor product of cyclic groups of 2-power order 
with mutual nontrivial actions of order two.   
  This paper is focused on the determination of the cyclicness of the nonabelian 
tensor product of cyclic groups focusing on cyclic groups of order p2, where p an 
odd prime and when both actions have order p. 
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The nonabelian tensor product ⊗G H  is defined only if G and H act on each 
other in such way that the actions satisfy certain compatibility condition. An action 
of a group G on a group H is defined in the following: 
 
aÉÑáåáíáçå=OKNK=xRz iÉí=d=~åÇ=e=ÄÉ=ÖêçìéëK=^å=~Åíáçå=çÑ=d=çå=e=áë=~=ã~ééáåÖI=
Φ →: ( )G End H =ëìÅÜ= íÜ~í= ′ ′Φ =Φ Φ( )( ) ( )( ( )( ))gg h g g h =Ñçê= ~ää= ′∈,g g G =~åÇ=

∈h H K=
 

  An action Φ  of G on H will also be required to have the property that 
Φ =(1 ) idG H , the identity mapping on H. Such an action is typically called a 

monoid action [5]. Thus, from this point on, an action will be a homomorphism  
Φ  from G to Aut( )H .  
  In the case of abelian groups, the compatibility conditions can be simplified. 
The result is given in Proposition 2.2.  
 
mêçéçëáíáçå= OKOK= xOz iÉí=d=~åÇ=e=ÄÉ=Öêçìéë=ïÜáÅÜ=~Åí=çå=É~ÅÜ=çíÜÉê=~åÇ=çå=
íÜÉãëÉäîÉë=Äó=ÅçåàìÖ~íáçåK=fÑ=d=~åÇ=e=~êÉ=~ÄÉäá~åI=íÜÉå=íÜÉ=ãìíì~ä=~Åíáçåë=~êÉ=

Åçãé~íáÄäÉ= áÑ= ~åÇ= çåäó= áÑ= ( ) ′ ′=
g h hg g =~åÇ= ( ) ′ ′=

h g gh h =Ñçê= ~ää= ′∈,g g G =~åÇ=
′∈,h h H K=

  In order to show that the actions of G and H on each other are compatible, it is 
suffices for the compatibility conditions to hold on the generators of G and H. 
The general case was given by Vissher [5] and the following proposition focuses on 
the special case when both groups are cyclic and finite. 
 

mêçéçëáíáçå= OKPK iÉí= = =| 1nG x x =~åÇ= = =| 1mH y y =ÄÉ= ÑáåáíÉ= ÅóÅäáÅ=

Öêçìéë= çÑ= çêÇÉê=å= ~åÇ=ãI= êÉëéÉÅíáîÉäóK=cìêíÜÉêãçêÉI= ëìééçëÉ=d=~åÇ=e=~Åí= çå=
É~ÅÜ= çíÜÉêK= fÑ= íÜÉ= Åçãé~íáÄáäáíó= ÅçåÇáíáçåë= ÜçäÇ= Ñçê= ñ= ~åÇ= óI= íÜÉå= íÜÉ= ãìíì~ä=
~Åíáçåë=~êÉ=Åçãé~íáÄäÉK=
 
  If two actions act compatibly on each other, then there are some conditions 
which holds as stated in the following lemma. 
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iÉãã~= OKQK= xRz iÉí= = =G x I= =H y == ÄÉ= ÅóÅäáÅ= ÖêçìéëK=cìêíÜÉêãçêÉ= äÉí=d=

~åÇ=e=~Åí=Åçãé~íáÄäó=çå=É~ÅÜ=çíÜÉê=ëç=íÜ~í= =y kx x =~åÇ= =x ly y K=qÜÉå==
−

=
1ly x x  and 

−

=
1kx y y . 

 
  Next, the following proposition given is the general expansion formula for the 
nonabelian tensor products for finite cyclic groups where the proof can be found 
in [5].  
 

mêçéçëáíáçå= OKRK= xRz= iÉí= = ≅ mG x C =~åÇ= = ≅ nH y C =ÄÉ= ÑáåáíÉ= ÅóÅäáÅ=

Öêçìéë= ïÜáÅÜ= ~Åí= åçåíêáîá~ääó= ~åÇ= Åçãé~íáÄäó= çå= É~ÅÜ= çíÜÉêK= cìêíÜÉêãçêÉI= äÉí=

∈,k l =ïáíÜ= < <0 k m =~åÇ= < <0 l n =ëìÅÜ= íÜ~í= =y kx x =~åÇ= =x ly y K= fÑ=

∈,r s =ëìÅÜ=íÜ~í= ≤ <0 r m =~åÇ= ≤ <0 s n I=íÜÉå==
ξ η−⊗ = ⊗ ⊗1( ) ( )r s kx y x y x y =

ïÜÉêÉ=ξ
⎛ ⎞−

= ⎜ ⎟−⎝ ⎠

1
1

rl
s

l
=~åÇ=η − −

= =

−
=

−∑ ∑1 1

0 0

1
1

i j
r sl

i j

k
k

K=

 
  In the next section, we will give a new necessary and sufficient condition for a 
pair of cyclic groups of p-power order to act compatibly. 

 
 

PKM `ljm^qf_ib= ^`qflkp= clo= `v`if`= dolrmp= lc= éJ
mltbo=loabo=
 
In this section, compatible actions are investigated, in particular compatible actions 
between two cyclic groups of p-power order. We already have a necessary and 
sufficient condition for a pair of cyclic groups to act compatibly done by Visscher 
[5] but the condition does not consider the order of the action. Our new necessary 
and sufficient condition considers the order of the action and it is simpler than the 
existing condition. 
 The condition is stated in the following theorem. 
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qÜÉçêÉã= PKNK iÉí= α= ≅
p

G g C =~åÇ= β= ≅
p

H h C =ïÜÉêÉ= α β ≥, 2 K=

cìêíÜÉêãçêÉI= äÉí= ( )σ∈Aut G =ïáíÜ= σ = kp =ïÜÉêÉ= α= −1,2,..., 1k =~åÇ=

( )σ ′∈Aut H =ïáíÜ= σ ′′ = kp =ïÜÉêÉ= β′ = −1,2,..., 1k K= qÜÉå= ( )σ σ ′, =áë= ~=

Åçãé~íáÄäÉ=é~áê=áÑ=~åÇ=çåäó=áÑ= { }α β′+ ≤ min ,k k K 

 
  This theorem is useful in order to determine the pair of actions which is 
compatible. 
 
 
QKM qbkplo= molar`qp= lc= `v`if`= dolrmp= lc= loabo= éOI= é=
^k=laa=mofjb=^ka=qeb=^`qflkp=qe^q=e^sb=loabo=é==
 
In this section, some of the nonabelian tensor products of cyclic groups of p-
power order, p an odd prime is shown to be cyclic. Some results in [5] are needed 
in order to proof the nonabelian tensor products of cyclic groups of order p2, p an 
odd prime and the actions that have order p is cyclic.  
  By Proposition 2.5, clearly the tensor product is cyclic in our case if 

− ⊗ ∈ ⊗1kx y x y . Thus, we need to show that ⊗ ∈ ⊗px y x y . We start with 

a few lemmas and corollaries. 
 

iÉãã~= QKNK iÉí= ≅ ≅ 2p
G H C =ïáíÜ= =G x I= =H y =I= > 2p I= ïÜÉêÉ==

+= 1x py y =~åÇ= += 1y px x K= qÜÉå= íÜÉ= ~Åíáçåë= ~êÉ= Åçãé~íáÄäÉ= ~åÇ= íÜÉ= ÑçääçïáåÖ=

ÅçåÇáíáçåë=ÜçäÇW=

=
px y y =~åÇ= =

py x x I= = = = = EPF=

=x p py y =~åÇ= =y p px x K== = = = = EQF=

 

mêççÑW  Since += 1x py y  and += 1y px x , it follows by Lemma 2.4 that =
px y y  

and =
py x x , and (3) holds. 

 
To show (4), we observe  

( ) ( )+ += = = =
21p px p x p p p py y y y y , 
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and   ( ) ( )+ += = = =
21p py p y p p p px x x x x . 

Hence (4) holds. □ 

iÉãã~= QKOK= iÉí= ≅ ≅ 2p
G H C =ïáíÜ= =G x I= =H y =I= > 2p I= ïÜÉêÉ==

+= 1x py y =~åÇ= += 1y px x K=qÜÉå=Ñçê=~ää=áåíÉÖÉêë= ≥1k =ïÉ=Ü~îÉ==

( ) ( )⊗ = ⊗kp p kx y x y ,     (5) 

( ) ( )⊗ = ⊗kp p kx y x y .     (6) 

 
mêççÑW The proof is by induction on k. The claim is obviously true for =1k .   

( ) ( )⋅ ⊗ = ⊗1 p px y x y . Now, assume it is true for some k with ≥1k , i.e. 

( ) ( )⊗ = ⊗kp p kx y x y . Next, by Definition 1.2 and Lemma 4.1 we have  

( )( ) ( )
( )( )
( )( )
( ) ( )
( )

+

+

⊗ = ⊗

= ⊗ ⊗

= ⊗ ⊗

= ⊗ ⊗

= ⊗

1

1.

p p

k p p kp

x kp x p

kp p

kp p

p k

x y x x y

x y x y

x y x y

x y x y

x y

 

Thus, by the principle of mathematical induction, since (5) holds for +1k , then it 
follows that (5) holds for all positive integers k.  
The proof of (6) follows in a similar manner. □ 
 

`çêçää~êó= QKPK iÉí= ≅ ≅ 2p
G H C =ïáíÜ= =G x I= =H y =I= > 2p K= fÑ=

+= 1x py y =~åÇ= += 1y px x I=íÜÉå==

( ) ( ) ⊗⊗ = ⊗ =1p p p px y x y ,     (7) 

( )( ) ( )+⊗ ⊗ = ⊗1 2 1 2( )k p k p k k px y x y x y .   (8) 

 
mêççÑW To show (7), by Lemma 4.2 for =k p , we have 
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( ) ( ) ( ) ( )
( ) ( ) ( ) ( )

⊗

⊗

= ⊗ = ⊗ = ⊗ = ⊗

= ⊗ = ⊗ = ⊗ = ⊗

2

2

1 1 ,

1 1 .

p pp p p
G

p pp p p
H

y x y x y x y

x x y x y x y
 

Thus (7) holds. 

To prove (8), we observe that by (6) we have ( ) ( )⊗ = ⊗1 1k p p kx y x y ,  

( ) ( )⊗ = ⊗2 2k p p kx y x y  and ( ) ( )+ +⊗ = ⊗1 2 1 2( )k k p p k kx y x y . Then, our claim 

follows immediately. □ 
 
 
  Next we need another result, stated as follows. 
 

iÉãã~= QKQK iÉí= ≅ ≅ 2p
G H C =ïáíÜ= =G x I= =H y K= fÑ= += 1x py y =~åÇ=

+= 1y px x I=íÜÉå= ( )⊗ = ⊗p px y x y K 

 

mêççÑW We have ( )( )+ +⊗ = ⊗1 1
ip ipx y x y  since = 2y p . Expanding by 

Definition 1.2 this yields  

  ( ) ( ) ( )
−

=
⊗ = ⊗ Π ⊗

1

1

ppp ip

i
x y x y x y . 

By (8) we obtain  

  ( ) ( )
−

=

⋅− −

⊗=

∑
Π ⊗ = ⊗ = ⊗ = ⊗ =

1

2

1

11 1
2

1
1 1

p

i

p ip p pip
Hi

x y x y x y x , 

since = 2y p  and p is odd. Our claim follows. □ 

 
  Next, we are ready to prove the nonabelian tensor products of cyclic groups of 
order p2, p an odd prime and the actions that have order p is cyclic. We state the 
result in the following proposition. 
 

mêçéçëáíáçå= QKRK= iÉí= =G x I= =H y =~åÇ= ≅ ≅ 2p
G H C =ïáíÜ= > 2p K= fÑ= d=

~åÇ=e=~Åí=çå=É~ÅÜ=çíÜÉê=ëç=íÜ~í= += 1x py y =~åÇ= += 1y px x I=íÜÉå=G H⊗ =áë=ÅóÅäáÅ=

~åÇ=G H⊗ =áë=~=ÜçãçãçêéÜáÅ=áã~ÖÉ=çÑ= 2p
C K 
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mêççÑW By the definition of the nonabelian tensor product we have 

⊗ = ⊗ ≤ ≤ −|0 , 1s tG H x y s t p . To prove our claim, it suffices to show  

⊗ ∈ ⊗s tx y x y . By Proposition 2.5 we have  

( ) ( )τσ⊗ = ⊗ ⊗s t px y x y x y  

for integers σ  and τ . However Lemma 4.4 yields ( )⊗ = ⊗p px y x y . Thus we 

conclude ⊗ ∈ ⊗s tx y x y . Observing that by Corollary 4.3 and Lemma 4.4 we 

have ( )⊗ = ⊗
2

1
px y  . Since ⊗ = ⊗G H x y  and ⊗x y  divides 2p , our claim 

follows. □ 
 
 
RKM prjj^ov=^ka=`lk`irpflk=
 
In this paper, we have given a necessary and sufficient condition for a pair of cyclic 
groups of p-power order to act compatibly on each other by considering the order 
of the actions. In addition, we have also proven that the nonabelian tensor products 
of cyclic groups of order p2, p an odd prime and the actions have order p is cyclic.  
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