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THE COMPUTATION OF THE NONABELIAN
TENSOR PRODUCT OF CYCLIC GROUPS OF ORDER p’

MOHD SHAM MOHAMAD', NOR HANIZA SARMIN*
NOR MUHAINIAH MOHD ALI® & LUISE-CHARLOTTE KAPPE'

Abstract. Let G and H be groups which act on each other and each of which acts on itself by
conjugation, then the actions are compatible if % g’ =*# (I’(”il 2") and Gopr = I'(“(l'il ') for
2,2'€G and h,h'e H . Compatible actions play a very important role in determining the
nonabelian tensor product. The nonabelian tensor product, G ® H, was introduced by Brown
and Loday in 1984. The nonabelian tensor product is the group generated by g ® A with two
relations gr'@h=(g'@*M(g®h) and g =(g@M("g®"h) for g,8'€eG and
h,h'e H , where G and H act on each other in a compatible fashion and act on themselves by

conjugation. In 1987, Brown et al. gave an open problem in determining whether the tensor
product of two cyclic groups is cyclic. Visscher in 1998 has shown that the nonabelian tensor
product is not necessarily cyclic, but he only focused on the case of cyclic groups of 2-power order
where the action is of order two. In this paper, the compatibility and the nonabelian tensor product
of cyclic groups of order p’ with the actions of order p are determined.
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Abstrak. Katalah G dan H dua kumpulan yang bertindak ke atas satu sama lain dan masing-
masing bertindak ke atasnya sendiri secara konjugasi, maka tindakan tersebut adalah serasi jika
“h ¢ (hes " g (i - \ ' . .

CM gl = ("5 g") and O =15 ) for g,8'€eG and h,h'e H . Keserasian tindakan
adalah penting dalam penentuan hasil darab tensor tak abelan. Hasil darab tensor tak abelan,
G ® H, telah diperkenalkan oleh Brown dan Loday pada tahun 1984. Hasil darab tensor tak

abelan adalah kumpulan yang dijana oleh g ® /4 dengan dua hubungan gg'® A=(*g'® * 1) (g ® h)
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dan g®hh'=(g @M ("g®"h) bagi g,2'€G dan h,h'e H dengan G dan H bertindak

antara satu sama lain dalam tindakan yang serasi dan bertindak ke atas mereka sendiri dengan
konjugasi. Pada tahun 1987, Brown dan rakan-rakan memberikan masalah terbuka dalam
menentukan sama ada hasil darab tensor tak abelan dari dua kumpulan kitaran adalah juga
kumpulan kitaran. Visscher pada tahun 1998 telah membuktikan bahawa hasil darab tensor tak
abelan tidak semestinya kumpulan kitaran, tetapt kajian beliau hanya difokuskan kepada
kumpulan kitaran berperingkat kuasa bagi dua dengan tindakannya berperingkat dua. Dalam
makalah ini, keserasian dan hasil darab tensor tak abelan berperingkat p’ dengan tindakan
berperingkat p ditentukan.

Kata kunci: Kumpulan; kumpulan kitaran; tindakan serasi; hasil darab tensor tak abelan

1.0 INTRODUCTION

The nonabelian tensor product, G &® H , for groups G and H was originated in
connection with a generalized Van Kampen Theorem and its construction has its
origins 1n the algebraic K-theory and in homotopy theory. It was mtroduced by
Brown and Loday in [1]. It is defined for a pair of groups which act on each other
provided the actions satisfy the compatibility conditions. A compatible action
between two groups 1s defined as follows:

Definition 1.1. [2] (Compatible Actions) Let G and H be groups which act
on each other and on themselves by conjugation. These mutual actions are said
to be compatible if

(All)g_! — g( /1(;;‘7l g!)) ;111(1 (/Ié")bl — /1(;;‘(/17l bl))
forall g,8'e€eG and h,h' e H .

Now, if & and H are groups which act compatibly on each other, then the
definition of the nonabelian tensor products of groups G and H, G ® H , is given
as follows:

Definition 1.2. [2] (Nonabelian Tensor Product) If G and H are groups
which act compatibly on each other, then the nonabelian tensor product G ® H
is the group generated by the symbols g ®h for all g €G and he H with

relations
20'®@h=("g'®*h)(g®h) (1)
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gRhh'=(g@h("g®"h) 2
forall g,8'eG and h,h' € H .

Starting with the paper of Brown et al. [3], many researchers had studied group
theoretical aspects of nonabelian tensor products extensively.

When the groups G and H are the same, the nonabelian tensor product
becomes the nonabelian tensor square. It 1s mteresting to check the compatible
conditions when calculating the tensor product since the groups are not the same
or when the actions are nontrivial. Ellis and McDermott [4] had done this but
specifically for quaternion group of order 32. Visscher [5] in 1998 had provided
necessary and sufficient conditions for a pair of cyclic groups to act compatibly.
He gave complete compatible conditions when one of the actions 1s trivial or both
actions are trivial in cyclic groups of p-power order. In this paper, we give a new
necessary and sufficient condition for a pair of cyclic groups of p-power order to
act compatibly.

Brown and Loday already established in [2] that the tensor square, G ® G, is
finite for a finite group G. Then Ellis [6] extended the results for tensor products.
In addition he showed that the tensor product G ® H is of p-power order if G
and H are of p-power order. McDermott [4] computed the nonabelian tensor
product, G ® H when G is a pgroup and H is a ¢group, where p and ¢ are
primes. However, he just concentrated on the bound on the order of G ® H and
give some results on that case. Visscher [5] continued the study on the tensor
product of ppower order and specifically to cyclic groups. He computed some of
the tensor product of cychic group of ppower order and gave a complete
classification of all nonabelhan tensor product of cyclic groups of 2-power order
with mutual nontrivial actions of order two.

This paper 1s focused on the determination of the cyclicness of the nonabelian
tensor product of cyclic groups focusing on cyclic groups of order p’, where p an
odd prime and when both actions have order p.
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2.0 SOME PREPARATORY RESULTS

The nonabelian tensor product G ® H 1s defined only if G and H act on each
other in such way that the actions satisfy certain compatibility condition. An action
of a group G on a group His defined in the following:

Definition 2.1. [5] Let G and H be groups. An action of G on H is a mapping,
®:G — End(H) such that (gg')(h) = D(g)N(D(g)(h) for all g,8"€G and
heH .

An action @ of G on H will also be required to have the property that
®(1,)=1d, , the identity mapping on H. Such an action is typically called a
monoid action [5]. Thus, from this point on, an action will be a homomorphism
® from Gto Aut(H).

In the case of abelian groups, the compatibility conditions can be simplified.

The result 1s given in Proposition 2.2.

Proposition 2.2. [2] Let G and H be groups which act on each other and on
themselves by conjugation. If G and H are abelian, then the mutual actions are

compatible if and only if (gll)g'z "g' and R for all g,8"'€G and
hheH.

In order to show that the actions of G and H on each other are compatible, it 1s
suffices for the compatibility conditions to hold on the generators of G and H.
The general case was given by Vissher [5] and the following proposition focuses on

the special case when both groups are cyclic and finite.

Proposition 2.3. Let G:<X | x” =1> and H =<y [y =1> be finite cyclic

groups of order n and m, respectively. Furthermore, suppose G and H act on
each other. If the compatibility conditions hold for x and vy, then the mutual
actions are compatible.

If two actions act compatibly on each other, then there are some conditions
which holds as stated in the following lemma.
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Lemma 2.4. [5] Let G=<X>, H =<y> be cyclic groups. Furthermore let G

and H act compatibly on each other so that " x = x* and “y=y'. Then

A k-1
"x=x and" y=y.

Next, the following proposition given is the general expansion formula for the
nonabelian tensor products for finite cyclic groups where the proof can be found
in [J].

Proposition 2.5. [5] Let G=<X>5Cm and H :< y>ECH be finite cyclic
groups which act nontrivially and compatibly on each other. Furthermore, let
k,1€Z with 0<k<m and 0</<n such that "x=x" and “y=y'. If
r,seZ suchthat 0<r<m and 0<s<n, then

VY =(x®p) (" @)

I -1 o1 kT =1
where §=5( -1 J and 77:2,'=(> J=0 k—1 )

In the next section, we will give a new necessary and sufficient condition for a

pair of cyclic groups of p-power order to act compatibly.

3.0 COMPATIBLE ACTIONS FOR CYCLIC GROUPS OF p-
POWER ORDER

In this section, compatible actions are investigated, in particular compatible actions
between two cyclic groups of p-power order. We already have a necessary and
sufficient condition for a pair of cyclic groups to act compatibly done by Visscher
[5] but the condition does not consider the order of the action. Our new necessary
and sufficient condition considers the order of the action and it 1s simpler than the
existing condition.

The condition 1s stated in the following theorem.
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Theorem 3.1. Let Gz(g}%Cpa and H:<11>ECPB where a,f>2 .
Furthermore, let GeAut(G) with |O'|=pk where k=1,2,....aa-1 and
G'eAut(H) with |0"|=ka where k'=1,2,..,8—-1 . Then (G,G') is a
compatible pair if and only if k+ k'< min{a, ,B} )

This theorem 1s useful in order to determine the pair of actions which 1s
compatible.

4.0 TENSOR PRODUCTS OF CYCLIC GROUPS OF ORDER p', p
AN ODD PRIME AND THE ACTIONS THAT HAVE ORDER p

In this section, some of the nonabehan tensor products of cyclic groups of p-
power order, p an odd prime 1s shown to be cyclic. Some results in [5] are needed
in order to proof the nonabelian tensor products of cyclic groups of order p', p an
odd prime and the actions that have order pis cyclic.

By Proposition 2.5, clearly the tensor product is cyclic m our case if
' ®ye <X®y>. Thus, we need to show that x” ® y € <X®y>. We start with

a few lemmas and corollaries.

Lemma 4.1. Let GEH;CP2 with G=<X> , H:<y> , p>2, where

p+l p+l

fy=y and "x =x"" . Then the actions are compatible and the following

conditions hold:
Yy=y and 'x=x, (8)

Y =y? and *x" = x” . (4)

p+l p+l

Proof: Since "y =y”" and "x=x"", it follows by Lemma 2.4 that “ﬂy =y

and “x=x , and (3) holds.

To show (4), we observe

.\vVVp _ ( .vy)” _ (#VIJH )” _ MV1)2+/) _ ,Vh ’
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aIld 'IVX[) — ( J'X)p — (X[)+1 )/) — X[)2+]) — X[) .
Hence (4) holds. o
Lemma 4.2. Let G;H;Cp2 with G=<X> , H =<y> , p>2, where

Yy=y"" and *x = x"". Then for all integers k>1 we have
(ka ®y)=(X” ®y)k, )
(X®}”/{[)>:(X®_Vp)k. (6)

Proof: The proof is by induction on 4. The claim is obviously true for &=1.

(" ®y)=(x"®y). Now, assume it is true for some & with k=1, ie.
(x ®y)=(x"®y)*. Next, by Definition 1.2 and Lemma 4.1 we have
("5 0" y)(x y)
(@) ey
=(xv®r) (v er)
(v @),

Thus, by the principle of mathematical induction, since (5) holds for & +1, then it
follows that (5) holds for all positive integers 4.

The proof of (6) follows in a similar manner. 0O

Corollary 4.3. Let GEHECP2 with G=<X> , H=<y> , p>2 . If
A\'y — _V[)H and )'X — X[)+l , then
(" ®y)"=(x®s") =15, (7)

(X®yk”’)(X®yk2”) =(X®}’(kl+k2)p) . ®)

Proof: To show (7), by Lemma 4.2 for £ = p, we have
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Iy =(1,®y)= (Xf” ®y) =(x"®y)=(x"®y)",

lg z(X®1H):(X®y”2)z(X@y”’):(X@y”)”.
Thus (7) holds.
To prove (8), we observe that by (6) we have (X® y""’) = (X®y”)k‘ ,

(X@yl‘“))=(X®y’))/‘2 and (){(@}/’(/“%)”)=(X®y”)l"‘+k2 . Then, our claim

follows immediately. O

Next we need another result, stated as follows.

Lemma 4.4. Let G=H=C , with G=(x), H=(y). If "y=y"" and

Yx=x"" then x"®y=(x®y)".

Proof: We have (X®y(””)')=x®y"”+l since |y|:p2 . Expanding by

Definition 1.2 this yields

p-1

(X” ®JV) = (X®y)p I1

=1

(X®,Vip).

By (8) we obtain

-l
p-l /"Z" l[)2(11171)

H(X@,V"”)=X®y H =x®y? =x®1, =1,

7=l

since |V| = p* and pis odd. Our claim follows. O

Next, we are ready to prove the nonabehan tensor products of cyclic groups of
order p’, p an odd prime and the actions that have order p is cyclic. We state the
result in the following proposition.

Proposition 4.5. Let G=<X>, H:<y> and G=H =C , with p>2. If G

and H act on each other so that "y = y"*' and *x =x""", then G®H s cyclic
and G®H is a homomorphic image of C ..
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Proof: By the definiion of the nonabelian tensor product we have
GOH =<XS ®y'|0<s,c< p—1> . To prove our claim, it suffices to show
¥Ry e <X ® y> . By Proposition 2.5 we have
POy =(x®y) (x®y)
for integers o and 7. However Lemma 4.4 yields x”"®y :(X®,V)”. Thus we
conclude x' ® y' € <X ®y > . Observing that by Corollary 4.3 and Lemma 4.4 we

o . 2 .
divides p~, our claim

have 14 :(X®,V)p2 . Since GO H =<X ®y> and |X®}”

follows. O

5.0 SUMMARY AND CONCLUSION

In this paper, we have given a necessary and sufficient condition for a pair of cyclic
groups of p-power order to act compatibly on each other by considering the order
of the actions. In addition, we have also proven that the nonabelan tensor products
of cyclic groups of order p', p an odd prime and the actions have order p1is cyclic.
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