The Schur multiplier of pairs of groups of order p 3 q
Adnin Afifi Nawi, Nor Muhainiah Mohd Ali, Nor Haniza Sarmin, and Samad Rashid

Citation: AIP Conference Proceedings 1750, 050001 (2016); doi: 10.1063/1.4954589

View online: http://dx.doi.org/10.1063/1.4954589

View Table of Contents: http://scitation.aip.org/content/aip/proceeding/aipcp/1750?ver=pdfcov
Published by the AIP Publishing

Articles you may be interested in
The generalization of the Schur multipliers of Bieberbach groups
AIP Conf. Proc. 1635, 461 (2014); 10.1063/1.4903622

Automorphism group of nonabelian groups of order p 3
AIP Conf. Proc. 1602, 640 (2014); 10.1063/1.4882552

The Schur multipliers of certain Bieberbach groups with abelian point groups
AIP Conf. Proc. 1522, 1069 (2013); 10.1063/1.4801248

The Schur multiplier and nonabelian tensor square of some groups of p-power order
AIP Conf. Proc. 1522, 1039 (2013); 10.1063/1.4801244

Degenerate Representations of the Symplectic Groups Il. The Noncompact Group Sp(p, q)
J. Math. Phys. 10, 1777 (1969); 10.1063/1.1665027



http://scitation.aip.org/content/aip/proceeding/aipcp?ver=pdfcov
http://scitation.aip.org/search?value1=Adnin+Afifi+Nawi&option1=author
http://scitation.aip.org/search?value1=Nor+Muhainiah+Mohd+Ali&option1=author
http://scitation.aip.org/search?value1=Nor+Haniza+Sarmin&option1=author
http://scitation.aip.org/search?value1=Samad+Rashid&option1=author
http://scitation.aip.org/content/aip/proceeding/aipcp?ver=pdfcov
http://dx.doi.org/10.1063/1.4954589
http://scitation.aip.org/content/aip/proceeding/aipcp/1750?ver=pdfcov
http://scitation.aip.org/content/aip?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4903622?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4882552?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4801248?ver=pdfcov
http://scitation.aip.org/content/aip/proceeding/aipcp/10.1063/1.4801244?ver=pdfcov
http://scitation.aip.org/content/aip/journal/jmp/10/9/10.1063/1.1665027?ver=pdfcov

The Schur Multiplier of Pairs of Groups of Order p’gq

Adnin Afifi Nawi"”, Nor Muhainiah Mohd Ali"?,
Nor Haniza Sarmin"® and Samad Rashid* ¢

'Department of Mathematical Sciences, Faculty of Science,
Universiti Teknologi Malaysia, Johor Bahru, Malaysia
Department of Mathematics, College of Basic Science,
Yadegar-e-Imam Khomeini (RAH) Branch, Islamic Azad University, Tehran, Iran

“Corresponding author: normuhainiah@utm.my
Padnin_afifi@yahoo.com
“nhs@utm.my
Ysamadrashid47@yahoo.com

Abstract. Let (G, N) be a pair of groups in which N is a normal subgroup of G. Then, the Schur multiplier of pairs of
groups (G, N),denoted by M(G,N), is an extension of the Schur multiplier of a group G, which is a functorial abelian

group. In this research, the Schur multiplier of pairs of all groups of order p’q where p is an odd prime and p<gq is
determined.

INTRODUCTION

The Schur multiplier of a group G, denoted as M (G), was introduced by Schur [1] while studying projective
representations of groups in 1904. The Schur multiplier of a group G is defined as the second cohomology group
H,(G,C") where the modular multiplication acts identically: gc=c forge G; ceC'and Crepresents the
nonzero complex numbers. In [2], Schur stated that for a group G with a free presentation 1 > R - F - G —> 1,

RN|F,F
the Schur multiplier of G is isomorphic to (RALF, ])[ F.R] where F' is a free group, the group R of relators is

the kernel of the surjective homomorphism F — G and [F,R] is the group generated by all elements of the form
fif 'r™! for feF and reR.

Schur computed the Schur multiplier for many different kinds of group such as alternating groups, symmetric
groups and dihedral groups. All results of his computations can be found in [3]. In [4], Rashid computed the Schur

multiplier of nonabelian groups of order p’q for distinct primes p and g where p < g by using the classification of
nonabelian groups of order p’q given by Western in [5]. The result shows that the Schur multiplier of nonabelian

groups of order p’q is either trivial, cyclic or elementary abelian.
In 1998, Ellis [6] defined the notion of the Schur multiplier of a pair of groups as follows:

Definition 1 [6] Let (G,N)be an arbitrary pair of finite groups where N is a normal subgroup of G. Then the
Schur multiplier of the pair, M (G,N)is a functorial abelian group whose principal feature is a natural exact
sequence
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n u a ab
G G N, @ _ (G
Hy(G)>H, (G ) > M(G.N) > M (G)>M (T ) > %N’G] >(0)">(9) -1 (1)
in which H,(-) denotes some finiteness-preserving functor from groups to abelian groups (to be precise, H,(—) is
the third homology of a group with integer coefficients). The homomorphisms 7, 1, & are those due to the functorial

of H,(-), M(-)and (-)*”. He also gave a group theoric definition of M (G,N). The theoric definition is given in
the following theorem.

Theorem 1 [6] For any pair of groups (G, N) there is an isomorphism M (G, N) = ker(0) where 0:NAG — G, a
map from a nonabelian exterior product of N and G to the group G.

ln(Zernfl)

In [6], Ellis also showed that the order Schur multiplier of (G, N) is bounded by p? if Gis a finite p-
group with a normal subgroup N of order p” and its quotient of order p™ . So there exists a non-negative integer

%n(Zern—l)—t(G,N)

t(G,N)such that|M (G, N)| =p . In [7], Moghaddam et al. determined all pairs of finite p-groups
(G,N), which satisfy the equality for #(G,N)=0,1,2. Besides, Moghaddam et al. in [8] showed that if S is a

normal subgroup of F such that N = % then M (G,N)= (RALS, F%:,R]-

In our previous research, the commutator subgroup and centre of groups of order p’q, where p and ¢ are distinct
primes and p < ¢, and the Schur multiplier of pairs of groups of order p’>g where p and ¢ are prime numbers that
have been determined in [9] and [10] respectively. In this research, the Schur multiplier of pairs of all groups of
order p’q where p is an odd prime and p <g is determined. Note that throughout this paper, we denote the
trivial group as 1.

PRELIMINARIES

This section includes some preliminary results that are used in proving our main theorem. The definition of
normal Hall subgroup is given below.

Definition 2 [3] A normal subgroup N of G is called a normal Hall subgroup of G if the order of N is coprime to its
index in G.

The classification of nonabelian groups of order p’gq, where p and ¢ are distinct primes and p < ¢, given in [5],
are listed in the following.

Theorem 2 [5] Let G be a nonabelian group of order p’q, where p and ¢ are distinct primes and p < ¢. Then
exactly one of the following holds:
The case p =2 (The first nine groups exist for all values of q(q > 2) )

G, ;(a,b,c|a4 =b*=c¢’ =1,bab =a",ac=ca,bc=cb>.

G, E(a,b,c|a4 =bp'=c'=1b*=a*,blab=a",ac =ca,bc=cb>.

G, E<a,b|a8 =b? =1,a 'ba :b’]>.

G, ;<a,b,c|a4 =b* =¢? =1,ab = ba,ac = ca,bch =c’1>.

G, E<a,b,c|a4 =b>=c¢’ =l,ab=ba,a 'ca =c’1,bc=cb>.

G, =(a,b,c,d|a* =b* =’ =d* =1,ab=ba,ac = ca,bc = cb,ad = da,bd = db,cdc =d").
G, E(a,b,c|a4 =bp*=c¢? =1,bab=a",ac = ca,bch =c’1>.

G, E(a,b,c la* =b”> =c" =1,bab=a"",a 'ca zc’l,bc:cb>.
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G, = <a,b,c la* =b*=c'=1,b>=a’,b"'ab=a"",ac = ca,b”'cb =c™' >

G, = <a,b |a® =b* =1,a 'ba = b’”> where m is any primitive root of m* =1(modg) and g =1(mod4).

G, = <a,b,c la* =b* =c¢” =1,ab=ba,a 'ca=c",bc :cb>, where m is any primitive root of m*=1(modg) and
g =1(mod4).

G, = <a,b |a® =b* =1,a 'ba = b”’> where m is any primitive root of m* =1(modg¢) and ¢ =1(mod8).

The case p =2 (¢ =3)
G, E(a,b,c,d | a*=b*=c*=d’ =1,ab=ba,ac = ca,bc =cb,ad =da,d 'bd =c,d 'cd =bc>.
G, ;<a,b,c|a4 =b'=c=1,d° =b2,b"ab=a’1,c’1ac=b,c’1bc=ab>.

G = <a,b,c la*=b>=c =Lbab=a"',c"'a’b=b,c"'bc =a’b,a 'ca = cza2b>.

The case p=2 (¢ =7)
G =(a,b,c,d|a* =b* =c* =d’ =1,ab=ba,ac = ca,bc =cb,d 'ad = b,d"'bd = ¢,d"'cd = ab).

The case p is odd

G, = <a,b,c | a” =b" =t = Lb'ab=a",ac =ca,bc = cb>.

Gy =(a,b,cd|a’ =b" =c’ =d’ =1,ab=ba,ac = ca,c"'bc = ab,ad = da,bd = db,cd = dc).

= <a,b | a” =b"=1,a"'ba=0b" >, where m is any primitive root of m” = l(mod q) and g = 1(mod p).

Gl 9
GZO

1

<a,b,c la” =b" =¢" =1,ab=ba,ac = ca,b”'cb=c" >, where m is any primitive root of m” =1(modg) and

=1

—~

g =1(mod p).

G, = <a,b,c la” =b" =¢" =l,ab=ba,a'ca=c",bc = cb>, where m is any primitive root of m” =1(modg) and
g =1(mod p).
Gy, =(a,b,c,d|a” =b" =c” =d’ =1,ab =ba,ac = ca,bc = cb,ad =da,bd =db,c"'dc =d"), where m is any
primitive root of m” =1(modg) and ¢ =1(mod p).
G, = <a,b,c | a” =b" = = Lb'ab=a"",ac=ca,b'ch = c">, where m is any primitive root of m” = l(mod q),
q= l(modp). and n=m,m*,...,m"".
G, = <a,b,c,d |a? =b" =c” =d? =1,ab = ba,ac = ca,ad = da,bd = db,c”'bc = ab,c”'dc = d"’>, where m is any
primitive root of m” =1(modg) and ¢ =1(mod p).
G, = <a,b | a’ =b = l,a'ba=b" >, where m is any primitive root of m’ = l(mod q) and ¢ = l(mod P’ )
G, = <a,b,c | a” =b" =t = Lab=ba,a 'ca=c",bc = cb>, where m is any primitive root of m” = l(mod q) and
q= l(modpz).
G,, = <a,b | a” =b? = l,a 'ba :b"’>, where m is any primitive root of m’ = l(modq) and ¢ = l(mod p3).

Note that:
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G =Z,x((Z,%Z,)1Z,);
Gy 27 . (2, %7,);

Gy =7, x(7, %L . );

Gy =Z,xL,x(Z,xZ,):

The commutator subgroup and center of groups of order p’q where p < g are given in the following theorem.

Theorem 3 [4] Let G be a nonabelian group of order p’q where p and ¢ are primes and p < ¢. Then
(i) for the commutator subgroup of G exactly one of the following holds:

Z,; G is of type G, and G, ,

Z,; G is of type G, to G,,G,, to G,,,G,y to G,, and G,5 to G,,,
Ly, G is of type G, to G,

(Z,)'; Gisoftype G,

G'=4Q,; G is of type G,

Ay G is of type G,
(Z,)'; G isoftype G,
Z,; G is of type G, and G,
L, G is of type G,, and G,,.

(i1) for the center of G exactly one of the following holds:

L; G is of type G,,,G,5,G,, and G,,,

Z,; G is of type G, to G,,,G,; and G ,,

Z,; G is of type G,; to Gy,

Y/ G is of type G, and G,,
Z(G)=12,; G is of type G, and G,,

sz; G is of type G, and G,,,

Y/ G is of type G, and G,

Z,x7%,; Gisoftype G, and G,,.

Z,xZ,, G isoftype G, and G,.

Some results that are essential to compute the Schur multiplier and the nonabelian tensor product are stated
below.

Theorem 4 [11] The factor group %, is abelian. If K is a normal subgroup of G such that % is abelian, then
G'cK.

Theorem 5 [12] Let G=Z, and H =7, be cyclic groups that act trivially on each other. Then G® H = Z(mﬂn)'

Theorem 6 [13] Let A4, B, C be groups, with given actions of 4 on B and C, and of B and C on 4. Suppose that the
latter actions

(i) commute: "a="a,sothat BxC acts on A,
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(i1) induce the trivial action of Bon 4® C; ' (a ® c) =a®c, and

(iii) induce the trivial action of C on 4 ® B; C(a ®b) =a®b,
forall ae 4,be B,ceC. Then A®(BxC)=(AQB)x(ARC).

Theorem 7 [2] Let G be a finite group and let G;% where F is a free group of rank n. Then

(RNI[F,F])

M(G)= (F.R]

Theorem 8 [6] Let (G,N) be a pair of group such that N has a complement in G then

M (GN) =ker (u:M(G) > M (G ))-
As a consequence of Theorem 7 and Theorem 8, Moghaddam et al. [8] obtained the following result.

Proposition 1 [8] Let G be a group with a free presentation 1— R — F — G —1and let (G,N ) be the pairs of
groups such that N has a complement in G. If S is a normal subgroup of F such that N ;%, then

(R[S, F])

M(G,N)= (F.R]

Theorem 9 [3] Let G be a finite group. Then
(i) M (G) is a finite group whose elements have order dividing the order of G.

(i) M(G)=1 if Gis cyclic.
Theorem 10 [3] If the Sylow p-subgroups of G are cyclic for all p divides |G|, then M (G)=1.

Theorem 11 [3] Let N be a normal Hall subgroup of G and T be a complement of N in G. Then
M(G)=M(T)xM(N)".

The Schur multiplier of groups of order p’q is given below.
Theorem 12 [14] Let G be a group of order p°q where p and g are distinct primes. Then M (G)=1 or Z.,.

Note that for groups of order p’g where p and g are distinct primes, there are three cases to be considered.
Case 1: Let P be a normal Sylow p-subgroup of G.

Since (|P|,‘%‘) = 1, thus P is a normal Hall subgroup of G. Therefore, G = PxT, where T is a subgroup of G of

ordergand P=7 ,or Z xZ .Therefore, by Theorem 12,
P P P

" ro b P=17.,
M(G)=M(T)xM(P) =M (P) = P
Z ; P=7,x7,.

P

Case 2: Let O be a normal Sylow g-subgroup of G.

Since (|Q| "G/Q

order p’. Therefore,

) = 1,thus Q is a normal Hall subgroup of G. Therefore, G = OxT where T is a subgroup of G of

. 1; r=127,,
M(G)=M(T)xM(Q) =M(T)={Z . T=7 s

P
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Case 3: If G = 4,,then M (G )has been computed in [13].

The Schur multiplier of nonabelian groups of order p’q, where p and ¢ are primes and p < ¢, is stated in the
following theorem.

Theorem 13 [4] Let G be a nonabelian group of order p°q where p and ¢ are primes and p < ¢. Then exactly one of

the following holds:
L; G is of type G,,G,,G,, G, G,,, Gy, G, G5, Gy, Gy, Gys 01 G,y
Z,; G is of type G,,G,, G, G,,G;,G,,,G; or G,
(Z,);  Gisoftype G,

M(G)= G is of type G,,, G, or G,

Z,; Gisoftype Gy or Gy,

Z,;
7, %
( )3 G is of type G,,.

The following theorems are some of the basic results of the Schur multiplier of a pair deduced by Ellis [6].

Theorem 14 [6] Let N =1, then M (G,N)=1
Theorem 15 [6] Let N =G, then M (G,G)=M (G).

Theorem 16 [6] Suppose that G is a finite group. Let the order of the normal subgroup N be coprime to its index in
G and T'a complement of Nin G. Then G=NxT and M (G,N) = M(N)T .

The structure for the Schur multiplier of a direct product of finite groups given by Karpilovsky in [3] is shown as
follows:

Theorem 17 [3] If G, and G, are finite groups, then M (G, xG,)=M (G, )xM (G, )x (G”h GQ‘"’).

As a consequence of the above fact, Mohammadzadeh et al. [13] gave the following result.

Theorem 18 [15] Let (G N) be a pair of groups and K be the complement of N in G. Then
|M(G.N)|=|M (N)|N" @K|.

MAIN RESULTS

In the following theorem, the Schur multiplier of pairs of groups of order p’q, where p and ¢ are distinct odd

primes and p < ¢, is stated and proved.

Theorem 19 Let G be a nonabelian group of order p’g, where p and ¢ are distinct odd primes and p < g. Then
exactly one of the following holds:
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1; if (G =Gp7.Gy9.Gy.Gy, Gy, ) 0r (G =Gy, Gy, Gy Gy, Gy, Gy when N =17, ),

if (G=Gy when N =2,,2, ., 2 %L,, 2, , ¥, 0 X L, B X, T L, X(Z, 8T, ),G),

rq°

2
7 (G:G21 whenN=2,.(Z,) 2 . %%, 7., xZ.,.7. %qxzpz,zpqxzp,c;),

p? r?

M(G,N) = (G:G26 whenN=%,.(Z,) . Z %%, % ,xL,. % %2, . L., x(L, %L )quzpz,G)
2

if (G =Gy when N =2,,(2, (2, ) 92,2, 2., < 1.,,G).(G= Gy When N = 7,7, .,

nq?

()

2
(G G, whenN=2 ,(2,) ,(Z,) xzp,sz(zqxzp),zpqxzp,c;)or (G=G,, whenN=7,,),

(z,): if(G:G22 whenN=(z,) ,(2,) *Z, (Z,,)3,ZPX(ZﬂZP)aZmXZPaG)~
Proof

Let G be a nonabelian group of order p’q where p and g are distinct odd primes and p < g. Suppose N <G, then

the Schur multiplier of pairs of G is computed below by using the classification in Theorem 2. First, we have the
following:

(i) If N =1,then by Theorem 14, M (G, N)=1.
(i) If N =G, then by Theorem 15, M (G,N)=M (G).

Next, we have the following cases:
Case 1. LetG=G,,G,,G,,G, 0r Gy Then by Theorem 13, M(G)=1. Since we have

M(g);(Rm[F’F]) and M(G,N);(RQ[S’F])[F’R] where S is a normal subgroup of F such that

[F,R]
N = % in Theorem 7 and Proposition 1 respectively, thus M (G,N)< M (G). So for all normal subgroups N of
G, M(G,N)<M(G)=1.

Therefore, for G = G,,,G,y,G,;,G,5 or Gy, M (G,N) =

Case 2: LetG =G, which is GEqu((prZp)pr). Then by Theorem 3 and Theorem 13, G'=
Z(G)=27,, and M (G)=7,x7Z,.

%‘:‘G/G,‘:pzq which implies %:%,;ZMXZP. Then we have the

complement of N, K = % =7,,%Z, By Theorem 18, Theorem 9, Theorem 6 and Theorem 5,

(i) If N=Z,=G' then

z.)" o (2, 2,)"
)8(Z,, %2, )
)

x(z,®%,)
-|(2.

Zim)
=|z,xz,).
Therefore, M (G,N)=7Z ,%Z,.

M (G.N)|=|M(z,

-(|(z,
|(Z Q7
)~

rq

(if) If N=2,xZ,then |G/ | = pg which implies G/ =Z,, or Z,xZ,.
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a) If %;ZM then by Theorem 9, M(%)El. Thus the exact sequence

M(G,N)—> M(G) —>M(%) =1 shows that M(G’N% =1 where x 1is the kernel of
homomorphism M (G,N) to M(G). Thus, M(G,N)=Z %7,
b) If % =7 ,%7, then by Sylow’s theorems, Z,is the Sylow p-subgroup of % =%Z,x%, and Z, is

the Sylow g-subgroup of % =%,xZ,. Since Z, and Z, are cyclic then Theorem 10, M(%) =1.

Thus the exact sequence M (G,N)—> M (G) —>M(%):l shows that M(G’N% =1 where « is
the kernel of homomorphism M (G,N) to M (G). Thus, M(G,N)= Z,xZ.,.
(if) If N=(Z,x7,)xZ, then |G/ |=g which implies G/ =Z,. By Theorem 9, M(G/\)=1. Thus the

exact sequence M (G,N)— M (G)— M(%) =1 shows that M(G’N% =1 where « is the kernel of

homomorphism M (G,N) to M (G). Thus, M(G,N)= Z,XL,.
(iv) If N =7, then by Definition 2, N is a normal Hall subgroup of G since |N|:q and ‘%‘:]f are

coprime. By Theorem 16, M (G, N) :M(Zq)H =1 since M(Zq)z 1.

(v) If N=Z, =Z(G) then ‘%‘:‘%(G)‘:pz which implies %:%(G);przpmhen we have the
complement of N, K;G/ =7, xZ,. By Theorem 18, Theorem 9, Theorem 6 and Theorem 5,
(z,,) ®(z,x2,)"|
—(1)| z,)®(Z,xZ )
=|z, ©2,)x(2, ®z,)
=2 4 (Zi)

Z‘ZPXZP‘.
Therefore, M (G,N)=Z ,x7.,.

M (G.N) =|M )

(vi)If N=Z,, xZ, then ‘%‘ = p which implies %; Z,. By Theorem 9, M(%) =1. Thus the exact

sequence M(G,N)—)M(G)—)M(%)zl shows that M(G’N%zl where x is the kernel of

homomorphism M (G,N) to M(G). Thus, M(G,N)=Z %7,

Case 3: LetG = G,, whichis G=7Z , X(Z X7 ).Thenby Theorem 3 and Theorem 13, G'=Z,, Z(G)=Z , and
P q P q P
M(G)=Z
(i) If N=2, then ‘%‘:pzq which implies %;quzpz or 7..%Z,. (If % is abelian then by
Theorem 4 G'C N; that is Z,cZ, and this statement is a contradiction.) Then by Theorem 12,
M(%)El. Thus the exact sequence M(G,N)—)M(G)—)M(%):l shows that M(G’N%;l

where « is the kernel of homomorphism M (G,N) to M (G). Thus, M(G,N) =7,.
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.. _ _ G _ G _ . . . G _ G ~ ,
(ii) If N=Z , Z(G)then ‘%V‘ ‘/Z(G)‘ pg which implies A\/ /Z(G)_Z"X]Z”' Then by Sylow’s
theorems, Z,is the Sylow p-subgroup of %EquZP and Z, is the Sylow g-subgroup of

%;Zq XZ,. Since Z, and Z, are cyclic then Theorem 10, M(%)zl. Thus the exact sequence

M(G,N)— M(G) %M(%):l shows that M(G’N% =1 where x is the kernel of homomorphism
M(G,N) to M(G). Thus, M (G,N)=Z,.
(1) If N = sz X%, or sz x 7, then ‘%‘ =g which implies % =Z,. By Theorem 9, M(%) =1. Thus

the exact sequence M (G,N)—> M (G)—>M (%) =1 shows that M(G’N% =1 where « is the kernel of
homomorphism M (G,N) to M (G). Thus, M(G,N)= Z,.

(iv)If N=Z,=G" then by Definition 2, N is a normal Hall subgroup of G since |N| =g and ‘%‘ =p’ are
coprime. By Theorem 16, M (G,N) = M(Zq )H =1 since M(Zq ) =1.

(v) If N=Z,xZ, then ‘%‘:pz which implies % Esz- By Theorem 9, M(%) =~1. Thus the exact

sequence M (G,N)—> M (G)— M(%) =1 shows that M(G’N% =1 where x is the kernel of
homomorphism M (G,N) to M (G). Thus, M(G,N)= Z,.
(vi)If N=7Z, >4sz, szq or pr(Zq NZP), then ‘%‘:p which implies %EZP. By Theorem 9,

M(%) =1. Thus the exact sequence M (G,N)— M (G) —>M(%) =1 shows that M(G’N% =3
where & is the kernel of homomorphism M (G,N) to M (G). Thus, M(G,N) =7,.

Case 4: LetG = G,, whichis G=7,,x(Z,%Z ). Then by Theorem 3 and Theorem 13, G'=Z,, Z(G) =2, xZ,

and M (G)=12Z,.

(i) If N=%Z, then ‘%‘ = p’q which implies %; Z, NZPZ or sz XZ,. Thus, by similar way as in case
3(i), M(G,N)=Z,.

(i) If N=7,xZ,=2(G) then |G/ |-

G _ . . . G/ _G ~

/Z(G)‘_pq which implies AV /Z(G)_Z" XZ,. Thus, by
similar way as in case 3(ii), M(G,N) =Z,.

(i) If N:Zp2 X%, or sz x 7, then ‘%‘ =¢ which implies %;Zq. Thus, by similar way as in case
3(iii), M (G,N) = Z,.

(iv)If N=Z7Z,=G" then by Definition 2, N is a normal Hall subgroup of G since |N| =g and ‘%‘ =p’ are
coprime. Thus, by similar way as in case 3(iv), M(G,N) =1.

(v) If N=Z7Z, then ‘%‘ =p> which implies % = ZPZ. Thus, by similar way as in case 3(v),
M(G,N)= 4,.
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(vi)If N=7, >QZP2 or Z, x%Z,, then ‘%‘ = p which implies %EZ!). Thus, by similar way as in case

3(v), M(G,N)=Z,.
Case 5: LetG =G,, which is G;ZPXZPX(quZp). Then by Theorem 3 and Theorem 13, G'=

2(G)=2,xZ,and M(G)=(2,) .
(i) If N=Z, then ‘%‘ = p’q which implies %;Zp X(Zq pr). Then we have the complement of N,

E%;Z X Z ><1Zp). By Theorem 18, Theorem 9, Theorem 6 and Theorem 5,
7.,)" ®(2,x(7, %2 ))"‘
_(1)‘ z,)®((z,)" «(z,%2,)")

)
=z, )x(

M (G.N)|=|m(z,)

Z®7)

p

Therefore, M(G,N) = Zp ><Zp.

(i) If N=%,x7,=Z(G) then ‘%‘:‘%(G)‘:pq which implies %:%(G);quzp. Thus, by
similar way as in case 3(ii), M (G,N)= (Zp )3 )

(i) If N=(Z,x7Z,)%7, or Z,xZ,xZ, then |G| =q which implies G/ =Z,. Thus, by similar way as in
case 3(iii), M (G,N)=(Z,)’ .

(iv) If N=Z,=G" then by Definition 2, N is a normal Hall subgroup of G since |N|=¢ and ‘%‘ =p® are
coprime. Thus, by similar way as in case 3(iv), M(G,N) =1.

(v) If N=Z,xZ, then ‘%‘ = p’ which implies % =Z,x7%,. Then we have the complement of N,

K= % = Zp XZP. By Theorem 18, Theorem 10, Theorem 6 and Theorem 5,

ab

M (G.N)| =M (2, %2, )(2, <2,)" ©(2,x7,)

-0|(z,)e(z,xz,)

-|z,82,)x(2,8%,)
:‘(Z(p,m)x(z(p,p))
=|z.,=z,].
Therefore, M (G,N)=7Z ,xZ,.
WD If N2Z,x(Z,xZ,) or Z,xZ, then |G/ [=p which implies G/ =Z, By Theorem 9,

M(%)El. Thus the exact sequence M(G,N)—>M(G)—>M(%):1 shows that M(G’N%;l

where k is the kernel of homomorphism M (G,N) to M (G). Thus, M (G,N)= (Zp )3.
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Case 6: Let G = G,, whichis G =(Z,, xZ,)xZ,. Then by Theorem 3 and Theorem 13, G'=Z
M(G)= Z,x71,.

(If N=2Z, =Z(G) then |G/} | ‘%(G)
similar way as in case 5(i), M(G,N) =2, %1,

Z(G)=17Z,and

»q?

= p’q which implies G/ = % (6)=% x(Z,%1Z,). Therefore, by

(i) If N=7Z,xZ, then ‘%‘zpq which implies %;Zq XZ,. (If % is abelian then by Theorem 4
G'c N; thatis Z, c7Z,xZ, and this statement is a contradiction.) Thus, by similar as in case 3(ii),
M(G,N)=7,x1.,.

(i) If N=(Z,xZ,)xZ, then ‘%‘:q which implies G/ =7, . By Theorem 9, M(%);l. Thus the

exact sequence M (G,N)— M (G) —>M(%)=l shows that M(G’N% =1 where « is the kernel of
homomorphism M (G,N) to M (G). Thus, M(G,N)=Z7,xZ,.

(iv) If N=7Z, then by Definition 2, N is a normal Hall subgroup of G since |N|:q and ‘%‘zf are
coprime. Thus, by similar way as in case 3 (iv), M (G,N)=1.
If N=Z, =G" then ‘%‘ = ‘G/G‘ = p* which implies G/, =G/, =7, xZ,. Therefore, by similar way as
in case 5 (v), M(G,N)=Z,x7.,.
If N=2,x(2,%7,) or Z,,xZ,, then |G/ |= p which implies G/, =Z,. Thus, by similar way as in

(V) case 5 (vi), M (G,N)= Z.,XZL,.

g;ﬁe 7: LetG = G, whichis G=7, X(Zq XL , ).Then by Theorem 3 and Theorem 13, G'=7,, Z(G)=17, and
M(G)=1Z,.
(i) If N=Z,=Z(G) then ‘%H%(G)‘ = p’q which implies %:%(G);Zq xZ .. Then by

Theorem 12, M(%) =1. Thus the exact sequence M (G,N)—>M(G)— M(%) =1 shows that

M(G’Ny =1 where « is the kernel of homomorphism M (G,N) to M (G). Thus, M (G,N)=Z,.

K P

(i) If N=7,xZ, then ‘%‘ = pq which implies % is a nonabelian group of order pq. (If % is abelian
then by Theorem 4 G'C N; that is Z, cZ,xZ, and this statement is a contradiction.) By Theorem 10,
M(%) =1. Thus the exact sequence M (G,N)— M (G) —>M(%) =1 shows that M(G’N% =1
where « is the kernel of homomorphism M (G,N) to M (G). Thus, M(G,N) =7,.

(i) If N=Z .xZ, ot Z ,xZ,then ‘%‘:q which implies G/ =Z,. By Theorem 9, M(%)zl. Thus
the exact sequence M (G,N)— M (G)— M(%) =1 shows that M(G’N% =1 where « is the kernel of
homomorphism M (G,N) to M (G). Thus, M(G,N)=Z,.

(iv)If N=Z,=G" then by Definition 2, N is a normal Hall subgroup of G since |N| =¢q and ‘%‘ =p’ are

coprime. By Theorem 16, M (G, N) :M(Zq)H =1 since M(Zq)z 1.
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(v) If N=7Z,x7., then ‘%‘ = p* which implies %E sz. By Theorem 9, M(%) =~ 1. Thus the exact

sequence M (G,N)— M (G)— M(%) =1 shows that M(G’N% =1 where x is the kernel of
homomorphism M (G,N) to M(G). Thus, M(G,N)=7Z,.

(vi)If N=Z, then ‘%‘ =p®> which implies % =7,x%Z, Then we have the complement of N,
K= % = Zp XZ,,. By Theorem 18, Theorem 9, Theorem 6 and Theorem 5,

p(GN) =M (2,,)|(2,,)" @ (2, 2,)"

=|(z,,)®(7,x7,)
-|z,, ®Zp) (z,®,)
‘( pql') (Zmp)
=‘ZpXZp"
Therefore, M (G,N)=Z,x7.,.

(vii) If NEZPX(quZp) or qusz, then ‘%‘zp which implies %;Zﬁ. By Theorem 9,

M(%)El. Thus the exact sequence M(G,N)—)M(G)—)M(%)zl shows that M(G’N%;l

where « is the kernel of homomorphism M (G,N) to M (G). Thus, M (G,N)=Z,.

CONCLUSION

There are twenty seven nonabelian groups of order p’q where p and ¢ are distinct primes and p < ¢. In this

paper, we focus only on the eleven nonabelian groups of order p°q where p and ¢ are distinct odd primes and p < g

and we determined the Schur multiplier of pairs of groups of the groups mentioned. Our proofs show that M (G,N )

2
for those groups are equal to 1,Z p,(Z p) or (Z R )3 depending on their normal subgroups.
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