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Abstract. Space groups of a crystal expound its symmetry properties. One of the symmetry properties is the central
subgroup of the nonabelian tensor square of a group. It is a normal subgroup of the group which can be ascertained by
finding the abelianisation of the group and the nonabelian tensor square of the abelianisation group. In this research,
our focus is to explicate the central subgroup of the nonabelian tensor square of the torsion free space groups of a
crystal which are called the Bieberbach groups.

INTRODUCTION

Bieberbach groups are torsion free space groups. From Crystallographic Algorithms and Tables (CARAT)
package [1], there are four Bieberbach groups with quaternion point group of order eight, denoted as

0, (6),where n =1,2,3,4. All of them are of dimension six. In this research, we want to expound their symmetry
property which is the central subgroup of the nonabelian tensor square of the group. The nonabelian tensor square,
denoted as G®G, is generated by the symbolsg®#h for allg,heG, subject to relations
gh®k=(g" k") h®k) and g®hk=(g®k)(g" ®h")for all g,h,keG whereg" =h"'gh. The central
subgroup of the nonabelian tensor square of a group G, denoted by V(G), is a normal subgroup generated by the

element g® g for all ge G. It is a normal subgroup of the group which can be ascertained by finding the
abelianisation of the group, denoted as Gab, and the nonabelian tensor square of the abelianisation group, denoted as

G ® G . The abelianisation of the group, G is the quotient group %, where G' is the derived subgroup of G.

Throughout the years, researches involving the computation of the central subgroup have been conducted. In [2],
Masri computed V(G) of some Bieberbach groups with cyclic point group of order two. In 2015, Mohd Idrus [3]
did the same work but on a nonabelian point group namely the Bieberbach group of dimension five with dihedral
point group of order eight. Furthermore, Mat Hassim [4] focused on the central subgroup of the Bieberbach groups
with cyclic point groups of order three and five. In this research, the central subgroup of the nonabelian tensor
square of the first Bieberbach group of dimension six with quaternion point group of order eight where

n=1,denoted as @, (6),is computed. This paper is structured as follows: The first section provides the

preliminaries that are used throughout the research followed by the second section which are the main results for this
research.
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PRELIMINARIES

This section provides some basic definitions and structural results which are used throughout this research. We
start with the definition of v(G).

Definition 1 [5]
Let G be a group with presentation (G| R) and let G? be an isomorphic copy of G via the mapping ¢: g — g7 for

all g € G. The group v(G)is defined to be

v(G)=(G,G” |R,R? " [g,h”]1=["g,("h)"1="" [g,h"],Yx,8,h € G).
Rocco in [5] and Ellis and Leonard in [6] have shown that the subgroup of v(G) is isomorphic to the nonabelian
tensor square of the group G, as given in the following theorem:

Theorem 1 [6]

Let G be a group. The map o:G®G —[G,G?]<v(G) defined by o(g®h)=[g,h’]for all g, h in G is an
isomorphism.

Next, Proposition 1 gives some properties of v(G) that will be used in proving our main results in the next section.

Proposition 1 [5, 7]
Let G be a group. The following relations hold inv(G):

(1) [glygz(p][g3’gf] =[g1ag2(p][g3’g4] forall g,,g,.83,84 in G;

(ii) [g1. 8% 831 =[81,82, 871 =181, 4%, g7 and
[e7.22.231= 8. 82,87] =gl 87, 8;] forall g, g,, g5 in G;

(iii) [1,€2. 25171 = [5. 83, &' | ' for all g1, 85,¢3 in G;

(iv) [g,g?] is central in V(G)for all g in G;

() [g1.2,”1[g,.g,”1is central in v(G)for all g|.g, in G;

(vi) [g,g?]=1forallg in G .

The first Bieberbach group of dimension six with quaternion point group denoted as O, (6) is a polycyclic group
and has a presentation as given in the following:
0,(6)=(a,b,c.l,,L,, 1,1, 1,1 | a* =clg, b* =cl ', b* =bell], & =L, ¢ =cl'l, ¢ =c, I =17'LI 1 =01 05 =17,
=000, 0= =0 =00 =, =0 =1L, 1 =L 0 =10 =1, 1 =1,
=10 =10 =1, =1, 1 =1, ljl.'I =1, forj>i, 1<i,j<6)
€]
The method developed by Blyth and Morse [7], which is aided by the following proposition, is used to compute the
central subgroup of its nonabelian tensor square.

Proposition 2 [7]. Let G be a polycyclic group with a polycyclic generating sequence g, ......,g; . Then [G,Gq’} is
a subgroup of v(G)and is generated by

[6.6°]-([ene7]. [e 2] [ene g ]

and [G, G? l(G) a subgroup T(G) is generated by
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[G,Gg"l(c) =<[gﬁ,(gj¢’)€], [gf,(g,f/’)ab for1<i< j <k, where

1 if |g|<wo 1 if |gj“’|<oo
0= i &= .
+1 if |g|=0  and £ g [ = o

In [8], Blyth et al. showed that the structure of V(G) essentially depends on G as given in the following
proposition.

Proposition 3 [8]
Let G be a group such that G is finitely generated. Assume that G is the direct product of the cyclic

(i) V(G) is generated by the elements of the set {[xl-,xi‘p],[xl-,xj(p}[xj,xi"’]l <i<j< s};

(i) [6.6°]=v(G)E(G).

Proposition 4 gives the properties of the ordinary tensor product of abelian groups, Proposition 5 gives the properties
of the order of homomorphism while Theorem 2 gives the epimorphism mapping of the nonabelian tensor square.

Proposition 4 [9]
Let 4, B and C be abelian groups and C; is the infinite cyclic group. Consider the ordinary tensor product of two

abelian groups. Then,
(1) C,®A=4,
(i) C,®C, =C,,
(iii) C, ®C,, = Cyeqipm forn,m € Z, and
(iv) A®(BxC)=(A®B)x(A®C).

Proposition 5 [2]
Let Gand H be groups and let g € G . Suppose ¢ is a homomorphism from Gto /H . If ¢(g)has finite order then

|¢( g)| divides | g| . Otherwise the order of ¢(g) equals the order of g.

Theorem 2 [10]
Let G and H be groups such that there is an epimorphism7:G — H. Then there is an epimorphism

a:GR®G—H®H defined by a(g®h)=n(g)®n(h).

MAIN RESULT

In order to compute V(Ql (6)), we first need to find the abelianisation of O, (6) Lemma 1 gives us the

abelianisation of Q, (6)

Lemma 1
The derived subgroup of O, (6) is

(Ql (6)), = <b2911215114911151 »1213214»1113>
while the abelianisation of O, (6) is
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0, 6y = i(6) =(a(0,(6)). b(0,(6)) . 1,(0,(6)) . 1,(0,(6)) }=C, xC3.
Dy A CCORCIORTIDRICE)

Proof. The Bieberbach group O, (6) is generated by a,b,c,l;,1,,15,1,,15 and Ig where [a b]—01516 = b” by relation
of 0,(6) in (1),
[a.c]=[a.ls|=isls" =2, [a. ] =175, [a.L | =05 [aly = LB, [a ] =175 [a.d |= 15T,
[b,c]=[b.15 ]=[b.1s |=[c.ls |=[c.ls |= 1 [b.1 | =0 Iy, [b.4, ] =l bl [b. =17, [b.0,]) =055, [e ] =1,
[c,lz]:lzz, [c,l3]=l32, [6,14]=lf and [l[,lj]zlfor all 1<i< j<6. Then,

(@ (6))’ = <b2,c2,11212—114,111;1,1213214,1;11;1 AT RN RN N R VN Sy AV E E i >

However this can be reduced to its minimum independent generators. As
L = (ht5 )(lflls )3
15l = (1505 )71;
I = (1113_1 )(1113 );
1 = (b0 ) (2 ) (1)

-1 -1
B=(R5') (bB4)(0E")(57's)

_ 1o\l 1 _ _ _ _1\! _
5 =(05) s bbbty = (5'5) (66L ) 156 =(RE') (L) 7' =(45") . As clslg' =b% and
Islg ! = ¢? by relation in o (6) , then, b* = C(cz) = ¢’ Therefore, the minimum generators for derived subgroup of
0,(6)is:

(01(6)) = (b2 1 15" 2L 1)

ab . 6 o
Since the abelianisation Q1(6) " is defined as the factor group Ql( ) ( ,), hence it is generated by
1

a(0,(6)) . 5(0,(6)) . 1(2(6)) . L(21(6)) - 15(C.(6)) . (21 (6)) - 15 (21 (6)) and £ (01 (6)) - However,

some of the generators can be written in terms of the other generators. Using the relations in

2
0,(6), b* =clslg". This implies that (b(Q1 (6))') :(c151g1>(Q1(6)),. By properties of a factor group

2
(b(Ql (6))) = c(Ql (6))' (l5lg1)(Q1 (6))’. Then, since by one of the relations on O, (6), ¢* =i, it is shown that

3

(b(Ql (6)) )2 =c(01(6) ( j Therefore, (b(Ql (6))’j2 =(C(Q1 (6))') : Next,

ZI(Q1(6))’=13 (Ql( )) and ( ( )) ( ( )) since lllgl,lslgle(Ql (6))'. Moreover, by relations of

o) (6), ? =151g . This implies that /5 =c’c'a®, because I =c'a*by d* =clg. It gives I =ca’. Since c is

2
commute with b, therefore /s (Q1(6))’:b(Q1(6)), (a(Q1 (6))’j . Next, [’;'l, is also in (Q1 (6)),,thus,
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L(0/(6)) = (41)@;()y_'nwn,by properties of a factor group Q(g(6»,:(A(QK6»CTQQ(Q(6»C

Therefore, the independent generators of Q, (6)ab are a(Q1 (6)),, b(Q1 (6))' , (Ql (6)), and [, (Q1 (6))’. Next, the
order of a(Ql (6))’ , b(Ql (6)), , (Ql (6)), and /, (Ql (6)), are being determined. By the relations of O, (6), it can

be concluded that b(Ql(6)),, ZI(Q1 (6)), and /, <Q1(6))' are of order two since b°, I7, I3 € (Ql( )) . However,
! ’ ! ’ 2 ’
a(Q1(6)) ﬁc(Q1 (6)) Nl (Q1(6)) is not trivial since (a(Q1(6))j :(clé)(Q1(6)) that  implies

2 ’
(a(Q1 (6))’j = c(Q1 (6))’ L (Q1 (6)), by the relations of O, (6). Hence, a(Ql (6)) has infinite order.
Thus,

g;6”=g“) =(a(0,(6)). b(0,(6)) . 1,(0,(6)) . 1,(0,(6)) }=C, xC3.
Dy A CORCIORTIDRICE)

Thus, Q, (6)“17 is finitely generated. O
Next, the computation of the central subgroup of the nonabelian tensor square for the first Bieberbach group of

dimension six with quaternion point group of order eight denoted as V (Q] (6)) is done in the following theorem.

Theorem 3
Let Q1(6) be the first Bieberbach group of dimension six with quaternion point group of order eight and has

polycyclic presentation as in (1). Then, the subgroup V(Q] (6)) is given as
V(0,(6))=(a®a, b®b, || ®1,, ,®1,, (a®b)(b®a), (a®)(} ®a),
(a®L)(L ®a), (b®14)(L®b), (6®L)(L®b), (h®L)(L®L) _
= CyxCyxCyxCyxCyxCyxCyxCy xCy x Cy
=CyxCSxC,.
Proof. By Lemma 1, Q (6)ab is generated by a(Q1 (6))’ which is of infinite order and

b(Ql(6)),, ll(Q1 (6)), and /, (Q1 (6)), which are of order two. Then based on Proposition 3(i) V(Q1 (6))is
generated by

T o ) [ Lo o] Te] )
[b,lz‘p][lz,b‘q and [ll LY ][Zz, l‘”] Since V Ql is a subgroup of O, (6)® 0, (6) and the mapping
a:0,(6)®0 (6)— I: 1(6), ( (6))} defined by a(g@ h)= [ g %} for all g,heQ(6)is an isomorphism,

thus
V(0(6))=(a®a, b®b, | ®1, [, ®1,, (a®b)(b®a), (a®})(} ®a),

(a®L)(L®a), (b®4)(L,®b), (b®L)(L®b). (1 ®L)(,®h)
Next, the order of each generator of V(Q1 (6)) is computed. The abelianisation of Q1(6) is with natural
homomorphism 7 : Q, (6) -0 (6)ab . Since Q, (6){1[] is finitely generated by Lemma 1, then its nonabelian tensor

square is just an ordinary tensor product of Q (6)ab = C, xC;. By Proposition 4,
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Q1(6)ab®Ql(6)ab
(CoxCyxCyxCy)®(CyxCyxCyxCy)
(CO®(C0><C2><C2><C2))><(C2®(C0><C2><C2><C2))><(C2®(C0><C2><C2><C2))><(C2®(C0><C2><C2><C2))
(Co®Cy)x(Cy®C,)x(Cy®C,)x(Cy®C, )x(C, ®C))x(C, ®C, )x(C, ®C, )x(C, ®C, )

X(Cy ®Cy)x(C, ®C,)x(C, ®C, )x(C, ®C, )x(C, ®Cy )x(C, ®C, )x(C, ®C, )x(C, ®C,)
2 CyxCyxCyxCyxCyxCyxCyx CyxCy x Cy x Cy x Cy x Cy x Cy x Cy x C,
=CyxCY.

I

Then, Lemma 1 provides that Q, (6)ab is generated by 7(a) of infinite order and 77(b), n(l;),n(l,) of order 2.
Again by Proposition 4, <77(a)® n (a)> =C, . By Theorem 2, there is a natural epimorphism
a:0,(6)®0 (6)—> 0 (6)ab ®Q, (6)ab . Therefore, the image a(a®a)=n(a)®n(a) has infinite order. Hence,
by Proposition 5, @ ® a has also infinite order.

Next, [b, b‘”]will be shown to has order four. By <77(b)®77(b)> = (,, it gives the order of [b,b‘”} is at least

2
two. If the order of [b, b‘/’} is two then, [b,b“”] = [bz,b‘q =1. But, there is no relation in Q, (6) to allow b*> and

4
b? to commute. Therefore, the order of [b,b’”} is four since [b,bw] = [bz,bz‘q =1 by Proposition 1(vi) and it

concludes that » ® b is also of order four by Proposition 5. Next,

(4], (b7 ], [ab? |[ba? ], [a0? |[1.07 ] [ads? ][ 1sa” ],
[0, ][ 167 ][ 2,157 |[ 1,67 ] and [ 4,7 ][ 1,47 ]

will be shown to have order two.
By homomorphism in Proposition 4, we have

(nU)®n(l))=Cy, () ®n(l)) = Cy, (n(a)@n(b)) = C,, (n(b)®n(a)) = C,, (N(a)®n(}))=C,,
<77(l1)®77(a)>E G, <77(a)®77(12)> =C,, <77(12)®77(a)>; G, <77(b)®77(11)>5 G, <'7(11)®77(b)>E G,
(bY@ n(L)) = Cy, (n(L)Rn (b)) = Cy, (n(1)®n(ly)) = Cy, (n(1) @ (1)) = C;.

Therefore, the order of [ ®/, [,®1,, (a®b)(b®a), (a®11)(11®a), (a®12)(12 ®a), (b®ll)(ll®b),

(b®1,)(1, ®b) and (1, ®1,)(I, ®1,) are of order two. Hence,
V(0,(6))=(a®a, b®b, || ®1,, ,®1,, (a®b)(b®a), (a®1)(l,®a),
(a®hL)(,®a), (b®L)(L,®b), (b®L)(1,®b), (,®L)(1,®1))
=CyxCyxCyxCyxCyxCyxCy xCyxCy xC,y
=CO><C§><C4.

CONCLUSION

In this paper, the central subgroup of the nonabelian tensor square of the first Bieberbach group with quaternion
point group of order eight, V(Ql (6)) is computed. The result shows that this central subgroup is elementary

abelian.
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