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Abstract: Several applied fields dealing with decision-making process may not be successfully modeled by
ordinary fuzzy sets. In such a situation, the inferval-valued fuzzy set theory is more applicable than the fuzzy
set theory. Using a new approach of “quasi-coincident with relation”, which is a central focused idea for
several researchers, we introduced the more general form of the notion of (¢, g)-fuzzy interior ideal. This
new concept is called interval-valued (e, € vq,) -fuzzy interior ideal of ordered semigroup. As an attempt
to investigate the relationships between ordered semigroups and fuzzy ordered semigroups, it is proved that
in regular ordered semigroups, the interval-valued (e, € v q;) -fuzzy ideals and interval-valued (€, evyg,)
-fuzzy interior ideals coincide. It is also shown that the intersection of non-empty class of interval-valued
(g, ev qi»() -fuzzy interior ideals of an ordered semigroup is also an interval-valued (=, € vq}?) -fuzzy interior
ideal.

Keywords: Interior ideal, ordered semigroup, fuzzy set, interval-valued fuzzy set, interval-valued (e, e v qi;)
-fuzzy interior ideal.

1 Introduction

A precise way for to represent knowledge in decision making is to use intervals instead of ordinary points. This
major advancement in the fascinating world of interval-valued fuzzy sets started with the work of renowned
scientist Zadeh in 1975, which opened a new era of research around the globe. Interval-valued fuzzy sets
provide a more adequate description of uncertainty than traditional fuzzy sets. A fuzzy set with an interval-
valued memhership function is called an interval-valued fuzzy set [16]. The concept of “belongs to relation”
() and “quasi-coincident with relation” (q) of a fuzzy point with a fuzzy set was introduced by Pu and Liu
[13] and has boosted the significance of algebraic structures. Moreover, Bhakat and Das [1] gave a remarkable
generalization of Rosenfeld’s fuzzy subgroup [14] and presented the notion of (e, € v q)-fuzzy subgroups.
Besides, this generalization of Rosenfeld’s fuzzy subgroup appealed many researchers and opened new ways
for future researchers in this field of algebra. Furthermore, Jun [4] generalized the concept of “quasi-coinci-
dent with relation” {(q) of a fuzzy point with a fuzzy set and gave the idea of (e, € vq,)-fuzzy sub-algebras of
BCK/BCl-algebra, where ke [0, 1). Additionally, Narayanan and Manikantan [11] introduced the notions of
interval-valued fuzzy left (right, two-sided, interior, bi-) ideal generated by an interval-valued fuzzy subset
in semigroups. Likewise, Shabir and Khan [15] extended the idea of [11] and defined an interval-valued fuzzy
left (right, two-sided, interior, bi-)ideal generated by an interval-valued fuzzy subset in ordered semigroups.
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Further, Davvaz et al. [3] considered ordered semigroup and produced more generalized form of fuzzy filters.
Suchtypes of generalizations catch the attention of other scientists from applied fields, and they successfully
used these new generalized structures in their respective fields.

It is now natural to investigate similar generalizations as given in [1, 3, 7] of the existing interval-valued
fuzzy subsystems. In this regard, Khan et al. [8] initiated a new sort of interval-valued fuzzy bi-ideals known
as interval-valued (e, € vq)-fuzzy bi-ideals. Further, Khan et al. [9] introduced a more general form and
defined interval-valued (e, €vq,)-fuzzy generalized bi-ideal of ordered semigroups and characterized
ordered semigroups in terms interval-valued (e, € v g, ) -fuzzy generalized bi-ideals.

In this paper, new types of interval-valued (z, §)-fuzzy interior ideals in ordered semigroups are intro-
duced, which are the generalization of both interval-valued fuzzy interior ideals [11] and (e, 8)-fuzzy interior
ideals [7]. Several useful characterizations of interval-valued (<, e+ i, ) -fuzzy interiorideals of ordered semi-
group are also provided. It is investigated that in regular ordered semigroups, the interval-valued (e, v q,)
-fuzzy ideal and interval-valued (e, v q;E) -fuzzy interior ideal coincides. We have also shown that the inter-
section of non-empty class of interval-valued (e, € vq;) -fuzzy interior ideals of an ordered semigroup is also
an interval-valued (e, evq,) -fuzzy interior ideal.

2 Preliminaries

By an ordered semigroup (or po-semigroup), we mean a structure (S, -, <) in which the following are
satisfied:

{i) (S, -)isasemigroup,

{ii) (8, <)1is a poset,

(i) (vVx,a, be S)a<bhb=a-x<h-x,x-a<x-h).

In what follows, x - y is simply denoted by xy for all x, ye S.

For any two ordered semigroups, (S, -, < S,) and (S,, -, < Sz)’ the Cartesian product S, x S, forms a semigroup
under the coordinate-wise multiplication [12].

Changphas [2] defined an ordered relation < on 8 x 8, by (a, b) < (c,d)ifand only if a <

T §,%8, RS, 1

cand b < _ dforall (a, b}, (¢, d)e 5, % S, and hence, § % §, is an ordered semigroup under the ordered

relation < ; ;.

2.1 Definition [5]

An ordered semigroup S is called regular ordered semigroup if for all a< S there exists x< S, such that
a < axa.

2.2 Definition [6]

A non-empty subset A of an ordered semigroup § is called an interior ideal of § if the following conditions
hold:

(I)SASc A, (Vx,yc A, ac A)

(L) (Vae S, be A)y(a<b—>ac A).

(L) A2 A.

By a fuzzy subset of an ordered semigroup S, we mean a mapping

#:S—[0, 1.
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2.3 Definition [15]

An interval-valued fuzzy subset i of an ordered semigroup S is called an interval-valued fuzzy interior ideal
of § if the following three conditions hold for all x, y, z, € 5:

(1) alyz) zaly),

(1) (x=y=a(x)zu(y),

(1) (a(xy) zmin{ @(x), a(y )}

By an interval number &, we mean an interval [a-, a*] where O < a” < a* <1 and the set of all closed sub-
interval numbers is denoted by D[0, 1] The interval [a, a] can be simply identified by the number a < [0, 1].

For the interval numbers a,=[a-, a'], b=[b, b1 D[0, 1], ic I, we define
(Vie D(rmax{d,, Ei}:[max(a;, b7), max(a’, b)),
(Vie Drmin{a, b }=[mina;, b ), min(a’, b)),

f=l il

1 infd, :{Aa;, Aa:} I supd, :{Val.', Vaq and

2 - - +
- a 24, <»a <a, and a] <4a],

s 2 sl + ot
- 4 =4a,<a =a, and af =a;,
- A <d <d<d and a =a

Then, it is clear that (D[0, 1], <, v, A) forms a complete lattice with 0=[0, 0] as its least element and 1=[1, 1]
as its greatest element.

Theinterval-valued fuzzy subsets provide a more adequate description of uncertainty than the traditional
fuzzy subsets; it is therefore important to use interval-valued fuzzy subsets in applications. One of the main
applications of fuzzy subsets is fuzzy control, and one of the most computationally intensive parts of fuzzy
control is the “defuzzification”. As transition to interval-valued fuzzy subsets usually increases the amount
of computations, it is virtually important to design faster algorithms for the corresponding defuzzification.

2.4 Definition [16]

An interval-valued fuzzy subset f:X — D[0, 1] of X is the set

a={xc X|(x, [ (), w D € D[O, 1]},

where y~ and u* are two fuzzy subsets, such that g#(x) <u*(x) for all x= X. Let & be an interval-valued fuzzy
subset of X. Then, for every [0, 0] <f <1, 1], thecrispset U(ji; £)={xe X|fi(x) =1} iscalled the level set of .
Note that because every a € [0, 1] is in corresponderce with the interval [a, a] € D[0, 1]; hence a fuzzy set
is a particular case of the interval-valued fuzzy sets.
Forany f=[u ,u"] and {=[, "], gl +E=[u (x)+t,u"(x) +i"] for all xe X. In particular, if
wh)+ > 1and pt(x)+ > 1, then we write ji{x) +1 >1.

2.5 Definition [10]

Aninterval-valued fuzzy subset & of a set S of the form

- feDo,1] ify=x,
pHE= [0, 0] ify=x,
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is called an interval-valued fuzzy point with support x at value f and is denoted by X;.
For an interval-valued fuzzy subset it of a set §, we say that an interval-valued fuzzy point x, is
(L) contained in @, denoted by x; € ji, if ji(x) >,
(1) quasi-coincident with g, denoted by x,qa, if a(x) +f>1=[1, 1].
For an interval-valued fuzzy point x, and an interval-valued fuzzy subset @ of a set §, we say that
(L) X €vait if X, €p or xqi.
(L) x.ai if x.cji does not hold fore e {e,q, € vyl

3 Interval-valued (e, € v q.)-fuzzy Interior Ideals

In what follows, let S be an ordered semigroup and let k=[k, k"] denote an arbitrary element of D[0, 1)
unless otherwise specified. For an interval-valued fuzzy point x, and aninterval-valued fuzzy subset @ of S,
we say that

(1) xopie if m(x) +i+k>1, wherey +t+k »landut+tr+k" > 1.

(i) x evap if X, ep or xq.i.

(iil) x;af if x.afi does not hold for ae{ U, €V, J

3.1 Definition

An interval-valued fuzzy subset @ of S is called an interval-valued (=, ev q; ) -fuzzy interior ideal of S if the
following conditions are satisfied for all x, @, ye Sand (, £, f & D(o, 1]:

(c) x<y, ¥, € = x;, € v ii,

(Cz) Xﬂ Eil, yfz Eit= (X}’)mm{gp@} eV qi”(.&:

(c,) a; € it =>(xay), e v q;ji.

3.2 Example

Consider the ordered semigroup S={a, b, ¢, d, e} with order relations a<c<e,a<d<e,b<d,and b<e
and the multiplication given in Table 1.
Define an interval-valued fuzzy subset f:5— [0, 1] by

[0.50, 0.55] ifx=a,
[0.45, 0.50] ifx=b,
ilx)=1[065,0.70] ifx=c,
[0.55, 0.60] ifx=d,
[0.40, 0.45] ifx=e.

Then # is an interval-valued (e, e v 0, 0m)-fuzzy interior ideals of 5.

Table1:

: a b £ d e
a a d a d d
b a b a d d
c a d c d e
d a d a d d
e a d c d e

Caption for Table 1 (Multiplication table of S={a,b,c,d,e})
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3.3 Theorem
For any interval-valued fuzzy subset i of S, the following assertions are equivalent:

~ 1-k _ _
o)) (VtED[O, TD(U(,&; t)#2 =U(j; t) is an interior ideal of S).

{(2) ji satisfies the following assertions forallx, a, ye S:

(2.1) x<y = il(x) ZI‘min{[L(y), {i iﬂ

2 2
1-k 1-k
(2.2) plxy) >rmiﬂ{ﬁ()c),ﬁ(}/), {2, 2}}
B e 1-kt 1-k
(2.3) n{xay) >rm1n{u(a), {2, 2}}

Proof 1. Assume that the non-empty (€ )-level subset U(ji; £) is an interior ideal of S forall f e D(O, lzk}

We claim that Condition (2.1) is true. If not, then there exist @, b §, such that @ < b and

N {1—1& 1—1(}
ala)<f <rminyia(b), — 3 |’

- 1-k - .
for some t e D[O, T} In which it follows that beU(x; t) but agU(j; £), a contradiction, and hence
(2.1) is valid for all a, b€ S with a < b. Again, let us suppose that Condition (2.2) is not true, and hence,

1-k" 1-k

falab) <r min{ﬁ(a)s.a(b)s {T, T}}’

for some a, bc 5. Then there exist §c D[O, 2} , suchthat

~ ~ L ~ 1-k% 1-k
,u(ab)<s£rmm{,u(a),,u(b), {T, TH

This implies a, beU(j; t) but ab€U( &; f). Again, a contradiction, and therefore, it is concluded that (2.2)
holds for all a, b= 5. Next, assume that

I {W( , {1—1& 1—1(}}
it(ack) <rminjg(c), 5 5|

. 1-k
for some a, b, cc 5, then there exists f < D[O, T} , such that

. 1-k" 1-k
flach)<t<r min{ﬁ(c), {2,2}}

Follows that ceU(ji; f) and acheU{ji; t) contradicting the definition of interior ideal, and hence,

N {11{ lk*}
a(xay) zrminyala), 3 T3

forallx, a,ye S.



6 === H.U.Khan etal.: Generalized Interval-Valued Fuzzy Interior Ideals DE GRUYTER

. _ 1-k
Conversely, assume that & satisfies (2.1), (2.2), and (2.3) and U(#; ) =& for all reD[o, T} If a,
be S,suchthata < band beU(g; ), then f(b) =1, and hence, by (2.1,

o] {11& 11{}
ala) zrminya(b), 55 |

‘ { {1—1& l—k}}
>rminyf, |—, ——|[,
2 2

=7.
This implies ac U{ji; £). If a, beU{ji; £}, thenby (2.2,

B o N 1-k 1-k
alah) Zrmm{u(a),,u(b), {2, 2}},

, { . {1—1& l—k}
rminit, f, | ——, —— |,
2 2

=f.

It follows that abeU(@; £). Take x, @, y< S, suchthata = U( ji; T). Then using (2.3), we have

-k 1-k

Hlxay)>r min{ﬁ(a), {T, T}},

>rminit, | ——, ——|{,
2 2
=f,
it follows that xayeU( ji; t). The above discussion shows that the non-empty (e )-level subset (U{ji; £)) is

- 1-k
an interior ideal of S for all f ¢ D[O, 2}. O

By taking k= [0, 0] Theorem 3.3 reduces to the following corollary.

3.4 Corollary

Let i be an interval-valued fuzzy subset of 5. Then, Conditions (1) and (2) are equivalent:
() (VieD(, 051U i £) =@ =U( it; ) is an interior ideal of S).
(2) & satisfies the following assertions:
(2.1 x<y=ulx)>rmin{ z#(y), [0.5, 0.5]},
(2.2) a(xy) = r min{ @(x), a(y), [0.5, 0.5]},
(2.3) p(xay)>rmin{ x(a), [0.5,0.5]}.

The following result provides necessary and sufficient conditions for an interval-valued fuzzy subset to be an
interval-valued (e, € v q; ) -fuzzy interior ideal.

3.5 Theorem

An interval-valued fuzzy subset & of § is an interval-valued (e, €+ q;) -fuzzy interior ideal of § if and only if
the following conditions hold for all x, @,y = S:
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b=kt T JE
(ca)xéyﬂﬁmzrmin{ﬁ(y), {— —}}

2 2
1-k 1-k
(C)M(X}f)>1‘mlﬂ{#(x) ay), {T Tﬂ
_ L -k 1-k
(c,) il xay) >rm1n{,u(a), {T, TH

Proof 2. Suppose that & is an interval-valued (e, € vqf() -fuzzy interior ideal of § and a, he §, such that

N N 1-k
a<h. If gla)y<p(h), then jla)<i<pi(h) for some fED[O, 2] It follows that b.cfi and a, € j,
also ﬁ(a)+f<2f£fflz, ie. ag.i. Therefore, a € vq @i, a contradiction. Hence, @(a)>a(b). Now, if
Tkt 1;1 Tl 1-1(}

i v it; this implies @la) > P ——
7 5 ] Vi plies #(a) { 5 5

1=kt 11—
IR

alh) = ,then b. - eji, andso &
{ [l—ff 1—1(} {

R
1-k% 1-k
2’2

o 1-k" 1-k
}>1—k. Hence, ﬁ(a)z{z, 2}; otherwise, ,a(a)+{

-k 1-k| . -
or pla)+ > <l-
) { 2 2 }

1-k% 1-k
a contradiction. Consequently, a(x)>r min{ﬁ(y), {2, 2}} for all x, ye S with x <y. Let @, be §
L ~ 1-k 1-k ) ~ L ~
be such that rmin{ii{a), n(b)} < 55 | We claim that #{ab)>rmin{a{a), z{b)}. If not, then

N " 1-k
alab) <t <rmin{ii{ a), n(b)} forsome IED[O, T} In which it follows that a, € it, b, € ji, but (ab), € ji

=

and (ab). q],u, a contradiction, and hence, #{ab) 2r min{a{a), #( b)}. If rminfii(a), ,u(b)}>{

1-ict 10

1=kt 1-k
232

then a{ 3 ]E 1t and b[ }E g, and using Definition 3.1 (c,), we have

2 "2

{ab )[1 iﬁsl} abrmin{[1—if+ 1_k—} {1_“ ]_k_]}quf(ﬁ,
7 .

2 2 ] 2 2

it follows that

s b){l—k* l—k}
Atk AN

or

sl {11& 1@ ;
+ ; > :
e 2 2

o 1-k 1-k
However, if j(ab) < 5 g P then

<1-k,

» b)J{l—k" 1—k}
a , ———
’” 2 2

1-k 1-k
a contradiction, and thus, @(ab) 2{ 55 } Consequently,
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1-k" 1-k

alxy) zrmin{ﬁ(x),ﬁ(y), {2, 2” forallx, y 8.

-k 1-k

Assume that there exist x, @, yc S, such that g{xay) <r min{ﬁ( al, {T, Tﬂ Then there exist some

-k 1-k

» 1-k -
tED[O, T} such that @ xay)<t <rmin{ﬁ(a), {T, TH This implies, a, € it but (xay), € ji

1-k* 1-k
and (xay),q, that is (xay), evq.ii, a contradiction. Hence, ﬁ(xay)>rmin{ﬁ(a), {T, Tﬂ for

allx, a,ye 5.
Conversely, let ji be an inferval-valued fuzzy subset of S satisfying (c,), (c.), and (c,). Let a, be S(a < b),

teD(0, 1], and b. ii. Then by (c,), we have

N {1—1& 1—@
pla)zrming ikl b), — 3 |’

. {m [1k+ lk}}
zrminiyft, | ——, —— |,
2 2

. - 1=k 1k
t if £ ——————
= pi 2

- {1—1& l—k} L {1—1& l—k}
—_— |, if ) — .
3 2 2 2

It follows that &, € it or a.q i, and hence, a, € vq;i.
Leta, be Sand £, {, € D(0, 1], suchthat @, € & and b, € ji. Then, i{a)>f, and a(b)=>f,. From (c.)

l—d® Ak
i{ah) >rmin{ﬁ(a),lﬁ(b), {2, }},

2
R P (P A
Zrmin tl,tz, —=% =z |
2 2
S B oo B
rmin{?,£},  if rmin{7,f}< 5% |
- {1—1& 1—1(} F e i {1—1& 1—1(}
- —— |, if rmin{f,f}> s — |,
2 2 e 2 2
In which it follows that (ab), mint ) € vy i
Let a, b,ce Sand t<D(0, 1] be such that c; € ji, then using (c,), we have
_ . -k 1-k
flach) >rmin) j(c), | ——, — |,
2 )
ot 55 LT
zrmin\t, | ——, —— [,
2 2
B} } {11& 11{}
f, il AR
2 2
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In which it follows that (ach); € vq . Hence, g is aninterval-valued (e, € v q,) -fuzzy interior ideal of S. O
The following corollary comes by taking k=[0, O] in Theorem 3.5.

3.6 Corollary

An interval-valued fuzzy subset # of S is an interval-valued (¢, € v q)-fuzzy interior ideal of S if and only if
() x<y=u(x)zrmin{i(y), [0.5,05]},

(i) j(xy) =rmin{ ii(x), i(y), [0.5, 0.5},

(itl) m(xray)>rmin{ (), [0.5, 05]}.

3.7 Theorem

For an interval-valued fuzzy subset @ of 5, the following are equivalent:
(1) 4 is aninterval-valued (e, evg;) -fuzzy interior ideal of .

- N ~ 1-k
(20 Ula; t)=2@=U(g; t) is an interior of S for all reD{o, 2]

Proof 3. The proof follows from Theorem 3.3. O
Taking k=[0, 0] in Theorem 3.7 induces the following corollary.

3.8 Corollary

For an interval-valued fuzzy subset @ of 5, the following are equivalent:
(1) # is aninterval-valued (g, € v g)-fuzzy interior ideal of S.
(2) Ulii: )@ =U(ji; t) is an interior of S for all e D{0, 0.5].

3.9 Definition

Aninterval-valued fuzzy subset @t of Sis called an interval-valued (e, € )-fuzzy interior ideal of S if the follow-
ing conditions are satisfied forallx, @, ye Sand ¢, ¢, £, D(0, 1]:

(c) X<y, y:;efi=>x. € i1,

(c,) X; & i, Yi = # :>(X}’)rmm{;1,gz} € i,

(c,) ;€ it=>(xay); € i

3.10 Theorem

Every interval-valued fuzzy interior ideal of an ordered semigroup §is an interval-valued (e , € )-fuzzy interior
ideal of S.

Proof 4. Let i is an interval-valued fuzzy interior ideal of S and g, be S, suchthat b, ¢ # with a < b. Then
fi(b) =1 and by Definition 2.3 (I)) z{a) > i(b) =t, it follows that a € fo. If a, €fi, b, €ji, then a(a)={
and u(b)>f,, and by Definition 2.3 (1)

gl ab) zminf g(a), a(b)},
>min{ £ ,E,},
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hence, (ab) cii. Finally, let us suppose that c, eji, then i(c)zt, and by Definition 2.3 1)

min{f.F,}

ilach) = i{c) =t, ie (ach ), € ji. Consequently, ji is aninterval-valued (e, € )-fuzzy interior ideal of 5. O

3.11 Proposition

Every interval-valued (¢, € }-fuzzy interior ideal of an ordered semigroup § is an interval-valued (e, evq,)
-fuzzy interior ideal of S.

Proof 5. 1t is straight forward. O

3.12 Remark

From Theorem (3.10) and Proposition (3.11), it is concluded that every interval-valued fuzzy interior ideal
of an ordered semigroup is an interval-valued (e, evq;) -fuzzy interior ideal. Thus, we have the following
proposition.

3.13 Proposition

Every interval-valued fuzzy interior ideal of an ordered semigroup S is an interval-valued (e, e v q;) -fuzzy
interior ideal of 5.

3.14 Remark

The converse of Proposition (3.11) is not true in general.

3.15 Example

Consider the ordered semigroup of Example (3.2) and define an interval-valued fuzzy subset #:5S—[0, 1] by

[0.50, 0.55] ifx=a,
[0.45,0.50] if x=b,
1:8—10,1]| g x) =4[0.65, 0.70] ifx=c,
[0.55, 0.60] if x=4d,
[0.40, 0.45] ifx =e.

Then, clearly, f is an interval-valued (¢, € M o0, 0‘30]) -fuzzy interior ideal of §, but not an interval-valued (e,

€ )-fuzzy interior ideal of S, because for a < d, d[ e i buta

0.50, 0.60] [0.50, 0.60] St

3.16 Theorem
If f is an interval-valued (e, € vq,) -fuzzy interior ideal of S, then the set QE(IR; £) (where QE(‘R; ) =)

N 1-k
is an interior ideal of Sforall te D{O, 2]
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Proof 6. Assume that j is an interval-valued (=, € vq}?) -fuzzy interior ideal of S. Let ye B (it; 1), where

. 1-k . -
reD[o, T} and ye S be suchthat x <y Then, a(y)+t>1-k. Using (c,), we have

) Tk 1w
i x) >rm1n{u(y), {T’ Tﬂ’

and so xe Q' (jt; ©). Let x, ye Q' (fi; ©). Then, i(x)+i>1—k and then a(y)+i>1—k. It follows from )
that
-k 1-k

ﬁ(X}’)>1’min{ﬁ(X),.&(}’), |:2, H,

and so, xye Q" ji; £).
Ifx,y,ze S, such that ye Q"(ji; £), then a(y)+f>1-k, andsoby (c),

) e 1-k* 1-k
il xyz) zrmm{u(y), {2, 2}}

Hence, xyzeQﬁ(ﬁ; t). Therefore, Qﬁ(ﬁ; t) is an interior ideal of S. O

3.17 Corollary

If ;i is an interval-valued (=, € v q)-fuzzy interior ideal of §, then the set Q(j; £) (where Q(f; £)=&) isan
interiorideal of § for all ¢ e D(0, 0.5].

3.18 Theorem

An interval-valued fuzzy subset z of Sis an interval-valued (g, evq,) -fuzzy interior ideal of Sif and only if
[ 2]} is an interior ideal of S forall e D(0, 1], where [ z]f #@.

Proof 7 Assume that f is an interval-valued (e, € vg,)-fuzzy interior ideal of S, and let feD(0, 1], such
that [i]7 #&. Let ye[R]! and xe Sbe such that x <y. Then, yeU(f; £) or yeQ (s £), ie. p(y)>f or
a(y) +f>1—k. Using (c,), we get

1-k7 1-I

a(x)=zr min{ﬁ(y), {T, Tﬂ (A)
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We consider the following cases:

1-k 1-k . .
—},thenfrom (A),wehave i(x)=i(y). Thus, @(x) =t,if @(y)=t. It follows

Case (). If a(y) <
that xe U(fi; £) c[@lf. If a(y) +i>1-k, then a(x)>a(y)>1-k-{, and hence xe Q" (ji; {) = [al}.

1-k% 1-k 1-k% 1-k 1-k 1-k
, — |, then from (A), we have a(x) > = AT g I T,i,

2
1-k" 1-k | o . B
then a(x)zf, ie. xeU(i; Dcli ]ff If > Ty LX)+ T >1—k. Tt follows that xeQ"(f; ) =
[ N )
Let x,ye[]!. Then, xeU(j; ) or x,q.ft and yeU(x; £) or y,q i, thatis a(x) =t or p(x)+f>1-k
and j(y)>f or @(y)+f>1- k. We consider the following four cases.
{) If g(x)=f and ja{y)=t.
(i) If 5027 and wy) +F>1—k.
(i) If (x) +f>1—k and @ly)=f.
(V) If @(x)+f>T—k and a(y)+E>1-k.

Case (ii). If a(y) >{

For Case (i), (c,) implies that

R L _ 1-k 1-k
A{xy) zrmins g(x), a(y), T,T s
e [ 555
Zrminit, t, 5 s
2 2
; i} {1—1& l—k}
t, ift < %
_ 2 2
k

sothat xyeU(@; £) or xyEQE(‘R; ). Hence, xye[ﬁ]iz. For the second case, using (c ),

2 2

1 K 1—k}}
> ¥ B !

= -k 1k
1-f-k, iff> s s
2 2

” o {1—1& 1—k}
7, iff < —
2

1 Ko1-k
i(xy)>r mm{u()c) u(y) — E

Thus, xyeU(j; f) UQE(‘&; £)= [ﬁ]g}. We have similar result for the Case (iii). For the final case, if

1=k 1-k = 1k+1k
f> =g ,then 1—f—k< <t. Hence,

1 KW o1-k
aly) zr mm{,u(X) “ly), T’ TE

a4

\V

]
!

Il
._.
-~
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1-k" 1-k 1-k* 1-k

Thus, xye Q" ( ji; f);[ﬁ]f. If fﬁ{z, 2] then I—f—&z{

} >, and by (c,),

-k 1-k

i(xy) >rmin{ﬁ(x),,ﬁ(y), |:2, 2}},

this implies that xy = U( ii; f)g[ﬁ]f. Letx,y, ac Sbe such that ae[ﬁ]g, then, a(a)=f or pla)+t>1-k.
It follows from (c,)
1-k° 1-k
Al xay)zr min{ﬁ(a), {— —H (B)

272

We consider the following two cases:

Gased, TF i ){FF l_k}
ase 1. < ,—|.
s 2 2

G i e {1—1& l—k}
ase 2. > ,—-
#ea 7 7

Using Caselin(B),weget g(xay) = i a). Thus,if #(a) =1, then @i xay) >f, andso, xay cU(j; {) = [ﬁ];}.
If i{a) +E>1—k, then fi{xay) +f2ji(a)+{>1-k, this implies that (xay},q.i, ie. xaye Qi D [ﬁ];.

1-k 1-k Ll 1=k 1-k B ~
5 LIf i< —5 v g then i xay)>f,

El

Combining Case 2 and (B), we see that z(xay) >{ 5

1-k

. . . 1-k* e B
and hence, xayeU(a; t)g[‘a];‘, but if t>{ ; 2}, then @{xay)+f>1-k, which implies that

xay e Qs £) [l Therefore, [,a]f is interior ideal of S.
Conversely, assume that [ ﬁ]gk is an interior ideal of S.
1-k% 1-k

H for some a, belS, such that a<b, then

If ﬁ(a)<rmin{ﬁ(b)[2, >

1-k% 1-k 1-k ;
‘R(a)<§<rmin{ﬂ(b), {2, 2}} for some 3¢ D[O, T} This shows that be U{#; §) ;[m; but

. . 1-k% 1-k
agl(i; 5) and a€Q(@; §), i.e. a€[ g}, a contradiction. Hence, j(x)=r min{ﬁ(y), {T, TH

forall x, ye Swithx <y.

1-k 1-k N 1-k
If ﬁ(ab)<rmin{ﬁ(a),ﬁ(b), {—, —H for some a, be S, then there exists fED[O, —},
2 2 2
such that

-k 1-k

il ab) <f£rmin{ﬁ(a},ﬁ(b), {T, TH’

and it follows that ac U ji; ) g[ﬁ]gf and belU(j; 1)< [‘B]f. Therefore, from Definition 2.2, () abe [a]f,

. L -kt 1-k
ie. glab) =t or plab)+t>1-k, a contradiction. Therefore, ﬁ()qr)zrmin{ﬁ(x),ﬁ(y), {2, —5 }
forallx, ye S.
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1-k 1-k
Finally, assuming that j(xay) <rmin{ﬁ(a}, {T, T}} for some x, a, v S, then there exist

» 1-k . 1-k 1-k
teD{O, 2] such that ﬁ(xay)<t<rmin{ﬂ(a)[2, 2}} From this, we conclude that

ae Ul i; f)g[ﬁ]f but xayzU(j: ) and xayEfo(ﬁ; £), ie. xayé[ﬁ]gf, a contradiction. Therefore,

1-k 1-k ~
ﬁ(ab)<rmin{,ﬁ(a),ﬁ(b), {T, Tﬂ for all x, a, y= S. Consequently, [ﬁ]gk is an interval-valued

(€, e vq,) -fuzzy interior ideal of S. O

3.19 Corollary

An interval-valued fuzzy subset & of § is an interval-valued (e, £ v q)-fuzzy interior ideal of § if and only if
[it]. is an interior ideal of 5 for all te D(0, 1], where [i]. =&

3.20 Proposition

If {i}_,#@ isa collection of interval-valued (e, v q; ) -fuzzy interior ideals of an ordered semigroup S,
then _ﬁfﬂi is an interval-valued (e, vqi»() -fuzzy interior ideal of 5.

Proof 8. Let g, is an interval-valued (e, e vqfr) -fuzzy interior ideal of § for all ie I and a, be §, such that
a < b. Then

(na)a)= apla),

. 1-k5 1-k
>E/S\I{r mm{,ui(b), {T, —}H,

2
) { . {1—1& l_kﬂ
=rmin) » it (b), 5 5 ,

, . -k 1-k
‘rm{(@”‘”(b)’ {T TH

Letx, y e §, then
(@ﬁ,.)(xay):igﬁ,.(xy),

| ) 1-k" 1-k
25/6\1{1‘ mm{,u,-(x)a#f(y)’ |:T’ T}}},

1-k" 1-k

_rmln{_/e\fﬁi(x), l_/e\fﬁi(}f), |:T9 T:|}s

, . . 1-k* 1-k
_rmm{(gﬂ,-)(X), (0 (), {T TH
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Ifx,y,ae §, then

(ni)(xay) = ~ i xay),

1k+1
>@%m%%m){ E}

. l—k+ 1 k
=rmin '/\I,ﬁl.(a)

-k 1-k
‘”“%@%“@[z’z}}

Hence, ! i, is an interval-valued (e, < vqf() -fuzzy interior ideal of 5. O

Now it is natural to investigate that Y ,u is an interval-valued (e, evq;) -fuzzy interior ideal of § or not
for any non-empty {#,},_, collection of mterval valued (€, € vq,)-fuzzy interior ideals of S. Therefore, the
following example is constructed to show that - #t, is not an interval-valued (e, € vq,) -fuzzy interior ideal
in general.

3.21 Example

Consider the ordered semigroup S={a, b, ¢, d} with the multiplication given in the following Table 2 and
orderrelationsa < a,b<h,c<c,d<d,anda <d.
Define

i () = [0.4,05], if xe{a, b},
00, 00, if xelc,d},

and

~ B [0.4,05], if xe{a,cl,
#(=1100,00], if xelb, al,

then both @, and i, are interval-valued (e, €vq,) -fuzzy interior ideals of §, but (#, . &,) is not an inter-
val-valued (e, €vq;) -fuzzy interior ideal. As

(o, Wi, Y be)=(i v i, )(d)
=rmaxiz (d)=[0.0,0.0],4,(d)=[0.0, 0.0]}

=[0.0, 0.0].
Table 2:
; a b (o d
a a a a a
b a a d a
c a a a a
d a a a a

Caption for Table 2 (Multiplication table of S={a b,c,d})



16 === H.U.Khanetal.: Generalized Interval-Valued Fuzzy Interior Ideals DE GRUYTER

Meanwhile,
it,(b)=[0.4,0.5],
rmax s
RTINS i, (1) =[0.0,0.0]
r min =1 min
(&, i) c) {ﬁl(C) =[0.0, 0.01,}
rmax
it,(c)=10.4,0.5]
=1 mind [0.4, 0.5], [0.4, 0.5]}
=[0.4, 0.5].
Hence,

(jr, o fiy )by <rmind (fe, w fi) )(B) (i, w gy )( )

3.22 Definition

An interval-valued fuzzy subset ji of § is called an interval-valued (=, v q, ) -fuzzy left (right) ideal of S if
the following conditions are satisfied forall x, ye Sand ¢, £, £, € D(0, 1]:
(C,o) XSV, ¥, € =X e vl

(c) X €t ¥y € 0= (XY ), e g € Vil

(cy) ¥; € = Og); € vl (yx); € vggit).

An interval-valued fuzzy subset @i of S is called an interval-valued (e, €v g, ) -fuzzy ideal of Sif it is both an
interval-valued (e, =vq;) -fuzzy left ideal and an interval-valued (e, €vq,)-fuzzy right ideal of S.

3.23 Lemma

An interval-valued fuzzy subset @ of § is called an interval-valued (s, € vq;) -fuzzy left (right) ideal of § if
and only if

i e T=#¢ Tk
(cJxsy=p(x)=zr mm{,u(y), {2, 2”,

P 2

-kt 1=k k- k
(c) ilxy) >rmin{ﬁ(y), {1—, I—H[ﬁ(w) >rmin{ﬁ(x), P_, 1_“]

1-k% 1-k
(c,) #lxy) zrmin{mx),,a(y), {— —H

2 2 2 2

Proof 9. Consider ji be an an interval-valued (e, € vq, ) -fuzzy left (right) ideal of S. If there exist a, be S,

such that a < b and
~ . 1-k% 1-k
A(x) <rminyi(y], —~S 5 ||

then

i -k 1-k
mix)<t<r mm{,u(y), {T, T}}



DE GRUYTER H.U. Khan et al.: Generalized Interval-Valued Fuzzy Interior Ideals = 17

. 1-k
for some fe D[O, } It follows that y; = i but x, € vg,jt, a contradiction. Hence,
2 I

~ - -k 1-k
it x) >Tmm{ﬂ(}’), |:2, 2}}

forall x, ye Swithx <y.

1-k 1-k 1-k
Let ii{ab)< rmin{&(a),ﬁ(b), {2, 2}} for some a, b S. Then there exist ¢ D[O, T}, such
that

jlab) < §£rmin{ﬁ(a),ﬁ(b)’ {%’ %H

This implies a, € , b, € i, and hence, by (c,) (ab), . ., €V}, Le. jlab) 2§ or jlab) +3>1- k, acon-
tradiction. Hence,

1-k" 1-k

f#{xy) >rmin{&(x), iy, {2, 2}}

forallx, ye S.
Lastly, let there exist a, be §, such that

) . {11& 11(}
flab) <rminyia(b), 7 |l

- 1-k
then thereexist ¢ D[O, T}, such that

ilab)<f<r min{ﬂ(b), {%, %H

It follows that b, € i but (ab). € Vi, again a contradiction, and hence,

o) {1—1& 1—k}
f#{xy) zrming i(y), T,T

forallx, ye S.
Conversely, assume that (c,,—c ) are valid for all x, ye §. Let x, ye §, such that x <y and y, € i, where

teD(0, 1]. Thenby (c,),
1-k% 1-k
il(x) zrmin{ﬂ(y), {— —H

2 2
: {~ {lk-# lk}}
zrminyft, | ——, ——— |7,
2 2
N 1-k% 1-k
t, if ¢ ——, —|,
2 2

this shows that x; € vq, .



18 === H.U.Khan et al.: Generalized Interval-Valued Fuzzy Interior Ideals

Ifx,ye 8, suchthat x;,y. €f, where fl, fz e D(0, 1], then using (c ), we have

1-k" 1-k

a(xy) Ermin{ﬁ()c),ﬁ(y), {2, 2}}

A P I B S Y
zrminiyt, t,, T,T 2

rmin{f, £}, if rmin{f, fz}ﬁ{

1-k 11(}
2 2 p

{1—1& l—k} ¢ rmin(E P {1—1& 1—@
L » > E R
5 5 1 T mir RS 5 5

it follows that (xy) . -, € V.
Finally, if x, ye S, such that y, € ir, where fe D0, 1], then by (c,),

Par—— {1—1& l—k}
i xy)>rming i(yl, —5 3 ||’

! {” {l_k-# l_k}}
Zrminyf, |——, ———|[,
2 2

7, if E{

[11& 111 o {11& 111
LI T SN el §
2 o 2 o

DE GRUYTER

follows that (xy); € vq ji. Hence, @i is an an interval-valued (e, € vq;) -fuzzy left ideal of S. Similarly,
the result can be proved for the right case. Consequently, i be an an interval-valued (e, € vq,) -fuzzy

ideal of 5.

3.24 Proposition

O

Every interval-valued (e, evq;)-fuzzy ideal of an ordered semigroup S is an interval-valued (e, evq;)

-fuzzy interior ideal of S.

Proof 10. Let i@ bean interval-valued (e, v qi;) -fuzzy ideal of 5. If x, ye §, such that x <y, then

1-k% 1-k
i x) >Tmin{ﬂ(}’), |:2, 2}}

Ifx, a,ye §, then
i xay) = i x(ay}),

. -kt 1-k
>r mini i ay), — 3 |

L 1-k 1-k
>r mm{,u(a), {T, Tﬂ

-k 1-k
al(xy) zfmin{ﬁ(x),ﬁ(]’), |:T’ Tﬂ

Ifx, ye §, then

Consequently, i is an interval-valued (e, € vqi;) -fuzzy interior ideal.
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3.25 Remark

In general, every interval-valued (e, € vq,) -fuzzy interior ideal of an ordered semigroup § is not an inter-
val-valued (g, ¢ vqf() -fuzzy ideal. However, in case of a regular ordered semigroup, every interval-valued
(g, ev qi»() -fuzzy interior ideal of an ordered semigroup S is an interval-valued (e, e v qi»() -fuzzy ideal of S.

3.26 Proposition

Every interval-valued (e, €vq, ) -fuzzy inferior ideal of a regular ordered semigroup S is an interval-valued
(€, evq,) -fuzzy ideal of S.

Proof 11. Let @i is an interval-valued (e, €vqg,)-fuzzy interior ideal of a regular ordered semigroup S.
Ifa, be S, suchthat a < b, then by (c,),

o {1—1& 1—k}
ala)>rminy il b), —5 "5 |

Also, for all a, be §, (c,) implies that

Blab) >t min{&(a), alh), {lzki lzk_ﬂ

Finally, if @, b€ S, then there exists c € S, such that a < aca, and therefore, ab < (aca)k = (ac)ab. By (c,},

~ ] 1-k 1-k
alab) zrmm{,u((ac)ab), {2, 2}},

. 1-k" 1-k
>rm1n{u(a), {2, 2}},

(¢t is interval-valued(e, € v g, )-fuzzy interior ideal).

Hence, Z is an interval-valued (=, v q; ) -fuzzy right ideal of 8. Similarly, we can prove that & is an inter-
val-valued (e, evq,)-fuzzy left ideal. O
From Propositions (3.24) and (3.26), we have the following result.

3.27 Theorem

In regular ordered semigroups, the concepts of interval-valued (e, evq; ) -fuzzy interior ideal and interval-
valued (e, e vq,)-fuzzy ideal coincide.
In the following, we define the Cartesian product of two interval-valued (e, cv 45 ) -fuzzy interior ideals.

3.28 Definition
The Cartesian product of two interval-valued (e, € vq,) -fuzzy interiorideals @ and @, of an ordered semi-
group S is defined as

1-k" 1-k

Ci, > g, )(x, y) —rmiﬂ{ﬁl(x),ﬁz(yl {T TH

forallx, ye S.



20 = H.U.Khan etal.: Generalized Interval-Valued Fuzzy Interior Ideals

3.29 Theorem

DE GRUYTER

The Cartesian product of two interval-valued (g, evqi;) -fuzzy interior ideals of § is an interval-valued

(€, evq;) fuzzy interior ideal of S x .

Proof 12. 1et i, and j, be interval-valued (e, evq; ) -fuzzy inferior ideals of 8. Let (a, b}, (c, d) € S = Swith

{a, b) < (¢, d) and consider

1-k
(ﬁ] xﬁg)(a, b)—rmin{ﬁ](a),ﬁz(b), {—, —H

Next, we consider

-k
2 2
o -k 1-k
”mm{“l(”’ A0 {T TH
= (@i, % ii,)e, d).

(i, % i, )(Ca, b)(c, d)) =i, % fi,)(ac, bd)

1-k* 1-k

_rmin{ﬁl(ac),ﬁz(bd), |:T, T}}

rmin{ﬂl(a),ﬁl(d, {— e

1-k*

1-k*
2

{11& 11{}
2 72

a(a), it (c),i,(b),

r min {1—1& l_ky
i d 1 —1—
py(d), | — 5

{1—1& 1—1{}
272

=rmin

=rmin<r min{ﬁ](c),ﬁz(d), {—, £

{1—1& 1—@
27 3

(it <y )a, b), (i, = i)c, d),
=rmin {11& lk}

»

2 2

Finally, take (x,, y,), (¢, d), (x,, ¥, € Sx S and consider

2 2
1-k

> minir min{ﬂg(b),ﬂz(d), {, 5

rmin{ﬁl(a),ﬁz(b), {, ——

i

}
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Gt i) ), v e, d) (g, v, ) = (i % i, ) xex,, y dy, )
fal(x1cxz)’ﬁ2(y1dy2)’
=rmin {1—1& 1—k}

2 2
i, (0) i, (d),
>1 min {1;5 1](—}

2

2 2
(i, < i, )c, d),
=rmin {11& 1@

»

2

2 2

Hence, i, % I, is an interval-valued (e, ev q; ) -fuzzy interior ideal of S S. O

4 Conclusion

In the world of contemporary mathematics, the use of algebraic structures in computer science, control
theory, and fuzzy automata theory always gain the interest of researchers. Algebraic structures, particularly
ordered semigroups, play a key role in such applied branches. Further, the fuzzification of several subsystems
of ordered semigroups are used in various models involving uncertainties. In this article, we introduced new
types of subsystems of ordered semigroup called interval-valued (e, € vq,;) -fuzzy interior ideal in ordered
semigroup. It is investigated that in case of regular ordered semigroups the interval-valued (&, €vq;) -fuzzy
ideals and interval-valued (=, ev q;E) -fuzzy interior ideals coincide. It is also shown that the intersection of
non-empty class of interval-valued (e, € vq,) -fuzzy interior ideals of an ordered semigroup is also an inter-
val-valued (g, ¢ Vq;;) -fuzzy interior ideal. Finally, ordinary interior ideals and interval-valued (e, Vq;;)

-fuzzy interior ideals are connected by means of level subset.
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