
Thomson Reuters Master Journal List JOURNAL LIST

Search terms: 1813-1743
Total journals found: 1

1. SINDH UNIVERSITY RESEARCH JOURNAL-SCIENCE SERIES
Quarterly ISSN: 1813-1743

UNIV SINDH, INST CHEMISTRY, JAMSHORO, SINDH, PAKISTAN, 00000
BIOSIS Previews1. 

Journal Format For Print Page: ISI http://science.thomsonreuters.com/cgi-bin/jrnlst/jlresults.cgi

1 of 1 6/14/2016 8:53 PM



 
 
 
 

 

        SINDH UNIVERSITY RESEARCH JOURNAL (SCIENCE SERIES) 
 
 

New generalisation of interval-valued fuzzy filters of ordered semigroups 
 

H.U. KHAN++, F. M. KHAN*, A. KHAN**, N. H. SARMIN*** 
 

Department of Mathematics, University of Malakand, at Chakdara, Pakistan.  
 

Received 16th March 2015 and Revised 23rd February 2016 
 
 

 
 
 
 

 
 
 
 
 
 

1.       INTRODUCTION 
Zadeh (Zadeh, 1975, Grattan-Guinness, 1976 and 

John, 1975) independently coined the idea of a fuzzy 
set with an i-v membership function. Iinterval-valued 
fuzzy set theory is a natural extension of Zadeh's fuzzy 
set theory (Zadeh, 1965) where the value of the 
membership function is a closed sub interval in ]1,0[  

rather than a single point. In addition, by using fuzzy 
set theory in the structure of groups, Rosenfeld gave the 
notion of fuzzy sub-group (Rosenfeld, 1971). Later on 
(Biswas, 1994) applied the concept of i-v fuzzy set in 
algebra and presented a generalisation fuzzy sub-group 
which is called i-v fuzzy sub-group. Further, (Davvaz, 
1999) extended the idea introduced by (Biswas, 1994) 
to hypergroups and defined i-v fuzzy subhypergroup. In 
addition, in semigroups, Narayanan and Manikantan 
(Narayanan and Manikantan, 2006), gave the notion of 
i-v fuzzy ideal theory. They also discussed 
characterisation of semigroups in terms of these 
notions. Moreover, (Shabir and Khan, 2008) extended 
this notion of (Narayanan and Manikantan, 2006), to 
ordered semigroups. Furthermore, (Murali, 2004) gave 
the idea that a fuzzy point tx  belongs to a fuzzy subset 

f  if ]1,0( where()(  ttxf . On the other hand 

according to Pao-Ming and Ying-Ming (Pao-Ming and 
Ying-Ming, 1980), if 1)(  txf , then a we say that 

there is a quasi-coincidence relation between tx  and 

f . This concept of (Pao-Ming and Ying-Ming, 1980) 

played a key role in the comprehensive study of fuzzy 
algebra. In addition, (Khan et al., 2013) generalised the 
concept of i-v fuzzy bi-ideals of ordered semigroup in 
terms of i-v fuzzy point. On the other hand, 
(Kehayopulu and Tsingelis, 2002) initiated the idea of 
fuzzy filters in ordered semigroups. In addition, 
(Davvaz et al., 2013) introduced i-v fuzzy left (right) 
filters of type ),( ~

k
q  in ordered semigroup. 

Further, in BL-algebras (Yin and Zhan, 2010) defined 

),(  q -fuzzy filters and ),(  q -fuzzy 

filters and provided some interesting results in terms of 
these new concepts. Moreover, (Ma et al., 2011) 
discussed ),(  q -fuzzy ideals of BCI-algebras 

and proved several interesting results of BCI-algebras. 
In addition, (Khan et al., 2011) applied the concepts of 
(Yin and Zhan, 2010) in ordered semigroups and 
studied fuzzy left ideals and fuzzy interior ideals of 
type ),(  q . Further, in the structure of ordered 

semigroup (Khan et al., 2014) discussed in detail the 
notion of fuzzy generalized bi-ideals of type 

),(  q . 

 
In the present study, we considered the concept 

given in (Yin and Zhan, 2010) in ordered semigroup to 
provide another generalisation of the concept given in 
(Davvaz et al., 2013). This new generalisation is called 
i-v fuzzy filters of type ),( ~~~  q . Further, this new 
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concept is linked ordinary i-v fuzzy left filters by 
imposing a condition on an i-v fuzzy subset which is 
under consideration. Further, we have also shown that 
the intersection of finite number of i-v ),( ~~~  q -

fuzzy filters is again i-v ),( ~~~  q -fuzzy filters. In 

addition, the most important part of this research is to 
link ordinary fuzzy left (right) filters with these newly 
defined concept by using the level subsets. 

 

2.      PRELIMINARIES 
The fundamental results concepts that are essential 

for this paper are provided in this section. Throughout 
this paper ordered semigroup is represented by S  
unless otherwise stated and yx   by xy  for each 

elements yx,  in S . 

Let   is an ordered relation on the elements of S , 
where S  represents a semigroup. If ),( S  is a partially 

ordered set (poset) and ab   implies xaxb   and 
axbx   for all Sbax ,, , then the triple ),,( S  is 

called ordered semigroup. 
An element yx   of S  will be represented by xy  

throughout in this paper. 
The set }  somefor   |{:]( AhhtStA   is defined 

for a subset A  of S . And },|{: BbAaabAB   for 

a non-empty subsets A  and B  of S . 

If SA  and AA 2 , then is known as a sub-

semi-group. 
A sub-semi-group F  is called a left filter if for all 

Fba ,  the following conditions hold: 

)( 1b  Fbba  , 

)( 2b  FaFab  . 

And F  is called right filter if )( 1b  and the following 

condition hold: 
)( 3b  (for all Fba , ) FbFab  . 

If )( 1b , )( 2b  and )( 3b  hold for all Fba , , then is 

called a filter of S . 
Next, we give some important fuzzy concepts. 

Let   be a fuzzy subset. Then then   is called a 

fuzzy sub-semi-group of S , if for all Syx ,  we have: 

)()}(),(min{ xyyx   . 

If   is given to be a fuzzy sub-semi-group, then 

  is called a fuzzy left filter if the following conditions 

hold for all Syx , : 

)( 4b  )()( yxyx   , 

)( 5b  )()( xyx   . 

If )( 4b  holds and )()( xyy    for all Syx , , then 

  is called a fuzzy right filter of S . 

And   is called a fuzzy filter of S , if, it is both fuzzy 

left filter and fuzzy right filter. 
In the following lines some i-v fuzzy set’s concepts 

are reminded. 
If 10   aa , then the interval ],[  aa  is 

called interval number and is denoted by a~  and ]1,0[D  

is the set of all interval numbers. Let Ii  and 

],[
~  kkk lll , ]1,0[],[~ Dmmm kkk   . Then: 

)],(max ),,([max }~,
~

max{r  iiiikk mlmlml , 

)],(min ),,([min }~,
~

min{r  iiiikk mlmlml . 

An i-v fuzzy subset is defined and represented on 

X  as  Xxxxxx,A AAA   :))](),([)(
~

( FFF -
, where 

1)()(0   xxA A
- FF  and )(xA

-F , )(xA

F  are 

representing fuzzy membership’s grade of an element 

x  of X . The function ]1,0[:
~

DXA F  represents 

membership’s grade of an element x  in X  to A , 
where ]1,0[D  denotes the family of all closed 

subintervals of the unit closed interval ]1,0[ . 

If ]1,0[a , then a  can be represented as an 

interval ],[ aa  and we call it point interval. 

Consequently, we observe that i-v fuzzy set theory is 
one of the natural generalization of the theory of fuzzy 
sets. 
For an i-v fuzzy set A  we define 

Xxtxtxtx AAA    ])(,)([~)(
~ FFF , where 

]1,0(],[~ Dttt   . In particular, we write 

1
~~)(

~
 txAF  whenever, 1)(   txAF  and 

1)(   txAF . 

If A  is i-v fuzzy subset of S  and  









,otherwise],0,0[0

~
,if,~

:)(
~ xyt

yAF  

then A  is called i-v fuzzy point and is denoted by 
t

x~ , 

where x  is the support and t~  is the value of the i-v 
fuzzy point 

t
x~ . 

An i-v fuzzy point 
t

x~  is said to belongs to an i-v fuzzy 

subset A , if )(
~~ xt AF  and we write Ax

t
~ . On the 

other hand, if txA
~)(

~
1
~

F , then 
t

x~  is quasi-

coincident with A  and is denoted by qAx
t~

. Whenever, 

t
x~  belongs to A  or 

t
x~  is coincident with A , then we 

represent this relation as qAx
t

~ . 

The set of the form }~)(
~

|{)~;( txXxtAU  AF , 

where 1
~~0

~
 t  is called the level set of an i-v fuzzy 

subset A . 
If the following conditions hold for all Syx , : 
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)( 6b  )(
~

)(
~

yxyx AA FF  , 

)( 7b  )(
~

})(
~

),(
~

{min r xyyx AAA FFF  , 

)( 8b  )(
~

)(
~

xxy AA FF  , 

then A  is said to be i-v fuzzy left filter. 
On the other hand A  is known as i-v fuzzy right filter 
if conditions )( 6b , )( 7b  and the following condition 

hold: 

)( 9b  )(
~

)(
~

yxy AA FF   for all Ayx , . 

A  will be known as i-v fuzzy filter if the conditions 
)( 6b , )( 7b , )( 8b  and )( 9b  hold simultaneously for all 

Ayx , . 

 
3. GENERALISED INTERVAL-VALUED FUZZY 

FILTERS 
A new generalized form of the ordinary i-v fuzzy 

filters is given here in this part of the paper. We have 
contributed another useful generalisation of i-v fuzzy 
left (resp. right) filters and have provided some 
characterization results of ordered semigroup in terms 
of this new concept. 

Throughout this paper, we take ~  and 
~

 from ]1,0[D  

and 
~~  . 

If ~~)(
~

 txAF , then we say that the i-v fuzzy point 

t
x~  ~ -belongs to A  and is denoted by Ax

t ~~  . On the 

other hand, if 
~

2~)(
~

 txAF , then we say that 
t

x~  has  


~

-quasi-coincidence relation with A  and we write 
Aqx

t 
~~ . If Ax

t ~~   or Aqx
t 

~~ , then this is represented 

as Aqx
t  ~~~  . If },,,{ ~~~~~~  qqq   and the 

relation Ax
t
~  does not satisfy, then we write Axt~ . 

 
3.1 Definition 
If A  satisfy all the below given assertions 
simultaneously for all Syx ,  and ]1,~(~,~,~

21 Dttt  : 

)( 1c  If yx   and Ax
t ~~  , then Aqy

t  ~~~  , 

)( 2c  If Ax
t ~~
2

  and Ay
t ~~
2

 , then 

 Aqxy
tt  ~~}~,~min{r 21

)(  , 

)( 3c  If Axy
t ~~)(  , then Aqx

t  ~~~  . 
Then A  is called i-v fuzzy left filter of type 

),( ~~~
 q , whereas, if )( 1c , )( 2c  and the below 

stated condition hold simultaneously, then A  will be 
called i-v fuzzy right filter of type ),( ~~~

 q : 

)( 4c  If Axy
t ~~)(  , then Aqy

t  ~~~  . 

If all the assertions )( 1c , )( 2c , )( 3c  and )( 4c  of 

Definition 3.1 hold simultaneously, then we call A  an 
i-v fuzzy filter of type ),( ~~~

 q . In other words A  

will an i-v fuzzy filter of type ),( ~~~
 q  if A  is 

both i-v fuzzy left and right filter of type ),( ~~~
 q . 

If we take ]0,0[~   and ]5.0,5.0[
~
 , then the 

),( ~~~
 q -fuzzy left (resp. right) filter of S  is called 

an ),( q -fuzzy left (resp. right) filter of S . 

3.2 Example 
Let },,,,,{ fedcbaS   with the order relation ( ) 

given below and the multiplication given in Table 1: 

.
),(),,(),,(),,(),,(),,(

),,(),,(),,(),,(),,(),,(),,(
:














efecfcfbedea

daffeeddccbbaa
 

1:Table  

 
Then ),,( S  is an ordered semigroup. Define an i-v 

fuzzy subset A  on S  by 












.=if,0.50]0.40,[

,=if,0.90]0.80,[

},,,{if,0.80]0.70,[

,=if,0.60]0.50,[

=)(
~

ex

dx

fcbx

ax

xAF  

It is easy to check that A  is an i-v 
),( ]5.0,4.0[]4.0,3.0[]4.0,3.0[ q -fuzzy filter of S . 

 

3.3 Theorem 
An i-v fuzzy subset A  is an i-v fuzzy left filter of type 

),( ~~~
 q  if and only if all the assertions stated 

below hold simultaneously for all Syx , . 

(1) }~),(
~

{max r }
~

),(
~

{min r  yxyx AA FF  , 

(2) }~),(
~

{max r }
~

),(
~

),(
~

{min r  xyyx AAA FFF  , 

(3) }~),(
~

{max r }
~

),(
~

{min r  xxy AA FF  . 

Proof. Take A  is an i-v fuzzy left filter of type 
),( ~~~  q  and (1) is not true for all Syx ,  such 

that yx  . Then }~),(
~

{max r }
~

),(
~

{min r  ba AA FF   

for some ba   ( Sba , ). Therefore, there exists 

]1,~(~ Dt   such that 

}~),(
~

{max r ~}
~

),(
~

{min r  bta AA FF  . 

It follows that Aa
t ~~   but AqAb

t  ~~~   and   , a 

contradiction and hence for all yx   ( Syx , ) we 

have }~),(
~

{max r }
~

),(
~

{min r  yx AA FF  . 
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Let us consider on contrary that (2) does not hold, i.e., 

}~),(
~

{max r }
~

),(
~

),(
~

{min r  abba AAA FFF   for some 

Sba , . Then there exist some ]1,~(~ Ds   such that 

}~),(
~

{max r s~}
~

),(
~

),(
~

{min r  abba AAA FFF   and 

hence Aas ~~  , Abs ~~   but Aab s ~~)(   and 

Aqab s 
~~)( , a contradiction and thus (2) is valid for all 

Syx , . 

To show that Condition (3) is valid we suppose on 
contrary that there exist Sba ,  such that 

}~),(
~

{max r }
~

),(
~

{min r  aab AA FF  . 

Then 

}~),(
~

{max r ~}
~

),(
~

{min r  atab AA FF   

for some ]1,~(~ Dt   and it follows that Aab
t ~~)(   but 

Aa
t ~~   and Aqa

t 
~~ . Again a contradiction and hence 

}~),(
~

{max r }
~

),(
~

{min r  xxy AA FF   for all Syx , . 

Conversely, let A  be an i-v fuzzy subset of S  and 
assertions (1), (2) and (3) hold simultaneously. If 

Syx , , ]1,~(~ Dt   such that Axy ~ , then by (1) 

we have 
















.
~~if,

~

~~if,~

}
~

,~{min r 

}
~

),(
~

{min r }~),(
~

{max r 








t

tt

t

xy AA FF

 

From the above inequality we see that Aqy
t  ~~~   and 

hence ( 1c ) holds. 

Next, if Syx ,  and ]1,~(~,~
21 Dtt   such that Ax

t ~~
1
 , 

Ay
t ~~
2
 , then by (2) we have 
















,~}~,~{min r if,
~

,
~

}~,~{min r if},~,~{min r 

}
~

,~,~{min r 

}
~

),(
~

),(
~

{min r }~),(
~

{max r 

21

2121

21








tt

tttt

tt

xxxy AAA FFF

 

showing that Axy
tt ~}~,~{minr 21

)(   or Aqxy
tt 

~}~,~{minr 21

)( . 

Therefore, Aqxy
tt  ~~}~,~{minr 21

)(   and ( 2c ) holds. 

Let Syx ,  and ]1,~(~ Dt   such that Axy
t ~~)(  , 

then by (3) we have 
















.
~~if,

~
,

~~if,~

}
~

,~{min r 

}
~

),(
~

{min r }~),(
~

{max r 








t

tt

t

xyx AA FF

 

From the above inequality we observe that Aqx
t  ~~~   

and therefore ( 3c ) also holds. Hence proved as 

required. 
 
3.4 Theorem 
A  is an i-v fuzzy right filter of type ),( ~~~

 q  of S  

if and only if assertions (1), (2) of Theorem 3.3 and the 
assertion stated below hold simultaneously for all 

Syx , : 

(4) }
~

),(
~

{min r }~),(
~

{max r  xyy AA FF  . 

Proof. Let ]1,~(~ Dt   and Axy
t ~~)(   for Syx , . 

Then by (4) we have 
















.
~~if,

~
,

~~if,~

}
~

,~{min r 

}
~

),(
~

{min r }~),(
~

{max r 








t

tt

t

xyy AA FF

 

The above inequality shows that Aqy
t  ~~~   and 

hence condition ( 4c ) holds. Hence the result is proved. 
The result given below is a direct consequence of both 
Theorem 3.3 and Theorem 3.4. 
 
3.5 Proposition 
A  is an i-v fuzzy filter of type ),( ~~~

 q  of S  if 

and only if assertions (1), (2) and (3) of Theorem 3.3 
and (4) of Theorem 3.4 simultaneously hold for all 

Syx , . 

Proof. The proof follows from Theorem 3.3 and 
Theorem 3.4. 
Obviously, every ordinary i-v fuzzy left (resp. right) 
filter is an i-v fuzzy left (resp. right) filter of type 

),( ~~~
 q  for all ]1,0[

~
,~ D . By constructing a 

counter example we have shown that the converse of 
the above statement is not true in general. 
 
3.6 Example 
The i-v fuzzy subset defined in Example 3.2 is an i-v 
fuzzy left filter of type ),( ]5.0,4.0[]4.0,3.0[]4.0,3.0[ q  of S  

but not an ordinary i-v fuzzy left filter of S  since 

)(
~

]5.0,4.0[]6.0,5.0[)(
~

ea AA FF   for ea  . 

Under the stated restriction, the result given below 
shows that the concepts of i-v fuzzy left filters of type 

),( ~~~  q  and ordinary i-v fuzzy left filters 

coincide. 
 
3.7 Theorem 

If for all Sx  we have 
~

)(
~~  xAF , then every i-v 

fuzzy left filter of type ),( ~~~  q  of S  is an 
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ordinary i-v fuzzy left filter. 
Proof. Consider A  be an i-v fuzzy left filter of type 

),( ~~~  q  and ba   (where, Sba , ). By (1) of 

Theorem (3.3) we have 

}~),(
~

{max r }
~

),(
~

{min r  ba AA FF  . 

Hence from the above inequality we have 

)(
~

)(
~

ba AA FF  . 

If Syx , , then by (2) of Theorem (3.3) we have 

}.~),(
~

{max r }
~

),(
~

),(
~

{min r  xyyx AAA FFF   

From the above inequality it follows that 

)(
~

})(
~

),(
~

{min r xyyx AAA FFF  . 

And by (3) of Theorem (3.3) we have 

}~),(
~

{max r }
~

),(
~

{min r  xxy AA FF  , 

in which it follows that )(
~

)(
~

xxy AA FF  . 

 
3.8 Proposition 

If for all Sx  we have 
~

)(
~~  xAF , then every i-v 

fuzzy right filter of type ),( ~~~  q  is an ordinary i-v 

fuzzy right filter. 
Proof. The proof is easy. 
 
3.9 Theorem 
The following conditions are equivalent for the i-v 
fuzzy subset A . 
(1) A  is an i-v fuzzy left filter of type 
 ),( ~~~  q . 

(2) For all ]
~

,~(~ Dt   the level subset 

 ))(~;( tAU  of A  is an ordinary left filter. 

Proof. The proof is straight forward and is omitted. 
 
3.10 Proposition 
A  is an i-v fuzzy right filter of type ),( ~~~  q  if 

and only if For all ]
~

,~(~ Dt   the level subset 

))(~;( tAU  of A  is an ordinary right filter. 

Proof. The proof is straight forward and is omitted. 
 

3.11 Theorem 
If A  is an i-v fuzzy left filter of type ),( ~~~  q , 

then the set 0
~

)(
~

|{:0  xSxA AF  is a left filter. 

Proof. If Sba ,  such that 0Aab  , then 0
~

)(
~

aAF  

and by (1) of Theorem (3.3) 

.0
~

}
~

,0
~

{min r 

}
~

),(
~

{min r }~),(
~

{max r 









 ab AA FF

 

showing that 0
~

)(
~

bAF  and hence 0Ab . 

If 0, Ayx  , then by (2) of Theorem (3.3) we have 

.0
~

}
~

,0
~

,0
~

{min r 

}
~

),(
~

),(
~

{min r }~),(
~

{max r 









 yxxy AAA FFF

 

This implies 0Axy . 

Finally, if 0Axy , then by (3) of Theorem (3.3) we 

have 

.0
~

}
~

,0
~

{min r 

}
~

),(
~

{min r }~),(
~

{max r 









 xyx AA FF

 

Follows that 0
~

)(
~

xAF  and hence 0Ax . 

 
3.12 Proposition 

The set 0
~

)(
~

|{:0  xSxA AF  is a right filter 

whenever A  is an i-v fuzzy right filter of type 
),( ~~~  q . 

Proof. The proof is easy. 
 
3.13 Proposition 
If IiiA }{  is a collection of i-v ),( ~~~  q -fuzzy 

left filters of S , then }:))(
~

{( Sxxx,A
iA

Ii
i

Ii



F  is i-v 

),( ~~~  q -fuzzy left filter. 

Proof. Consider iA  be i-v ),( ~~~  q -fuzzy left filter 

of S  for each Ii . If Sba ,  such that ba  , then 

}.
~

),(
~

{minr 

}
~

),(
~

{minr 

}}
~

),(
~

{minr {

}}~),(
~

{max{r }~),(
~

{maxr 









a

a

a

bb

i

i

i

ii

A
Ii

AIi

AIi

AIiA
Ii

F

F

F

FF





















 

If Syx , , then 

}.
~

),(
~

),(
~

{minr 

}
~

),(
~

),(
~

{minr 

}}
~

),(
~

),(
~

{minr {

}}~),(
~

{max{r }~),(
~

{maxr 









yx

yx

yx

xyxy

ii

ii

ii

ii

A
Ii

A
Ii

AIiAIi

AAIi

AIiA
Ii

FF

FF

FF

FF





















 

If Syx , , then 
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}.
~

),(
~

{minr 

}
~

),(
~

{minr 

}}
~

),(
~

{minr {

}}~),(
~

{max{r }~),(
~

{maxr 









xy

xy

xy

xx

i

i

i

ii

A
Ii

AIi

AIi

AIiA
Ii

F

F

F

FF





















 

Hence i
Ii
A


  is i-v ),( ~~~  q -fuzzy left filter of S . 

Similar, if IiiA }{  is a collection of i-v 

),( ~~~  q -fuzzy right filters of S , then i
Ii
A


  is i-v 

),( ~~~  q -fuzzy right filter. 
 

4.       CONCLUSION 
The results obtained in this paper are fundamental 

for the advanced study on fuzzy ordered semigroups 
and fuzzy automata. (Zadeh, 1975) introduced the 
notion of interval fuzzy sets as an extension of fuzzy 
sets in which the value of the membership degrees are 
interval of numbers instead of numbers. Since the 
concept of fuzzy filters of ordered semigroups play an 
important role in the study of ordered semigroup 
structure. Therefore, we studied a more general form of 
interval-valued )q,(  -fuzzy left (right) filters in 

ordered semigroups and established characterisations of 
an interval-valued )q,( ~~~

  -fuzzy left (right) 

filters. Moreover, the obtained results can be applied to 
semirings, near-rings, hemirings, rings and etc. 
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