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Precise Value of the Orbit Graph
and Conjugacy Class Graph of
Some Finite 2-Groups

Nor Haniza Sarmin, Sanaa Mohamed Saleh Omer,
and Ahmad Erfanian

2.1 INTRODUCTION

Orbit graph is considered as one of the generalizations of conjugate
graph that was introduced by Erfanian and Tolue [1]. The first
generalization of conjugate graph was done by Omer et al. who
introduced the so called orbit graph. An orbit graph is a graph whose
vertices are non-central orbits under some group actions on a set in
which two vertices are adjacent if they are conjugate. In this chapter,
we find the orbit graph for some finite 2-groups when a group acts
on itself by conjugation.

Throughout this chapter, I' denotes a simple undirected graph,
G denotes a 2-group and I';; denotes an orbit graph where the group
acts on itself by conjugation.

Basic concepts and definitions of graph theory that are needed
are stated in the following :

Definition 2.1[2] A graph I" consists of two sets, namely vertices
V(T') and edges E(I") together with relation of incidence.

The directed graph is a graph whose edges are identified with
ordered pair of vertices. Otherwise, I' is called indirected. Two
vertices are adjacent if they are joined by an edge.
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Definition 2.2[2] A graph is called a subgraph [,; of I if its
vertices and edges are subsets of the vertices and edges of I'".

Definition 2.3[3] A complete graph K, is a graph where each
ordered pair of distinct vertices are adjacent.

Definition 2.4 [3] The graph I" is an empty graph, if there is no
adjacent (edges) between its vertices. In this chapter, K, denotes
the empty graph.

Definition 2.5[2] The graph I' is called null if it has no vertices,
denoted by K

Definition 2.6 [3] A regular graph is a graph whose all vertices have
the same sizes.

Definition 2.7 [2] A line graph L(I") of I is a graph with the edges
of I as its vertices.

Definition 2.8 [2] A vertex is incident with an edge if it is one of the
two vertices of the edge.

Note that two edges of I" are linked in L(I") if and only if they are
incident in I'.

Definition 2.9[3] The valency of a vertex x is the number of
neighbors of x.

Proposition 2.1 If T is a simple graph with v > 3 and deg(v) >
(|V(T)|)/2, then T is Hamiltonian.

The following proposition is used to determine the degree of
vertex in .

Proposition 2.2[2] Let G be a finite group and I be its graph. Let
V(I') be the set of vertices in I'. If v € V(I'), then the degree of v is
deg(v)=)_,cy)r)d(v) = 2E, where E is the number of edges in T
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The independent set is a non-empty set B of V(I'), where
there is no adjacent between two elements of B in I', while
the independent number is the number of vertices in maximum
independent set and it is denoted by «(I"). However, the maximum
number m for which I' is m-vertex colored is known as chromatic
number and denoted by y(I"). The maximum distance between any
two vertices of I' is called the diameter and is denoted by d(I").
In addition, a clique w(T") is a complete subgraph in I', while the
clique number is the size of the largest clique in I'. The dominating
set X C V(I') is a set where for each v outside X, there exists
x € X such that v is adjacent to x. The dominating number is the
minimum size of X and is denoted by y(I").

Definition 2.10[S] Let G be a finite group, and let gy, g, be
elements in G. The elements gy, g are said to be conjugate if there
are some /1 in G such that

g =hgh™".
The set of all conjugates of g; is called the conjugacy classes of g;.

In this chapter, we find the orbit graph of some finite non-abelian
2-groups. The presentations of 2-groups are stated in the following.

Definition 2.11[6] If G is a finite 2-group of order 2n, then G has
the following presentation

G = (a,b:a" =b*>=1,(ab)* =1).

Definition 2.12[7] Let n be an integer greater than two. If G is a
finite non-abelian group of order 2"*!, then

G~(Gxab:a® =10=a"bab™' =a).

Definition 2.13[7] Let G be a finite non-abelian 2-group of order
27+1 where n > 3. Thus, G has a presentation

G =~ {(a,b:a* =b%>=e,ab=ba®"'").
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Definition 2.14[8] If G is a finite non-abelian 2-group group of
order 22+ where B > 3, then G has the following presentation

P =b2=c,ab= bazﬁ_lﬂ).

G = (a,b:a*
Commutativity degree is the term used to determine the
abelianness of groups. This concept was firstly introduced by
Miller in 1944 [9]. The idea of the commutativity degree was
then investigated for symmetric groups by Erdds and Turan [10].
The results obtained encourage many researchers to work on this
topic which has initiated various generalizations. One of these
generalizations called the probability that a group element fixes a
set introduced by Omer et al. [11]. The followings are some results
on the probability that a group element fixes a set, needed in this
chapter.

Theorem 2.1[11] Let G be a finite 2-group, G = (a,b : a" =
b? = 1,(ab)®> = 1), where n € N. Let S be a set of elements
of G of size two in the form of (a, b) where a and b commute and
lem(lal, |b|) = 2. Let Q be the set of all subsets of commuting
elements of size two. If G acts on 2 by conjugation, then

6 . . n - __ 5n
1 fniseven, 5 isoddand m = 3,
— 7 . . n - _ 5n
Ps(R2) = s niseven, 5 isevenand m = 3,
Lo ifnis odd.
n

1

Theorem 2.2[11] Let G be finite 2-group G = {a,b : a® =
1,b* = a? " bab™! = a™'). Let S be a set of elements of G of size
two in the form of (a, b) where a and b commute and lcm(|a|, |b|) =
2. Let 2 be the set of all subsets of commuting elements of G of size
two and G acts on Q by conjugation. Then Pg(2) = 1.

Theorem 2.3[12] Let G be a finite non-Abelian group, G = {(a, b :
a? = b2 = e,ab = ba®"'"Y), where n > 3. Let S be a
set of elements of G of size two in the form of (a,b) where a
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and b commute and lem(|a|,|b|) = 2. Let Q be the set of all
subsets of commuting elements of G of size two and G acts on 2
. . _ 4

by conjugation. Then Pg(Q2) = I

Theorem 2.4[12] Let G be a finite non-Abelian 2-group, G ==
(a,b : a® = b* = e,ab = ba® '), wheren > 3. Let S
be a set of elements of G of size two in the form of (a,b) where
a and b commute and Ilcm(|a|, |b|) = 2. Let Q be the set of all
subsets of commuting elements of G of size two and G acts on Q2 by
conjugation. Then Pg(Q2) = %

2.2 GRAPH THEORY

This section provides some works that are related to graph theory.
Non-commuting graph is a concept that was introduced in 1975 [13],
where many recent publication have been done using this graph. The
definition of a non-commuting graph is stated in the following.

Definition 2.15[13] Let G be a finite non-abelian group with the
center denoted by Z(G). A non-commuting graph is a graph whose
vertices are non central elements of G (i.e G — Z(G)). Two vertices
v; and v, are adjacent whenever vy v, # Vag.

In [13], it is mentioned that this concept was firstly introduced by
Paul Erdos. Erdos posed a question if there is a finite bound on the
cardinalities of cliques of I". The first conformed of Erdos’s question
was by Neumann [13]. According to Neumann [13] there is a
finite complete subgraph in some groups. Furthermore, Abdollahi et
al. [14] emphasized the existence of finite bound on the cardinalities
of complete subgraph in I". Abdollahi ef al. [14] used the graph
theoretical concepts to investigate the algebraic properties of the
graph.

In 1990, Bertram et al. [15] introduced a graph which is called
the conjugacy class graph. The vertices of this graph are non-
central conjugacy classes, where two vertices are adjacent if the
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cardinalities are not coprime. The following is definition definition
of conjugacy class graph.

Definition 2.16[15] Let G be a finite group. The conjugacy class
graph denoted in this chapter by I'g, is a graph whose vertices
are non-central conjugacy classes i.e the number of vertices of
conjugacy class graph

V(e = K(G) — Z(G).

where K(G) denotes the number of conjugacy classes and Z(G)
denotes the center of G. Two vertices are adjacent if the cardinalities
are not coprime.

As a consequence, numerous works have been done on this graph
and many results have been achieved [16-18].

In [19], Berge conjectured that the graph is a perfect graph if
and only if the chromatic number and clique number are identical
and there is no induced subgraph if the graph is an odd cycle of
length greater than three. Berge’s conjectured then became known
as the strong perfect graph conjecture. Then, various studies have
been done on perfect graph [20, 21].

Recently, Bianchi et al. [22] studied the regularity of conjugacy
class graph and provided some results.

Later, Erfanian and Tolue [1] introduced a new graph which is
called a conjugate graph. The vertices of this graph are non-central
elements of a finite non-abelian group. Two vertices of this graph
are adjacent if they are conjugate.

In 2013, Omer et al. [23] introduced a new graph called the orbit
graph whose vertices a non-central orbit under group action on a set.
The following is definition of the orbit graph.

Definition 2.17[23] Let G be a finite group and 2 be a set of
elements of G. Let A be the set of commuting elements in €2, i.e
A={veQ:vg =gv,g e G}. The orbit graph Fg consists of
two sets, namely vertices and edges denoted by V(I'$) and E(I'),
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respectively. The vertices of Fg are non central elements in €2 but
not in A, that is V(Fg) = Q — A, while the number of edges are

Q
|[E(TE)| = Ziz(lr &)l (%), where v is the size of orbit under group

action of G on 2. Two vertices vy, v, are adjacent in Fg if one of
the following conditions is satisfied.

(a) If there exists g € G such that gv; = v,,

(b) If the vertices of " g are conjugate that is, v; = g"2.

Some graph properties are investigated as follows:

Proposition 2.3/24] Let G be a finite non-Abelian group and let Q2
be a set. If G acts on 2, then the properties of the orbit graph Fg
are described as follows.

(@ x(T'g) = min{|cl(v;)], v; € Q},

(b) a)(Fg) = max{|cl(v;)], v; € Q},

(© a(Tg) = K(Q) — |4],

@) y(T§) = K() — |4],

(e) d(l"g) = max{d(v,u): Yv,u e V(Fg)}

2.3 RESULTS AND DISCUSSION

This section consists of two parts. In the first part, we find the orbit
graph for some finite 2-groups, while in the second part, we compute
the conjugacy class graph for the mentioned groups.

2.3.1 Orbit Graph

In this section, we introduce our results on the orbit graph of some
finite 2-groups.

Theorem 2.5 Let G be a finite 2-group, G = {a.b : a" = b?* =
1,(ab)? = 1). Let S be a set of elements of G of size two in the
form of (a, b) where a and b commute and Ilcm(|a|, |b|) = 2. Let Q
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be the set of all subsets of commuting elements of G of size two. If
G acts on Q by conjugation, then

UleK%,-, n is even and 5 is odd,
rg = (U?le%,-) U (Ui2=1K%,'), n and 5 are even,
K,, nisodd.

Proof Based on Theorem 2.1, the number of elements in €2 is 57” +
1 and using Definition 2.17, the number of vertices of Fg is 57” Two
vertices w; and w, are adjacent if w1 = w,¥. First, when n is even
and 7 is odd. there are five complete components of K 2, since there
are six orbits five of them are of size 7. Second, when n and 7 are
even. The orbit graph Fg consists of four complete components of
Ky and two complete components of Kz, represented to four orbits
of size % and two orbits are of size %. However, when n is odd there
is only orbit of size n, hence Fg consists of one complete component
of K,,. O

Remark The orbit graph of Theorem 2.5 is a complete graph
graph when n is odd since there is one complete graph of n
connected vertices.

1

Theorem 2.6 Let G be a finite 2-group, G = (a,b : a® =
1,b2 = a7 bab™' = a7 '. Let S be a set of elements of
G of size two in the form of (a,b) where a and b commute and
lem(lal, |b|) = 2. Let Q be the set of all subsets of commuting
elements of G of size two. If G acts on Q by conjugation, then T’ g
is a null graph.

Proof According to Theorem 2.2, there is only one orbit of size
one. By Definition 2.17, the number of vertices is zero since |Q2| =
|A|. Hence, T'Z is a null graph. O

Theorem 2.7 Let G be a finite group, G = (a,b : a* = b? =
e,ab = ba® "' "1). Let S be a set of elements of G of size two in the
form of (a, b) where a and b commute and Ilcm(|a|, |b|) = 2. Let Q
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be the set of all subsets of commuting elements of G of size two. If
G acts on Q by conjugation, then T$ = Kyn—1 U Kon-1 U Kyn—2.

Proof Suppose that G acts on 2 by conjugation. The number of
vertices of Fg is |V(Fg)| = || — |A4|. According to Theorem
2.3, the number of elements in €2 is 2” + 2”2 + 1 and the number
of elements in A is one. Thus, the number of vertices in Fg 18
2" 4 272 Two vertices of Fg are linked if they are conjugate.
Therefore, the adjacent vertices are described as follows: The
vertex of the form (1,a’b) is adjacent to all vertices of the form
(1,a’b),0 < i,j < 2" where i and j are even and i # j.
Thus, there is one complete component of K,»—1. In addition, all
the vertices of the form (az'l_l,aib) are adjacent to the vertices
(azn_l,ajb),O <i <2"i # j,wherei and j are even. Hence,
there is one complete component of K,.—1. The vertices in the
form (a'b, a?™! +ib), where i is even, are connected to each others.
It follows that, there is only one complete components of K,n—2.
Therefore, T’ g contains three complete components, as required. [

In the next corollary, the chromatic number, clique number,
independent number and dominating number of the graph in
Theorem 2.7 are found.

Corollary 2.1 Let G be a finite group, G = {(a,b : a®" = b? =
e,ab = ba®""'"1). Let S be a set of elements of G of size two in the
form of (a,b) where a and b commute and lem(|a|, |b|) = 2. Let
Q be the set of all subsets of commuting elements of G of size two.
If G acts on Q2 by conjugation and Fg = Kon—1 U Kpn—1 U Kpn—2,
then a(T)| = y(T'g) =3 and y(TY) = o(TF) = 2"
Proof Based on Theorem 2.7, there are three orbits and according
to Proposition 2.3, (x(Fg)| = )/(Fg) = 3. O
Next, the orbit graph of the following 2-group is found.

Theorem 2.8 Let G be a finite group, G = (a,b : a®" = b? =
e,ab = bazn_lH). Let S be a set of elements of G of size two in the
form of (a, b) where a and b commute and lcm(|a|, |b|) = 2. Let Q
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be the set of all subsets of commuting elements of G of size two. If
G acts on Q by conjugation, then Fg = K, U K.

Proof Based on Theorem 2.4, the number of vertices, |V(Fg)| =
5. Since there are two orbits of size two, thus Fg consists of two
complete components of K;. The proof then follows. O

Corollary 2.2 Let G be a finite group, G = {(a,b : a* = b? =
e,ab = bazn_l“). Let S be a set of elements of G of size two in
the form of (a,b) where a and b commute and lcm(|a/|, |b]) = 2.
Let Q be the set of all subsets of commuting elements of G of size
two. If G acts on Q2 by conjugation and Fg = K, U K5, then
x(TE =) =2

Proof Referring to Proposition 2.3, the result follows.

2.3.2 Conjugacy Class Graph

In this part, we find the conjugacy class graph for 2-groups
mentioned earlier.

Theorem 2.9 Let G be a finite non-abelian 2-group, where
G =(a,b:a® =b*=c,ab=ba® ).
If G acts on itself by conjugation, then |V(I'g)| = 271 4+ 1 and
|E(FE)| — 22n—3 + 2n—2.
Proof According to Definition 2.16, the number of vertices is
Hence, K(G) = 2" ! + 3 and |Z(G)| = 2. It follows that
V(G| = 2"~1 4 1. In accordance with Proposition 2.2, the degree
of any vertex of I', is deg(v) = |V(T§)|—1. Thus, deg(v) = 2"}
and the degree of I'g, is
V({Te)l
d(T§) = Y deg(v) =2|E(T§)].
i=1
It follows that, d(T) = y 2 gn-1 = g E(T)|. Therefore,
|E(TE)| =223 + 2" 2 O
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Example 2.1 Assume G is a finite non-abelian 2-group, where
G = (a,b: a® =b% =e,ab = ba®).

If G acts on itself by conjugation, then I'g, = K.

Solution In accordance with Theorem 2.9, the number of vertices
in I'g; is five. Based on Proposition 2.2, the number of edges is

V(Ires)l
d(T§) = Y deg(v) =2|E(T§)|.

i=1

It follows that, |E(I'¢)| = 10. Thus, the graph here is a complete
graph of Ks.

Corollary 2.3 Let G be a finite non-abelian 2-group, where
G = {a,b:a* =b>=e,ab=ba®"'").

If G acts on itself by conjugation, then the graph is Hamiltonian.
Proof The proof follows from Theorem 2.9 and Proposition 2.1.00

Theorem 2.10 Let G be a 2-group, where
G {ab:a® " =1,b2=a*" bab™" =a™").

If G acts on itself by conjugation, then |V(T'E)| = 2"72 + 1 and
|E(TE)| =227 + 273,
Proof According to Definition 2.16, the number of vertices of I';
is [V(T'¢)| = K(G) — Z(G), from which it follows that |V(I'g)| =
2"72 + 1. However, the degree of any vertex v in I'§, is deg(v) =
|V(TE)| — 1, thus deg(v) = 2"72. The degree of g is

geval

AETG|= ), deg(v).
i=1

Therefore, |E(TE)| = 22"7° 4 2773, O
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Example 2.2 Suppose G is a 2-group, where
G =~ (a,b:azn_1 =1, =a ,bab™! =a™1).
If G acts on itself by conjugation, then I' = K.

n—2

Solution Based on Theorem 2.10, the number of vertices is three
and referring to Proposition 2.2, the number of edges is three.
Therefore, the graph is a complete graph of K.

According to Theorem 2.10, the following remark can be stated.

Remark The graph in Theorem 2.10 is a Hamiltonian graph, since
the degree of any vertex is at least half of the number of vertices.

Theorem 2.11 Let G be a finite non-abelian 2-group, where
G = (a.b:a® =b>=e,ab=ba® '*).

If G acts on itself by conjugation, then |V (I'g)| = 3272 and

3o
E(Tg)] = 5062 =2"2).

Proof The number of vertices in I'g are |V(I'¢)| = K(G)—Z(G),
thus |V(T§)| = 32"72. The degree of any vertex in T'§, is

deg(v) = |V(Tg)| — 1.
Thus deg(v) = 32"72 — 1. Meanwhile, the degree of I', is

Vel
d(Tg) = Y deg(v) =2|ETE)).
v=1
Therefore
3202
d(Tg) = Y 322 —1=2/ET§).
v=1
Thus, |[E(TE)| = 3(227* —2"72). O

Example 2.3 Suppose G = (a,b : a®’ = b% = e,ab = ba®). If G
acts on itself by conjugation, then ', = K.
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Solution Based on Theorem 2.11, the number of vertices is six.
Thus, the number of edges is |E(I'g)| = %(12 — 2). It follows that
|E(I'g)| = 15. From these, it follows that I'g, = K.

Remark The graph in Theorem 2.11 is a Hamiltonian graph since
deg(v) = G,

24 CONCLUSION

In this chapter, we found the orbit graph for some finite 2-groups.
Besides, the chromatic number, clique number, independent number,
and dominating number were all found for the groups. The number
of edges of the graph was computed and the graph for 2-groups
mentioned in this chapter is Hamiltonian. In addition, we found
the conjugacy class graph for the groups mentioned in this chapter.
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