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Two-Generator p-Groups of
Nilpotency Class Two: A Review

Nor Haniza Sarmin and Yasamin Barakat

1.1 INTRODUCTION

Let g and & be two elements in an arbitrary group G. Then, the
commutator of g and 4 is defined to be [g,h] = g 'h~'gh. The
group generated by all commutators is called the derived subgroup
and is denoted by G’. Indeed, G’ = ([g, /] : g,h € G). The group
G is of nilpotency class two if and only if G’ < Z(G), where Z(G)
is the centre of G. Moreover, a group G is referred to be a p-group,
in case the order of every element in G is p* for some nonnegative
integer k. Hence, every finite subgroup of a p-group is of order p”
for a nonnegative integer n [1].

Now, let G be a finite 2-generated p-group of nilpotency class
two. If G is generated by a and b, then its derived subgroup, G’ is
generated by [a, b] [2]. Moreover, if G’ is of order p™, then Z(G) N
(a) = (apm) and Z(G) N (b) = (b”m) [2]. Consequently, we find
Z(G) = (al’m,bl’m, [a, b]). Usually, 2-generated groups of exactly
class two are considered nonabelian, or in other words [a, b] # 1.

There are several classifications of finite 2-generated p-groups
of nilpotency class two. Some of these classifications are stated in
the next section. These classifications will be applied in the next
chapters to present some recent findings concerning these kind of
groups.
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2 Recent Advances in Some Finite Groups of Nilpotency Class Two

1.2 CLASSIFICATIONS OF 2-GENERATED p-GROUPS OF
CLASS TWO

In 1993, Bacon and Kappe [3] published their findings and gave a
classification for finite 2-generated p-groups of nilpotency exactly
two, where p is an odd prime. This classification is stated in
Theorem 1.1.

Theorem 1.1[3] Let G be a finite 2-generated p-group of class two,
where p is an odd prime. Then G is isomorphic to exactly one group
of the following three types:

(@) G = ({c) x (a)) x (b), where [a,b] = c,[a,c] = [b,c] =

1 la| = p* |b| = pP.|c| = p¥; a,B.,y are integers, and
a=p=y;
(b) G =~ (a) % (b), where [a,b] = a?* " |a| = p% |b| =
pP.|[a.b]| = p?; a, B,y are integers, @ > 2y and B > y;
(©) G = ({c) x (a)) x (b), where [a,b] = a?" "c,[c,b] =
a7 e Jal = p,|bl = pPLle| = p.lla.bl| = p7;

o, B,y are integers, B >y >0 > landa + 0 > 2y.

In 1999, Kappe et al. [2] extended the previous classification to
include the case p = 2. Their result is given in Theorem 1.2 as
follows:

Theorem 1.2[2] Let G be a finite 2-generated 2-group of class
two. Then G is isomorphic to exactly one group of the following
four types:

(a) G = ({c) x {(a)) x (b), where [a,b] = c,[a,c] = [b,c] =
L|a| =2%|b| =28, |c| =2, a,B.y eN, a > B > y;
(b) G = (a) x (b), where [a,b] = a* ", |a| = 2%|b| =
28 [a.b]| =2, a,B,y eN,a>2y,B>y.a+ B > 3;
() G = ({c) x (a)) x (b), where [a,b] = a* "¢, [c,b] =
a7 27 a| = 29, |b| = 28, |c| = 2°,|[a,b]| = 27,
a,B,yeN B>y >0,a+0 > 2y,

(d) G = ({c) x (a)) x (b), where [a,b] = a?c,[c,b] =
a*c7?,|al bl = 27" je| = 2771 la.B]] = 27,

Paper width: 433.62pt Paper height: 650.43pt



Job: BC2G2GNC2(F5-3-16) Sheet: 10 Page: 3

Two-Generator p-Groups of Nilpotency Class Two: A Review 3

a® =b%,y e N.

Clearly, Theorem 1.2 is applicable for finite 2-generated 2-
groups of class two and hence covers the case p = 2. Several
years later, Magidin [4] gives the classification in Theorem 1.2 using
presentation notations. This version is stated in Theorem 1.3.

Theorem 1.3[4] Let G be a finite 2-generated 2-group of class two.
Then G is isomorphic to exactly one group of the following three

types:

(@) G = (a.b|a® =b¥ =[a,b]” =[a.b.a] = [a,b.b]
1), where o, B and y are positive integers satisfying o > f8
”

b G =~ (a.b|a* = b¥ = [a.b,a] = [a.b,b]
1,a® "™ = [a,b]*°), with a, B, y, 0 integers satisfying B
y>0>0,a+0>2yanda+ B +0o>3;

| a2)’+1 — b2V+1 — [a’ b]2V — [a’ b, a]
a¥ =b? =[a,b]”""), where y € N.

vl

vl

Finally, Ahmad et al. [5] modified this version to include all
finite 2-generated p-groups of class two. Their result, which
is presented in Theorem 1.4 is the most updated version that is
published recently in 2012.

Theorem 1.4[5] Let p be a prime and n > 2 an integer.
Every 2—generated p—group of class exactly two and order p",
corresponds to an ordered 5—tuple of integers, (o, B,y; p,0) such
that:

@a=p=y=1L

b)a+p+y=n;

(©)0=p=yand0 <o =<y;
where («, B,V; p, d) corresponds to the group presented by

G =(a,b|[a.b]” =la,b,a]l =[a,b,b] =1,
a? = [a,b]” b7 = [a,b]P">.

Moreover,
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(a) ifa > B, then G is isomorphic to:
(i) (@.B.y:ip.y) whenp <o,
(i) (o, B,y;y,0)when0 <o <o+4+a—p <poro <p=
v
(iii) (o, B.y:p.0) when0 < o < p <min(y,o +a — fB);
(b) ifa =B >y,ora =B =yand p > 2, then G is isomorphic
to (B, B.y:min(p,0),y);
(©) ifa =B =y and p =2, then G is isomorphic to:
(i) (y.y.y:min(p,0),y) when 0 < min(p,0) <y —1;
G) (py.ysy—Ly—1)whenp=0=y—1;
(iii) (y,y,y;Y,y) when min(p,0) > y — 1 and max(p,0) =
Y.
The groups listed in 1(a)-3(c) are pairwise non-isomorphic.

According to Ahmad et al. [5], those groups classified in part
1(c) of Theorem 1.4 were missing in the previous classifications.

1.3 AN EXAMPLE

Let p be a prime positive integer. The class of nonabelian groups
of order p? is an example of finite nonabelian 2-generated p-groups
of nilpotency class two. It is known that G’ = Z(G) if G is a
nonabelian group of order p3. Hence, G is of nilpotency class two.
Moreover, G is 2-generated, since it is isomorphic to one of the
following groups, in case p = 2:

D = <a,b|a4 — b =1,a" = a—1>, (1.1)

or,
Og = <a,b|a4 =1,a2=5b%d" = a_1>; (1.2)

where D, is the dihedral group of order eight, and Qg is the
quaternion group. Moreover, in case p > 2, the group G is
isomorphic to:

<a,b la? =1 =b?,[a,b]* = [a,b] = [a,b]b>, (1.3)
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when the exponent of G is p, and it is isomorphic to:

<a,b|a”2 —1=h"q" =aP+1>, (1.4)

if the exponent of G is p?. Recall that the exponent of a group H
is the least positive integer m such that /™ = 1 forany h € H.
Clearly, the exponent of every p-group is a power of p.

A presentation of G in the form given in Theorem 1.4 was
provided in [6], where G is a nonabelian group of order p3. For
instance, it was shown that the groups given in (1.3) and (1.4)
are corresponded to (1,1,1;1,1) and (1,1,1;0,1), respectively.
Additionally, applying Theorem 1.1 implies that groups of the form
(1.3) are isomorphic to (Z, X Zp) X Zp, and groups of the form (1.4)
are isomorphic to Z 2 X Zp.

1.4 CONCLUSION

In this chapter some properties of finite 2-generated p-groups of
nilpotency class two have been provided. For instance, the structure
of the derived subgroup and also the centre. Moreover, some
classifications for this kind of groups are presented, which are
applied in the next chapters.
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