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ABSTRACT

The nonabelian tensor square of a group is essential in finding the other properties of
the group including its homological invariants. The step needed in explicating the
nonabelian tensor square of a group is first to ensure that the presentation of the group
is polycyclic and consistent. In this research, the polycyclic presentations of some
crystallographic groups with quaternion extension are shown to be consistent.
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INTRODUCTION

In mathematical view, a crystallographic group is the description on the symmetrical
pattern of a crystal. It is a symmetry group which has configuration in space. A
crystallographic group is the torsion free space group. It is an extension of a free abelian
group of finite rank by a finite point group. Research on homological invariants has been
increasing in number since it is related to the study of the properties of the crystal using
mathematical approach. One of them is research on the nonabelian tensor square of the
group. The nonabelian tensor square is requisite in determining the other properties of the
group. The groups being considered are taken from Crystallographic, Algorithms and
Table (CARAT) package [1]. By using the technique developed by Blyth and Morse [2],
these groups are transformed from matrix representation to polycyclic before the
nonabelian tensor square being computed. It is crucial to perform the consistency check for
those polycyclic presentations so that we can proceed to find the homological invariants of
the group. Masri [3] used this technique on exploring crystallographic group with cyclic
point group of order two while of order three and five by Mat Hassim [4]. Crystallographic
groups with dihedral extension have grabbed attention of Mohd Idrus [5] and Wan Mohd
Fauzi [6]. Furthermore, Tan et al. [7] has proved the consistency for crystallographic group
with symmetric point group of order six. Recently, Mohammad [8] has verified the
consistency of the first crystallographic group with quaternion extension. Therefore, in this
research, the presentations of second, third and fourth of Crystallographic group with
quaternion extension will be proved to be consistent.
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MAIN RESULTS
The following theorems are our main results and will be shown to be consistent.

Theorem 1
Let Q,(6)be the second crystallographic group with quaternion extension and its
polycyclic presentation is given as in the following:

a® =cl,l1,l;, b? =cll;*,b* =bcl, *1,I;212, c2 =1,
¢ =cl LI, ¢® =c, 12 =171 12 =118 =1,
12 =170, 1 =100 =00 12 =500 10 =1,

QZ(G): a’bycalll|21|31|41|51|6 c_ 11 a __ b _ -1 c_ -1 a __ b _ (1)
1S =12 12 =1 L1, 10 =170, 08 =12 12 =110 =1,

34

c_ a _ b _ c _ i _ |i _
Is —Isvle _IS’ Ie —Ie’ Ie _Ie’lj _Ij’ IJ’ _Ii
forj>i, 1<i,j<6

Then, the polycyclic presentation is consistent.

Theorem 2
Let Q,(6)be the third crystallographic group with quaternion extension and its polycyclic

presentation is given as in the following:

a? =cl;,, b? =cl,!I;;4.t, b* = bl 121212,

¢ =Lt e =cl Ll ¢’ =c, 17 =17,

1P =100 =1 12 =1, 1P =1 1S =100 12 =1,

Q3(6)= a,b,C,I1,|2,|3,I4,I5,|6 IbZI IC:|—1 Ia:|—1 Ib:| Ic:|—1 |a:| |—1I—1 (2)
3~ g =g =Ny =iy =l ls =hils T s

b _ c _ -1 a _ 1-4-4-1 yb _ -4
12 =10, 1S = L L, L 12 = 17 10 = 174
1

¢ 4 P et . .
ls =1, I2I3I4I6,Ij_j,|j —|jf0rj>l,1£I,jSG

Then, the polycyclic presentation is consistent.

Theorem 3
Let Q,(6)be the fourth crystallographic group with quaternion extension and its
polycyclic presentation is given as in the following:
a’=cl,, b’ =cll.*, b* =bcl’lZ, c® =",
¢ =clly, " =c, =11 1P =141 =17,
b -1 -1 -1 b

Z=1, L= 5= 1= 1 =1,
Q4(6): a,b,C,I1,|2,|3,|4,|5,|6lc_l,l Ia_l Ib_l Ic_l—l Ia_l Ib_l (3)

3 7130 la Th g Thaalg 7l ls T e 5 T s

i _
i =l

-1
K
] ]

1E=1, 13 =1, 10 =1, 15 =1, |
forj>i, 1<i,j<6
Then, the polycyclic presentation is consistent.
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CONCLUSION

In this research, the polycyclic presentations of the second, third and fourth
Crystallographic groups with quaternion extension are shown to be consistent. These
polycyclic presentations which are consistent are needed in finding the nonabelian tensor
squares of the group.
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