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ABSTRACT 

 
The probability that an element of a group fixes a set was introduced in 2013. Let G  be a 

metacyclic 5-group  and   the set of all subsets of commuting elements of G  in the form 

of  ,x y  such that  , 5lcm x y  . In this research, the probability that an element of a 

metacyclic 5-group fixes a set   is determined by using a group action on a set which is 

conjugation.  
Key words: Commutativity degree, Metacyclic 5-group, Conjugation action 

 

INTRODUCTION 

In 1944, Miller [1] introduced a concept of commutativity degree which is defined as 

the probability that a pair of two randomly chosen elements  ,x y  from a group G  

commute. The definition is given in the following. 

 

Definition 1.1: Let G  be a finite group. The commutativity degree is the probability 

that two random elements  ,x y  in G  commute, defined as follows: 

 
  

2

,x y G G xy yx
P G

G

  
 . 

 

In 1965, Erdos and Turan [2] investigated several problems based on the concept of 

commutativity degree on symmetric groups. Later on, Gustafson [3] showed that the 

probability of a random pair of elements can be computed by dividing the number of 

conjugacy classes with the size of the group. He also showed that  
5

.
8

P G   
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In 1979, Sherman [4] extended the concept of commutativity degree by introducing the 

probability of an automorphism of a finite group which fixes an arbitrary element with 

the following definition: 

 

Definition 1.2: Let G  be a group. Let X  be a non-empty set of G  where G  is a 

group permutation of X . Then the probability of an automorphism of a group fixes a 

random element X  is defined as follows:  

 

 
  ,  ,

.G

g x gx x g G x X
P X

X G

   
  

 

In 2013, Omer et al. [5] extended the probability given by Sherman [4] by introducing 

the probability that a group element fixes a set with the following definition: 

 

Definition 1.3: Let G  be a group. Let S  be a set of all subsets of commuting elements 

of size two in G  where G  acts on S  by conjugation. Then the commutativity degree 

of an element of a group fixes a set is given as follows: 

 

 
  ,  ,

.G

g s gS S g G s S
P S

S G

   
  

 

The probability given by Omer et al. [5] can also be obtained using the following 

theorem: 

 

Theorem 3.1: Let G  be a finite group and let X  be the set of elements of G  of size two 

in the form of  ,a b  where a  and b  commute. Let S  be the set of all subsets of 

commuting elements of G  of size two and G  acts on S  by conjugation. Then the 

probability that an element of a group fixes a set is given by   ,G

K
P S

S
  where K  is the 

number of conjugacy classes of S in G . 

 

Throughout this research, the probability that an element of a metacyclic 5-group fixes 

a set by conjugation will be computed using Theorem 3.1 

  

MAIN RESULTS 

 

Our main result from this research is given in the following: 

 

Main Theorem: Let G  be a metacyclic 5-group such that 

 5 5 5, 1, ,G a b a b b a a
   

     where , , ,     2 ,     ,   
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 min 1, .     Let   be the set of all subsets of commuting elements of G  in the 

form of  ,x y  and  , 5lcm x y   and G  acts on   by conjugation.   

Then, the probability that an element of G  fixes a set ,   

 
2

, when ,
15

1,              otherwise.
GP

  


 
  




 

 

 

 

CONCLUSION 

In this research, the probability that a metacyclic 5-group element fixes a set   by the 

conjugation action has been computed. The probability is found to be depending on the 

size of the conjugacy classes and the size of the set  .  

 

Acknowledgment: The authors would like to express their appreciation to Universiti 

Teknologi Malaysia (UTM) for the support of the Research University Grant (GUP) Vote 

No. 08H07. 

 

REFERENCES 

1. Miller, G. Relative number of non-variant operators in a group. Proceedings of the National Academy of 

Sciences of the United States of America. 1944. 30(2):25. 

2. Erdos, P. and Turan, P. On some problems of a statistical group theory. Probability Theory and Related 

Fields. 1965. 4(2): 175-186. 

3. Gustafson, W. What is the probability that two group elements commute? The American Mathematical 

Monthly. 1973. 80(9): 1031-1034. 

4. Sherman, G. What is the probability an automorphism fixes a group element? The American Mathematical 

Monthly. 1975. 82(3): 261-264. 

5. Omer, S.M.S., Sarmin, N.H., Erfanian, A. and Moradipour, K. The probability that an element of a group 

fixes a set and the group act on set by conjugation. International Journal of Applied Mathematics and 

Statistics. 2013. 32(2): 111-117. 



 


