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Closure properties of static Watson-Crick regular grammars

Agilahfarhana Abdul Rahman, Wan Heng Fong, Nor Haniza Sarmin, Sherzod Turaev and
Nurul Liyana Mohamad Zulkufli
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Abstract:In DNA computing, formal language theory is a suitable tool to analyze different kinds of
biological sequences. Some of the computational models based on different operations of DNA molecules
have been developed using formal language theory such as automata and sticker systems. Automata are
represented as mathematical models of abstract computing devices to recognize the input words, where
Watson-Crick automata is the type of automata that relate to DNA computing devices. Meanwhile,
a sticker system is a computational model which uses sticker operation cn DNA molecules. A static
Watson-Crick regular grammar is a grammar counterpart of sticker system that generates the double
stranded strings and has rules as in a regular grammar. In this paper, some closure properties of static
Watson-Crick regular grammar are presented. We investigate and show that the static Watson-Crick
regular grammars are closed under the different operations which are similar to the ones in Chomsky
grammars and Watson-Crick grammars.

Keywords: Static Watson-Crick grammar, regular grammar, closure properties.

1 Introduction

Deoxyribonucleic acid (DNA) is a double stranded molecule which consists of four types of nucleotides as
its bases known as adenine(A), thymine(T), cytosine(C) and guanine(G). These four bases are pairing
according to the Watson-Crick (WK) complementarity, one of the unique features of DNA molecules
where the base A is paired with the base T (A-T); and the base C is paired with the base G (C-G).
Another feature called massive parallelism allows the construction of many copies of DNA. strands and

carries out of operations on encoded information simultaneously.

The birth of a new field, called DNA computation has been marked by Adleman [1] in 1994 .
By using the DNA strand in his experiment, he was able to solve the Hamiltonian path problem (HPP)
for a simple graph with the method of sticker operation. Then, Kari et al. [2] proposed a mathematical
model known as a sticker system which uses the sticker operation on DNA to form a complete double
stranded sequence. In 1997, Freund et al. [3] proposed the Watson-Crick automata (WKA) which is
one of the mathematical models used in DNA computation. WKA is an extension of finite automata
with the addition of two reading heads on double stranded sequences. The difference between the sticker
systems and WKA is that the sticker systems generate complete double-stranded molecules by using
sticker operation while WKA which is the accepting counterpart, parse a given complete double-stranded
molecule and determine whether the input is accepted or not [4].

The first grammar model based on WKA has been intraduced in [5], which is a Watson-Crick
regular grammar. The research has heen extensively studied with Watson-Crick grammars introduced in
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[6, 7]. Watson-Crick (WK) grammars which consist of regular grammar, linear grammar and context-free
grammar produce each stranded string independently and can only check the WK complementarity of a
generated complete double-stranded string at the end. Besides, they do not fully illustrate the synthesis
of DNA molecules and it affects the computation efficiency of the models. As improvement of WK
grammars, a new variant of WK grammars is proposed, called static Watson-Crick (sWK) grammars
[8, 9] as an analytical counterpart of sticker systems. In this research, we mainly focused on static
Watson-Crick regular (SREG) grammars.

A language can be shown as a regular language by using regular expression, regular grammar
and finite automata. Another way to show whether a given language is regular or not is by studying the
closure properties of regular languages [10]. In 1998, Paun et al. [11] found the closure properties of the
families in the Chomsky hierarchy. It is proven that the regular languages are closed under all operations
in formal language theory such as union, intersection, complement, concatenation, Kleene-star closure,
mirror image and so on. According to Zulkufli et ol [12], the closure properties of WK grammars help
to find the correctness of the results when performing the operations on the sets of DNA molecules
generated by some WK grammars. They proved that the WK regular (WKREG) grammars preserve
almost all of the closure properties of regular grammars.

This paper is organized as follows: Section 1 gives the background and introduction of the paper.
Section 2 presents some necessary definitions and notations from the theories of formal languages,
WKREG grammars and SREG grammars. The closure properties of SREG grammars are presented in
the last section.

2 Preliminaries

In this section, some preliminary concepts which involve the basic notations of formal language theory
and definition of WKREG grammars and SREG grammars are included in this paper. For further
details on automata and sticker system, the reader is referred to [2, 10, 11, 13]. Throughout the paper,
we use the following general notation.

The membership of an element to a set is denoted by € and the empty set is denoted by 0. An
alphabet is a finite nonempty set of symbols. Let T' be a finite alphabet. Then, T* is the set of all finite
strings (words) over T'. A string with no symbols, or we called it as empty string is denoted by A. The
set T always contains A and to exclude the empty string, the symbol T+ is defined as the set of all
nonempty finite strings over T’ where T'F = T* — {\}. Therefore, a language is defined as a subset of the
set of strings where L C T*.

Recall some basic terms that we used for closure properties of languages. The union of two lan-
guages Ly and Lo, denoted as L; U Ly, is the set of all strings which includes the elements in both L,
and L. Next, the concatenation of two languages Ly and Ls is the set of all strings that is obtained
by concatenating any element of L; with any element Ly where Ly Ly = {zy : © € L1,y € Lg}. The
star-closure or Kleene-star closure of a language is defined as L* = L° UL*U L2 ... and the mirror image
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(reverse) of a language is the set of all string reversals where L* = {wf : w € L}.

A grammar acts as a mechanism to describe the languages mathematically, known as a language
generator. A Chomsky grammar (sometimes simply called a grammar) is a set of rules formation for
rewriting strings which is defined by a quadruple G = (N, T, S, P) where the alphabet N is defined
as the nonterminal alphabet, T is the terminal alphabet, S € N is the axiom or start alphabet, and
PC(NUT)'N(NUT)* x (NUT)* is the set of production rules of G. The rules of {z,7) € P are
written in the form of x — y where £ € (N UT)*" and y € (N UT)*. Here, u directly derives v or v
is derived from u with respect to G written as v = v if and only if ¥ = uyru2,v = wiyus, for some
upug € (NUT)* and & — y € P. The set of all terminal strings is the language generated by the
grammar which defined by L(GF) = {w € T* : § = w}. A grammar G = (N, T, S, P) is called:

(i) regulor, if each ruleu v € Phasu € N andve TUTN U {A}.
(i) right-linear, if each rule w —+v € Phasu € N and v € T* UT*N.
(iti) left-linear, if each rule u — v € Phasu € N and v € T* U NT™.
The families of languages generated by regular grammars are equal to the families of languages gen-
erated by right- or lefé-linear grammars. The language generated by regular grammar is denoted as REG.
Recall the definition of Watson-Crick regular grammars [6, 7]:

Definition 2.1. A WK grammar G = (N, T, S, P, p) is called regular if each production has the form
A — {u/v}B or A— {u/v) where 4, B € N and (u/v) € (T"/T").

The notation (u/v) represents the element (u,v) C V x V in the set of pairs of strings and (T/T*) is
written instead of V* x V*.

Next, the definition of static Watson-Crick regular grammars which consist of right-linear and
left-linear introduced in [8] are given as follows:

Definition 2.2. A static Watson-Crick (sWK) right-linear grammar is a 5-tuple G = (N, T, p, S, P) where
N, T, § are defined as for a regular grammar, p € T x T is a symmetric relation (WK complementary)
and P is a finite set of productions in the form of

() S—» m (Z)A where A € N — {5}, [:] (z) € R,(T);

(i) A— (Z)B where A, B € N — {S} and G) € LR}(T); or

(iii) A— (;) m where A € N — {S}, (z) m e LT

Definition 2.3. A static Watson-Crick (sWK) left-linear grammar is a 5 -tuple G = (N, T, p, S, P) where
N, T, p, S are defined as for a sWK right-linear grammar and P is a finite set of productions in the form
of

73



CONFERENCE PROCEEDINGS BOOK, Tth INTERNATIONAL CONFERENCE ON APPLIED ANALYSIS AND
MATHEMATICAL MODELING (ZCAAMMIS,) JuNE 20-24, 2018, IsTANBUL-TURKEY

(i) S—>A(D [:J where 4 € N — {8}, (;) m € Ly(T);

i) A= B(* where 4, B € N — {S} and = € LR*(T); or
y v g

@) where 4 € N — {5}, m (;) SBAT.

Definition 2.4. The language generated by a sWK regular grammars (7, denoted by L(G), is defined as

(iii) A

U
v

L(G) = {u:

ﬂ € WE,(T) and § = H 3
v G o
The families of languages generated by sWK regular grammars are denoted by SREG.

In the next section, the closure properties of sWK regular grammars are presented.

3 Closure properties

In this section, the closure properties of SREG grammars are introduced. Let Ly, Ly € SREG and
G1 = (Ni,T,p, 81, P1), Gy = (N2, T, p, 82, ) be SREG grammars generating languages Ly and Lg
respectively, such that L; = L{G1) and Ly = L(Gs). Assume that Ny N Na # 0.

Proposition 8.1. (Union) If L1 and Ly are SREG languages, then Ly U Lo is also a SREG language.

*

Proof Let G = (N,T,p, S, P)be a SREG grammar where N = N UNsU{S}, T=TyUTs, p &

with § ¢ N1UNz, and P = PlUPRU{S — S1}U{S - S}. Therefore, it is cbvious that L(G) = L;ULs.
Thus, SREG language is closed under union. [}

Proposition 3.2. (Concatenation) If L1 and L» are SREG languages, then Ly - Ly is also o SREG

language.
Proof Let G = (N,T,p,S,P) be a SREG grammar where N = N; UN; and § = 5;. Define the
production rule in the form of P = (P, — {A — (;) e Pu

.

e Jsamd Ol

L - Ly. Therefore, SREG language is closed under concatenation. | |

€ P1} U P. Hence, the concatenation of the language is L(G) =

Proposition 3.3. (Star-Closure) If L, is a SREG language, then L1 s also a SREG language.

Proof Let G = (N1, T, p, 5, P1) be a SREG grammar in which § = 8 and P, is the production rule in
the form of P, = ({Pr — Pr})U Ps U {8 —3 A}, where

6 By —s m (DA; [:

(;5) € R,(T)} and {4 —s (;)B: (;) € LR(T)},

74



CONFERENCE PROCEEDINGS BOOK, Tth INTERNATIONAL C'ONFERENCE ON APPLIED ANALYSIS AND
MATHEMATICAL MODELING (ZCAAMMIR,) JUNE 20-24, 2018, IsTANBUL-TURKEY

(i) Pr={A—s (;”“) m eP: G) [:J & B
(i) Ps={4— (Z) m 8 ¢ (Z) m Epl

Hence, L(G) = Lj. Thus, SREG language is closed under star-closure. |

Proposition 3.4. (Mirror Image) If L+1(G) is ¢ SREG language, then LI(G) 4s also a SREG language.

Proof  Let L1(G) € SREG. We need to show that L (G) € SREG too. Define G = (N1,T, p, 51, P1)
which generates the language L#(G) where Py consists of production rules in the form of :

5 — A(;) I::] , where A € N — {5}, (z) [ﬂ € L,(T) and § — (z) ﬁ] A Py A — B(Z)’

where 4,B € N — {§}, (;) € LR:(T) and A —» (I)B €PorA— H (;’) where 4 € N —
y

v
{8}, ﬂ (g) € R,(T) and A —» H G) € P.

Hence, SREG is closed under mirror image. =]

Based on the results shown above, we can conclude that the family of static Watson-Crick regular language
is closed under union, concatenation, Kleene-star closure and mirror image similar to the result in [12].
Other properties such as intersection, complement, homomorphism and others are still in progress.

4 Conclusion

In this paper, we have shown that the static Watson-Crick regular grammars are closed under union,
concatenation, Kleene-star closure and mirror image. We believe that the static Watson-Crick regular
grammars have similar closure properties as the ones in Chomsky grammars and Watson-Crick grammars.
This research can be further studied by finding the closure properties of static Watson-Crick linear
grammars and static Watson-Crick context-free grammars.
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