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1.

The term “homogroup” was introduced by G. Thierrin on 1961, but ear-
lier it was studied by Clifford, and Miller in [1]. A semigroup is called
homogroup (see [1, 6, 7]) if it contains an ideal subgroup. Also, “grou-
plikes” have been introduced and studied by Hooshmand [2]. The grou-
plike axioms are generalization of the four group axioms and there is

f-Grouplikes

M. H. Hooshmand*
Young Researchers and Elite Club

Shiraz Branch, Islamic Azad University

N. H. Sarmin
Universiti Teknologi Malaysia

Abstract. A grouplike, which has been introduced earlier, is an al-
gebraic structure between semigroups and groups and its axioms are
generalization of the four group axioms. We observe that every group-
like is a homogroup (a semigroup containing an ideal subgroup) with
a unique central idempotent. On the other hand, decomposer and as-
sociative functions on groups, semigroups and even magmas have been
introduced in 2007. In this paper, we introduce special type of group-
likes (namely f-grouplike) that is motivated from the both topics. We
prove that f-grouplikes is a proper subclass of Class United Grouplikes,
and we study some of their properties.

AMS Subject Classification: 20M99; 20N02; 20N99
Keywords and Phrases: Grouplike, identity-like, homogroup, decom-
poser function, b-parts of real numbers

Introduction

Received: May 2017; Accepted: October 2017
*Corresponding author

41



42 M. H. HOOSHMAND AND N. H. SARMIN

a close relation between grouplikes and homogroups. It is shown that
a semigroup I' is grouplike if and only if it contains a unique central
idempotent e that is solvable (i.e. for every x € I' there exists y € T’
in which xy = yx = e). The first ideas of the grouplikes are motivated
from b-parts of real numbers, introduced by the first author and also
are studied in [5]. Recall that an epigroup is a semigroup in which every
element has a power that belongs to a subgroup (see [8]). Every “class
united grouplike” (i.e. a grouplike with the property exy = zy for all
x,y, see [2]) is a unipotent epigroup and homogroup. The class united
grouplikes are completely characterized in [2], and also regular group-
likes are studied in [4].

On the other hand, decomposer and associative functions on groups,
semigroups (and even magmas) were introduced by the first author and
their general form were characterized on arbitrary groups (see [3]). If
(G,-) is a group and f : G — G is an associative function, then the
f-multiplication “;” is an associative binary operation and (G, -f) is a
semigroup with some additional properties.

2. Grouplikes

Recall that a magma (or groupoid) is a basic kind of algebraic structures
which consists of a set X equipped with a single binary operation X x
X — X. For every magma X, we consider Z(X) and It(X) = E(X) as
the center and the set of all idempotents of X, respectively (it may be
empty) and put Zt(X) := Z(X) N [t(X) that is the set of all central
idempotents. Now, we give a summary about grouplikes introduced and
studied in [2].

Definition 2.1. We call a semigroup (I',-) grouplike if it satisfies the
following axioms:
(a) There exists € € I' such that

ex =e2x =g =xe : Vel

(b) For every e satisfying (a) and every x € ', there exists y € I' such
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that

Ty = yr = 2.

We call every e € T satisfying the azioms (a) and (b) an identity-like.

Note that axiom (a) is equivalent to Zt(T') # () and (b) says €2 is solvable
for every ¢ satisfying (a). If (', -) is a grouplike but not a group, then we
call it proper grouplike. If a semigroup (S, -) satisfies axiom (a), then we
call it monoidlike. By unipotent monoidlike [resp. grouplike], we mean
a monoidlike [resp. grouplike| with only one idempotent (equivalently, a
semigroup with a central idempotent and no other idempotents).

Lemma 2.2.([2]) Every grouplike contains a unique idempotent identity-
like element (denoted by e).

Let T' be a grouplike and let e be the unique idempotent identity-like
element of I'. Then, we call e standard identity-like and use the notation
(T, e).

Note that every identity-like ¢ satisfies €> = e = €2, by Lemma 2.2.
Every y that is corresponded to x in axiom (b) is called inverse-like of x
and is denoted by ., or z', and the set of all inverse-likes ' is denoted
by Inv.(x) = Inv(x). So y is an inverse-like of x (for a given identity-
like €) if and only if vy = yx = e.

Therefore, we get the following axioms for grouplikes that is very similar
to the four groups axioms:

(1) Closure,

(11) Associativity,

2

(13i) There exists a unique element e € I' such that ex = xe , e* = e for

all x € X (i.e. e is its unique central idempotent),

(tv) For every x € T, there exists y € I' (not necessarily unique) such
that xy = yxr = e.

(Of course, we can minimize these axioms and give several equivalent
conditions for a semigroup to be grouplike, see [2]).

Example 2.3. Consider the additive group R and fix b € R\ {0}. For
each real number a denote by [a] the largest integer not exceeding a and
put (a) = a — [a] (the decimal or fractional part of a). Now, set

a a

o =31+ (aho=b(35).
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We call [a], b-integer part of a and (a), b-decimal part of a. Also,
[ |6, ()p are called b-decimal part function and b-integer part function,
respectively. By +;, we mean the b-addition = +4 y := (x + y), for all
real numbers z,y. It is shown that

(x+py) toz=(x+y+zp=x+, (y+p2) : Vr,y,2€R,

(R, +4,0) is a proper grouplike (namely real b-grouplike, and specially
real grouplike if b = 1). Moreover, the set of all its identity-likes is bZ
that is also the set of all inverse-likes of 0.

Lemma 2.4.([2]) For every grouplike (T, -, e) we have

(i) el is the least ideal which is also a mazximal subgroup of T' and Zt(T")
is singleton. Therefore, every grouplike is a homogroup with a unique
central idempotent (and visa versa).

(ii) T is unipotent grouplike if and only if It(T') C Z(T') (equivalently
It(T") = Zt(T') ), so every commutative grouplike is unipotent grouplike.

(1i3) 1t(T") C Inv(e).

(v) In each of the following descriptions, e is the unique element of T':

- There exists a unique central idempotent element in I'.

- There exists a unique tdempotent identity-like in .

- There exists the least idempotent in T'.

- There exists a unique solvable identity-like in T'.

Corollary 2.5. For every semigroup S, the following statements are
equivalent.

(i) S is a grouplike [resp. unipotent grouplike],

(ii) S has an ideal subgroup containing all its central idempotents [resp.
idempotents],

(i1i) S contains a minimum ideal which is also its maximal [resp. maz-
imum/ subgroup and Zt(S) is singleton.

For every x,y € I" we use the notation x ~, y if and only if ex = ey. The
relation ~. is a semigroup congruence and I’/ ~.= T ( the set of all
equivalent classes T that are gotten from ~.) is its quotient semigroup
with the binary operation o defined by T oy = T¥.

Theorem 2.6.([2]) The quotient semigroup (I'/ ~.,0) is a group and
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'/~ el

An important class of grouplikes is class united grouplikes that are char-
acterized in [2]. It is shown that a grouplike is class united if and only
if it satisfies the identity-like hypothesis (Hy) (i.e. exy = xy for all
xz,y € I', which means e is a left bi-identity of I'). Therefore, (T,-) is
class united grouplike if and only it satisfies the four axioms (i)-(iv) and
also (Hy). It is shown that every class united grouplike is unipotent
epigroup (22 = ex? € el for all z).

We say I'1 is isomorphic to I's and denote by I'y & T'y if there exists
a grouplike isomorphism (equivalently semigroup isomorphism) between
them.

3. Decomposer, associative and canceler func-
tions on groups

Let (G,.) be a group with the identity element e. If f, g are functions
from G to G, then define the functions f.g and f~ by

@) = f@)gl@) . [ (@)=f)": Vaed.

We denote the identity function on G by tg and put f* =1g.f~, f« =
[~ and call f* [resp. fi] left x-conjugate of f [resp. right x-conjugate
of f]. They are also called *-conjugates of f. Note that f*(e) = fi(e) =
f(e)=f(e)".

If (G,+) is additive group, then the notations e, f~, f.g, f.g~ are re-
placed by 0, —f, f + g, f — g and we have f* = f. =1 — f.

Example 3.1. Fix b € R\ {0}. Then, ()} =[], and []; = ( )p, both are
idempotent, so their compositions are zero and (R), = Ry = 0[0,1) =
{bd|0 < d < 1} and [R], = bZ = (b).

If f is an arbitrary function from G to G and f(z) = f(y), then x =
() f(y) = f(y)fe(z). The converse is valid if f is decomposer and we
have the following definition (see [3]).

Definition 3.2. Let f be a function from G to G. We call f:
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(a) right [resp. left] decomposer if

FUF @) f (W) = f(y) [resp. f(f(2)fe(y)) = f(z)] : Vz,yeC.

(b) right [resp. left] strong decomposer if

f(f*(x)y) = f(y) [resp. f(zfu(y)) = f(2)] : Va,yeG.

(¢) right canceler [resp. left canceler | if

ff(y)) = f(zy) [resp. f(f(z)y) = f(zy)] : Va,y €G.

(d) associative if

fxf(y2) = f(f(zy)z) : Vaz,y,z € G.

(e) strongly associative if

fxf(yz)) = f(f(zy)z) = flayz) : Va,y,z € G.

Note: We call f decomposer or two-sided decomposer [resp. canceler] if
it is left and right decomposer [resp. canceler|. In each parts of the above
and other definitions if f(e) = e, then we will add the word standard to
the titles.

Example 3.3. The b-decimal part function f = (), is standard strong
decomposer, canceler and strongly associative. But the b-integer part
function f* =[] is only standard decomposer.

Consider G = {1,a,a?, a>,b,ba,ba’ ba®} = Dy (a* = b*> = 1,bab =
a~!' =a?). Put Q = {1,ba,ba? ba’} and

x xe€f)
g(x):{bx x ¢ Q

Considering the relation = ¢ Q < bx € ), it can be seen that g is
(standard) right strong decomposer.

Theorem 3.4. If f: G — G, then all statements of (A), (B) and (C)
are equivalent
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(A)
(i) f is associative,

(ii) There exists a constant ¢ € G (¢ = f(e)) and a standard strongly
associative function g such that f = c- ¢ and g(cxy) = g(zcy) = g(zyc)
for all z,y,z (i.e c € C.(f) = Cc(g), see [3]).

(ii) There exists a constant d € G and a standard strongly associative
function h such that f = h-d and h(dzy) = h(zdy) = h(zyd) for all
T

(B)

(i) f is strongly associative,

(ii) f is associative and idempotent,

(iii) f is associative and f(e)-periodic (i.e. f(f(e)t) = f(tf(e)) = f(¢t),
for all ),

(iv) f is strong decomposer,

(v) fis decomposer and f*(G) = f.(G) < G,

(vi) f is canceler,

(ii) f is associative and f(f(e)) = f(e).

(C)

(i) f is standard associative,

(ii) f is standard strongly associative,

(iii) f is standard case of all (one) items of (B).

By using the above theorem, it can be shown that if f is associative,
then for every z,y € G

F(f@)y) = faf(y) = f(fle)zy) = faf(e)y) = fzyf(e) = f*(xy),

(U (@)y) = f(f(e)y) = fyf (e)),
fafy) = f(@fule)) = f(fle)z).

Also, we observe that f*(G) = f«(G) and it is a normal subgroup if f is
strongly associative (see part (B) of the above theorem).

4. f-Grouplikes

We call G a class group if G is a group for which all its elements are
nonempty disjoint sets. For example, every quotient group is a class
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group. Now, in view of [2] one can see that:

e Every grouplike (T, -, e) gives us the class group G =T =T ~,, and
conversely every class group G gives us the grouplike I' = UG.

e Every grouplike gives us the group G = el', now as the converse we
want to construct a class of grouplikes by using a given group G (instead
of class groups). For the order we need to consider the f-multiplications.
Consider a magma (X, ) and a function f from X to X. We get another
binary operation in X by defining z -y = f(zy). In fact - = fo-, hence
we call it f-multiplication of “”. Clearly (X, ¢) is a semigroup if and
only if f is associative (e.g. if f is constant function). Also it is seen that
Z(X,") CZ(X,-5). But in general Z(X,-y) € Z(X,-), forif X =G is a
group with the center {e} and f is a non-standard associative function
on X, then (e # f(e) and) {e, f(e)} € Z(X,-¢). By the following main
theorem, we can introduce f-grouplikes in several ways.

Theorem 4.1. If f : G — G, then the following statements are equiva-
lent:

(i) (G,-5) is a grouplike,

(i1) (G,-¢) is a monoidlike,

(i11) (G,-f) is a semigroup,

(iv) f is associative.

Proof. Clearly (i) = (i) = (iii) = (iv). Now let f be associative.
There exists a standard strongly associative function g such that f = c-g
and c = f(e). Putting Ay := ¢*(G) = 9+(G), Ay := f*(G) = f«(G) and
considering d € G, we have Ay = c_lAg = Agc_l, Ay <G and

S px=06406pxe f(0x) = f(f(6%)z) & g(0z) = g(cs*x)
& cdx € Agor <0 € cilAg =Ay.
On the other hand if § € Ay, then 6 = f*(x¢) for some z¢ € G and
§-pa = f(f*(xo)z) = cg(g" (wo)c™ x) = cg(c™ )
= cg(cag™(20)) = eglag™(zo)c™Y) = f(af*(@0)) = o5 6.
Now if z € G and § € Ay, then putting y = f~(e)dz~" we have
zpy=flay) = flaf (e)oz™) = f(f7(e)f(xf (e)d)z ™)
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= f(f(e)f(af(e)f(e)a™!) = flxfle)a™") = f(f(e) Pwa™) = §:44.

Similarly we have f(yz) = f(f(e)™2) = § -4 6. Therefore (G, ) is a
grouplike and the proof is complete. [

Therefore, if f: (G.-) — (G, -) is associative, then (G, f) is a grouplike
and its standard identity-like is e := f(f(e)™2) = f(f*(e) f«(e)).

Corollary 4.2. If f : G — G, then the following statements are equiv-
alent:

(1) (G,-¢, f(e)) is a grouplike,

(it) (G,-¢) is a grouplike and {f(e), f(e)~3} C f*(G),

(iii) (G,-f) is a grouplike and f(e)™3 € f*(G),

(iv) f is associative and f(f*(e)f«(e)) = f(e).

Proof. If (G, s, f(e)) is a grouplike, then f(e) = ey = f(f(e)™?) €
f*(G) and so f(e)™® = f*(f(e)™?) € f*(G). Conversely, if f(e)™3 €
f*(G), then f(e)=2 = f*(x0)f(e), for some x¢ € G, and

F(f(e)™2) = F(f*(x0) f(e)) = F(f*(e) f(e)) = f(e).
Now, one can obtain these results by Theorem 4.1. [

Corollary 4.3. If f : G — G, then the following statements are equiv-
alent:

(i) (G,-5, f(e)) is a grouplike and e is an identity-like element,

(i1) (G,-5) is a grouplike and e is an identity-like,

(111) (G,-5) is a grouplike and e -; f(e) = f(e),

(iv) f is associative and f?(e) = f(e),

(v) f is strongly associative.

Proof. Note that if e is an identity-like element, then e € f*(G) and so
e = f*(xo) for some zg € G. Thus

fe) = f(f*(wo)e) = f(f*(e)e) = f(f"(x0)f"(e))

and
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= f(f*(x0) f(e)™") = f(f(e)f(e)!) = ef = f(e).
Therefore, one can drive them. [

Corollary 4.4. If f : G — G, then the following statements are equiv-
alent:

(i) (G,-5,e) is a grouplike,

(i1) (G,-5) is a grouplike and e is idempotent,

(iii) f is standard associative,

(iv) f is standard strongly associative.

Proof. If (G, t,e) is a grouplike, then e = f(f(e)™2) € f*(G) and so

fle) = F(F(xo)e) = f(f7(e)e) = f(f"(x0) f"(e)) = [(f*(e)f"(e)) = e,

(i.e. e-pe = f(e) = e). Now, we arrive at the results by Theorem 4.1. [J

Note. The assumption “(G, ¢, f(e)) is a grouplike” alone, does not im-
ply “f is strongly associative”. For instance consider (R, +¢, %), where
f(z) = & + (2). Hence, we have

f is associative < (G, -7, f(f(e)?)) is a grouplike.

f is standard (strongly) associative < (G, -, e) is a grouplike.
[ is strongly associative = (G, -¢, f(e)) is a grouplike.
Now, we are ready to introduce f-grouplikes.

Definition 4.5. We say a magma (I',.) is f-grouplike if there exists
a binary operation - in T' such that (I',-) is group and there exists an
associative function f: (I',-) — (I',-) such that .= -5 .

Therefore, every grouplike (I',.) is f-grouplike if and only there ex-
ists a binary operation - in I' such that (T',-) is group and . is an f-
multiplication of “”. Note that, in this case . = -y implies f : (I',-) —
(T, -) is associative.

Example 4.6. If G is equal to the inner direct product of subgroups
H and K (i.e., G = HxK), and f is one of the projections in H or K,



f-GROUPLIKES 51

then (G, f) is an f-grouplike. Also, every group, the real b-grouplike,
and the Klein four-grouplike are some other examples of f-grouplikes.

Lemma 4.7. A grouplike (T',.,e) is f-grouplike if and only if there ex-
ists an f-grouplike (G,-¢) (described in Theorem 4.1) such that (I',.) =
(G,-5) (as the sense of isomorphic semigroups).

Proof. Let p : (G,-f) — (I',.) be an isomorphism. Define a binary
operation ® in I' by x ®y = pu(p~(z) - u=1(y)). Then (T, ®) is a group
(isomorphic to (G,-)) and F = pfu~! is a function from T to T'. Now
we have

zOpy = Flxzoy) = p(f(u (@)1 () = plu™ (@) rn~ () = 2.y,

for all z,y € I', so « = ®p. The converse is clear, thus the proof is
complete. [

Now, we are ready to prove another main theorem by using the previous
theorem and lemma.

Theorem 4.8. (a) Every f-grouplike is class united grouplike but the
converse is not valid (hence the hypothesis (Hy) holds in every f-grouplike).
Therefore, every f-grouplike is a unipotent epigroup and homogroup.

(b) Let (T',.) be an f-grouplike and (T, -, e) the related ground group. Then,
the set of all its identity-likes is equal to Ay = f*(I') = fu(I') and
its standard identity-like is ey = f*(e) -5 f«(e). Moreover, e is an
identity-like if and only if f is standard associative (i.e. f(e) = e, so
e.e =e). Also, we have

x e,y f(fH(e)z) = f(fH(e)y) & zAp =yAy,

sox = f'({x}).
(¢) Putting Qy := f(I') we have
ef.'=e.I'=Q,=2(T,) fle)Ar=(T',-)/Asfle) =T,/ ~c. (1)

Proof. Let (I',.) be an f-grouplike, g : (I',) — (I',-) be the standard
strongly associative function in which f = ¢-g = f(e)-g. Then for every
z,yin T’
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er ooy = FF(F(e) ) f(2y)) = cgleg(c2)eg(ay))
— cg(cceay) = f(xy) = x.v.

Therefore the hypothesis (H;) holds in (T',.) and so it is class united
grouplike. Also

w ey eper=epoy & f(F(fe))z) = f(F(f(e))y)

& f(fle)f(e)x) = f(f(e)f(e)?y) & F(F*(e)x) = f(f*(e)y)
S xAg =yAg & xArfe) =yArfe).

The function f : (T',-) — (R,.), defined by f(x) = e.x is an epimorphism
and its kernel is f(e)Ay = Ay f(e), and if f is strongly associative, then
the kernel is Ay.

Now, consider the class united grouplike I" = {0, 1, ¢} with the following
multiplication table

We have €.I' = Zs. If there exists a binary operation ”-” such that (T, -)
is group and f : (T',:) — (I,-) is associative, then |I'| = |f*(I)||f(I)],
so |f(I')] is 1 or 3. On the other hand if e is its identity element, then

fM)=e-sT'=e.T'={0,1},

for every possible cases of e € I'. But this is a contradiction, so I' is not
f-grouplike.
The proof of the other parts is easy, by using Theorem 4.1. [

Example 4.9. Put (R), = {(r)s|r € R} and [R], = {[r]s|r € R} for
every subset R of real numbers. If R is an additive sub-group of R and
be R\ {0}, then (R), = RNRy, (R,+3) is an f-grouplike, where
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f=0)slr, (R)p,+s) is a group (the group eI' =044 T') and

R R 1

== =2 (R)y=RNR, = (- (R .

<b> [R]b ( )b b (b( )b7+1)
Specially if 1 € R, then & = (R); = RNI0,1). Therefore, % = ([0, 1), +1)
that is also a result in [5].

Remark 4.10. For every f-grouplike (T',.) we have the following related
items:

(A) The unipotent homogroup and epigroup (I',.),
(B) The ground group (T, -),

(C) The normal subgroup f(e)A¢ of (T, ),

(D) The group (Qf,-¢) = (e.T',-¢),

(E) The factor subset Q¢ of the group (T, ).

So, there exist several aspects of the topic for future researches.
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