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Abstract. A dominating set S of a graph is a subset of the vertex set of the graph in which the closed neighborhood of S is the
whole vertex set. A domination polynomial of a graph contains coefficients that represent the number of dominating sets in the
graph. A domination polynomial is usually being obtained for common types of graphs but not for graphs associated to groups.
Two types of graphs associated to groups that are used in this research are the commuting graph and the noncommuting graph.
The commuting graph of a group G is a graph whose vertex set contains all noncentral elements of G and any two vertices in the
set are adjacent if and only if they commute in G. Meanwhile, the noncommuting graph of a group G is a graph whose vertex set
contains all noncentral elements of G and any two vertices in the set are adjacent if and only if they do not commute in G. This
paper establishes the domination polynomial of the commuting and noncommuting graphs for the dihedral groups, generalized
quaternion groups and quasidihedral groups.

INTRODUCTION

A graph T" = (V, E) consists of non-empty set of vertices V and a set of edges, E. For vertices u,v € V, u and v
are adjacent if they are connected by an edge, e = (u,v) € E. Note that all graphs that are considered in this paper are
simple, without multiple edges or loops. Open neighborhood of vertex v is defined to be the set of all vertices adjacent
to v, without v, denoted by N(v) = {u € V : (u,v) € E,u # v}. If N(v) U {v}, then the set is called closed neighborhood,
denoted by N[v] [1]. A graph with empty neighborhood is called an empty graph, denoted by E,, which contains n
vertices without any edge. In graph theory, the complement of a graph I is the graph T on the same vertices, such that
two distinct vertices of T are adjacent if and only if they are not adjacent in T".

LetI'y = (V1,E)) and I'; = (V3, E) be two simple graphs. The graph I' = (V, E) is called the union of I'; and
I'; if and only if the graph contains V = V; UV, and E = E; U E;, and is denoted by I' = I'; U I',. The join of I';
and I';, denoted as I'; Vv I'; is the graph containing all the vertices and edges like in I'y U I'; and each vertex of I'; is
also adjacent to every vertex of I';. A complete graph K,, is a graph in which it contains # vertices and each pair of
distinct vertices is connected by an edge. Let I" be the union of # complete graphs K, of n; vertices, 1 < i < ¢, then r
is a multipartite graph denoted by K, »,...n, [2].

Graph polynomial is studied to describe the combinatorial information of graph. Graph polynomial is a graph
property whose values are polynomials. Some examples of graph polynomials that have been introduced by other
researchers are the chromatic polynomial [3], the independence polynomial [4], the cycle polynomial [5] and the
matching polynomial [6]. The domination polynomial of a graph is introduced by Alikhani [7], in which its coefficients
represent the number of dominating sets in the graph and the degree of polynomial is the number of vertices in the
graph. The domination polynomials have been obtained for graphs such as the complete graph [7], the empty graph [7]
and also for the union of complete graphs [8], but not yet for the graphs associated to groups.
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Two types of graphs associated to groups that will be considered in this research are the commuting graph and
the noncommuting graph. A commuting graph I'7™" of a group G is defined as the graph whose vertex set is the
noncentral elements of G and two distinct vertices are adjacent if they commute in G [9]. The commuting graphs for
the nonabelian groups that are used in this research can be expressed as the union of some complete graphs on certain
number of vertices. Meanwhile, a noncommuting graph 'Y of a group G is a graph whose vertex set is the noncentral
elements of G and two distinct vertices are adjacent if they do not commute in G [10]. For the groups considered in
this research, their noncommuting graphs are expressed as multipartite graphs.

In this research, the domination polynomials are obtained for the commuting and noncommuting graphs of some
finite nonabelian groups, namely, dihedral group D,, of order 2n, generalized quaternion group Qu, of order 4n and
quasidiheral group QD; of order 2". These three groups can be expressed in group representations as follows:

e Dy, =(a,b:a"=b*=1,bab=a""), wheren >3,n e N.
o Oum={(ab:a"=b"=1,a"=b*b"ab=a"), wheren>2,neN.
e ODy=(ab:a®" =b>=1,bab! =a® "y, wheren > 4, n € N.

PRELIMINARIES

The following are some preliminaries in graph theory that are needed to assist in obtaining the results of this
research. First, the basic concepts on the dominating sets and the domination polynomials are given.

Definition 1 [7] The dominating set of a graph T is a subset S C V in which every vertex in V — S is adjacent to at
least one vertex in S, or equivalently N[S] = V. The minimum cardinality of a dominating set inT is called the
domination number 6(I').

Definition 2 [7] The domination polynomial of a graph T, denoted by D(T'; x), is the polynomial whose coefficient
on xX* is given by the number of dominating sets of order k inT. So

vl
D(T;x) = Z di ¥
k=6(I)

in which dj, is the number of dominating sets of size k and 6(I') is the domination number of the graph T
From previous researches, some properties related to the domination polynomials are presented as in the follow-

ing.

Proposition 1 [7] Let T be the union of n disjoint graphs, T'y, Iz, ...,y . Then the domination polynomial of T is the
product of the domination polynomials of the graph I';, 1 < i < n, expressed as follows:

DT x) =D UL U... Uy x) = D(Ty; x) - D@25 %) - ... - D(Ty; x).
Proposition 2 [7] The domination polynomial of a complete graph, K, on n vertices is
D(K,;x) = (1 +x)" —1.

Proposition 3 [8] The domination polynomial of the union of m complete graphs is

D(OKm;x] = ﬁ [+ xm - 1]
i=1 i=1

Proposition 4 [7] The domination polynomial of an empty graph, E, with n vertices is

D(E,; x) = x".
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Proposition 5 [11] Suppose that the order n of a graph IU is the number of vertices inT. Let 'y, Iy, ..., Ty be graphs
of order ny,ny, . .., n, respectively. Then the domination polynomial of the join of the graphs 'y, I'5,..., T is
presented as follows:

-1
D( \t/ I x) = \ ((1 + x)Zimi i — 1) + 2 D(T;; x)
i=1 j=1 i=1

By using Proposition 4 and Proposition 5, the domination polynomial of the multipartite graph is obtained as
presented in the following lemma.

Lemmal LetT = K, ,, ., be a multipartite graph. Then the domination polynomial of T is
D(Kpyyon: ) = (L2 = 1| (1 xyimtectne — 1] (14 a2 = 1|1+ aymsmettne — 1] 4+
[+ xyer = ][+ = 1]+

Proof By substituting I'; with the empty graph E,, in Proposition 5 and since D(I';; x) = D(E,,; x) = X", the domina-
tion polynomial for multipartite graph is obtained as follows:

D(Ky .3 X) = D(Kpy UKy UL UKy x)
= DK, VK, V...VK,:x)
= D(Ey, VE,V...VK,:x)
= YA+ 0Ze = 1)+ B DE,; x)
e R A || [ e | R [ b || [ S | S
[(1+x"H—1][(1+x"f—1]+x"1+x"z+...+x"f.

Next, some important preliminaries related to the theory of graphs on groups are given below. Some researchers
have obtained the general form of the commuting and noncommuting graphs associated to some finite groups. For
example, for groups that are related to this research, their commuting and noncommuting graphs are stated in the
following.

Proposition 6 [12] Suppose that Dy, is the dihedral group of order 2n, where n > 3, n € N. Then the commuting
graph of Dy, is

n
UKIUK,.1 ; nisodd
i=1
comm __
FDZn - 5 )
U K,UK,-2 ; niseven
i=1
and the noncommuting graph of D, is
Kii. in-1 5 nisodd
2
n times
I“ﬂC —
D, K>o...on 5 niseven.
ooes

n 4
7 times

Proposition 7 [12] Suppose that Qu, is the generalized quaternion group of order 4n, where n > 2, n € N. Then the
commuting graph of Qu, is

n
ron =U K» UKy,
i=1
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and the noncommuting graph of Qu, is

ne
U0, = K22, 2002
N
n times

Proposition 8 [13] Suppose that QDo is the quasidihedral group of order 2", where n > 4, n € N. Then the
commuting graph of QDy» is

on-2

rgmm _U K> U Kyt 5
i=1

and the noncommuting graph of Qu, is

ne _
Lopy, = K22, 20m10.
22

-2 times

MAIN RESULTS

This section is divided into three parts. The first part is on the domination polynomials of the commuting
and noncommuting graphs of dihedral groups. Then, the domination polynomials for the same graphs associated
to generalized quaternion groups are presented. Lastly, the third part contains the domination polynomials of the
commuting and noncommuting graphs of quasidihedral groups.

Domination Polynomial of the Commuting and Noncommuting Graphs of
Dihedral Group

The general form of the domination polynomials of the commuting and noncommuting graphs for dihedral
groups are presented in the following theorems.

Theorem 1 Supose that Dy, is a dihedral group, where n > 3, n € N, and Uy is its commuting graph. Then, the
domination polynomial of T';"™" is

2|+ 2yt -1 ; nisodd

DI x) = (2x+ XZ)%[(l + )2 - 1] ;  niseven.

Proof Let Dy, be a dihedral group of order 2n, where n > 3, n € N and I';"™" be its commuting graph.

Case 1: nis odd )

From Proposition 6, I';™™" ={J K; U K,,_1. By Proposition 1, Proposition 2 and Proposition 3, the domination poly-
- i=1

nomial of """ is computed as follows:

D(FCOI?ll?l ) — D( L:Jl Kl U Kn—l; x)
= D( L:J Kyix)- D(K,H;x)

+ )1—1] [+t =1

a
( )(1+x”1 ]
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Case 2: nis even

b
From Proposition 6, I'7"" = J K> U K,,—». By Proposition 1, Proposition 2 and Proposition 3, the domination polyno-
mial of I'7™" is computed as follows:

D™ x)

D( KzuKn 2 %)

1
=
T Cm: I Cm:

Kz, x) - D(KH; x)

[(1 + x)2 - 1] [(1 + )2 - 1]
[+ 25422 1)1+ 072 - 1]

2+ 2) (12— 1],
(20+2)°] |

Theorem 2 Suppose that D,, is a dihedral group, where n > 3, n € N, and Iy, is its noncommuting graph. Then, the
domination polynomial of T}y is

x[(l + ! - 1] +nx+ X4 x Y, [(1 + x)2ni - 1] ; nisodd

D, = (2x+2) 1+ 02 = 1]+ 32 + 272 + (20 + 2) i, [+ D= 1] niseven.

Proof Let D,, be a dihedral group of order 2n, where n > 3, n € N and I'p, be its noncommuting graph.
Case 1: nis odd
From Proposition 6, I“’gz = Ki.1,....1n-1. Using Lemma 1, the domination polynomial of I“’gz : is established through

n times

the following:

DIy 5 x) D(Kl,l,...,l,n—l§x)
Lhed

n times

= [@+0" = 1|+ DeD — 1]+ [(1+ 0 = 1[4+ @D - g+
[+ = 1][(1+ 000D — ]+ s [+ 0! = 1][d+ 0D 1]+
xl e at o x !
n times
= [+ 022 = 1]+ D[+ 02 =1+ [0+ 0> =]+
[[(1+ 00D = 1]+ nx+ 271,

= @[+ = 1]+ nx+ 2+ x 2 [+ 02 -1,

Case 2: nis even

From Theorem 6, F’Z)Cz =K, .. .2s—. By Lemma 1, the domination polynomial of F’Z)Cz is computed as in the follow-
. .
4 times
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ing:

DA 5 x) D(Kz,z, S 2n-23 x)

—_—
4 times

[+ X% - 1@+ 0@ D@02 g | [(1+ 202 - 1][(1+ 0E2@H0-2 4

[+ 22 = 1][(1+ &2 ] 4 [+ 202 = 1]+ 0 1]+
A+ .+ +x?

2 times
|20+ 2] [ (1 + 2202 = 1]+ 2204+ 2| (4 + 22073 = 1]+ [2x0+ 2[4+ 220D — 1]+

o+ [2x + xz][(l + X)) - 1] + 2% 4+ 02,

|26+ 2][(1+ 0 = 1]+ 522 + 272 + |20+ 2] i |1+ 2200 — 1.

Domination Polynomial of the Commuting and Noncommuting Graphs of
Generalized Quaternion Group

The general form of the domination polynomials of the commuting and noncommuting graphs for generalized
quaternion groups are presented in the following theorems.

Theorem 3 Suppose that Qu, is a generalized quaternion group, where n > 2, n € N and I“”Q’;’"m is its commuting
graph. Then, the domination polynomial ofF”Q’Z’"’" is

D™ x) = (20 + ) [(1+ 222 - 1]

Proof Let Q4, be a generalized quaternion group of order 4n, where n > 2, n € N and o0 be its commuting graph.

n
From Proposition 7, FCQ{me =J K> U Kj,—. By Proposition 1, Proposition 2 and Proposition 3, the domination
" i=1
polynomial of I'7™" is computed as follows:

C=
s
C
s

DIy x) =

S

P =
Il
—_

)

'x)

1 K>, x) . D(KZn—Z; x)

=

D

i

1+ 07 = 1]+ 02 - 1]

[
(2x+ 2 (1 + 22 - 1]

Theorem 4 Suppose that Qu, is a generalized quaternion group, where n > 2, n € N, with I'5,, as its noncommuting
graph. Then, the domination polynomial ofl“’g4 is

DT 2 x) = (2x+22)|(1+ 220D = 1]+ na? + 207D 4 (20 + ) Z |1+ 222 1],

i=1

Proof Let Q4, be a generalized quaternion group of order 4n, where n > 2, n € N and I"5,, be its noncommuting
graph.

From Proposition 7, FCQ{me =K, .. 221-2. Using Lemma 1, the domination polynomial of F”Qz is established through
" "
n times
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the following:

ne . _ .
DIy, : %) = D(KZ,Z,...,z,znfz, x)
n times

|1+ 22 = 1][(1+ D@D ] [(1 4 202 = 1][(1 + 1)@ 2@HD 4

[+ 22 = 1][(1+ @@ ] [+ 2 = 1[0+ 02— 1]+

P+ 4. a2
—_—
n times

|2+ 2] [ (14 02072 — 1] 4+ [ 20+ ][ (1 + 022 — 1] + [2x0+ 2[4 + 2@ — 1]+
+ [Zx + xz][(l + x)22 — 1] +nx? + X2,
|20+ ][4+ 022 = 1]+ + 272 4 |20+ 2] 21, [(1+ 0@ - 1.

Domination Polynomial of the Commuting and Noncommuting Graphs of
Quasidihedral Group

The general form of the domination polynomials of the commuting and noncommuting graphs for quasidihedral
groups are presented in the following theorems.

Theorem 5 Suppose that QDy» be a quasidihedral group, where n > 4, n € N and T'gp'™ be its commuting graph.

Then, the domination polynomial of T'j5 is

D(Tgpm; x) = (2x + xz) [(1 + )2 1]

Proof Let QD be a quasidihedral group of order 2", where n > 4, n € N and I'op,, be its commuting graph.
2n-2
From Proposition 8§, F”””’"’ = U K> U Kyn1_5. By Proposition 1, Proposition 2 and Proposition 3, the domination

polynomial of I'j7"" is cornputed as follows:

-2

D= D Ka ko si)

=2

D( L:JI Ky:x) - D(Kyip:x)

n-2

(1402 1] [ 4022 1]

2+ 2V 1+ 02— 1],
(x+2) [ |

Theorem 6 Suppose that QD be a quasidihedral group, where n > 4, n € N and F’gDzn is its noncommuting graph.
Then, the domination polynomial of T, | is

2n72
DI, %) = 20+ )[4+ 02" 2 = 1]+ 222 + 27 2 4 (20 + 27) Z [+ 2@ -1,

i=2

Proof Let QD be a quasidihedral group of order 2", where n > 4, n € N and I"5p,, be its noncommuting graph.
From Proposition 8§, F”””’"’ = K55, . 22m1. Using Lemma 1, the domlnatlon polynormal of F is established

2n-2times
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through the following:
D(ITgp,,; %) = D(Kz,z,. LL22m10; x)

2n-2times

|1+ 22 = 1][(1+ @702 | 4 (1 + 202 = 1][(1+ @O 4

[(1 +x)? — 1][(1 + )@@ Y 1] o+ [(1 +x)? — 1][(1 + 0?2 - 1]+

P+t P2
272 times
|22+ 2] [ (1 + 22272 — 1]+ [2x0+ 2][(1+ 027D — 1|+ [2x+ 2|4+ 227D — 1]+

o2 ][ PR a2 e 2
2ot ][+ 027 2 - 1]+ 222 4 22 [2rk 2] ST [ 0200 -1

CONCLUSION

In this paper, the general form of domination polynomials for the commuting and noncommuting graphs are
established for the dihedral groups, the generalized quaternion groups and the quasidihedral groups. The degree of
each domination polynomial obtained is the number of vertices of the graphs that depends on the values of n. By
definition of the domination polynomial of graph, the smallest number for the power of x is the domination number
of the graph. Therefore, in this paper, the domination numbers of the commuting graph of dihedral groups are n + 1
when 7 is odd and 5 + 1 when 7 is even. The domination number of the noncommuting graph of dihedral groups are
1 when n is odd and 2 when 7 is even. Meanwhile, from the domination polynomial obtained for the generalized
quaternion group, the domination number for its commuting graph is n + 1 and the domination number for its
noncommuting graph is 2. Furthermore, from the domination polynomial obtained for the quasidihedral group, the
domination number for its commuting graph is 2”2 + 1 and the domination number for its noncommuting graph is 2.
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