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Research on commutativity degree has been done by many authors since 1965. The commutativity
degree is defined as the probability that two randomly selected elements in a group commute. In this
research, an extension of the commutativity degree called the probability that an element of a group

fixes a set Qis explored. The group G in our scope is metacyclic 3-group and the set Q consists of a
pair of distinct commuting elements in the group G in which their orders satisfy a certain condition.
Meanwhile, the group action used in this research is conjugation. The probability that an element of G
fixes a set Q, defined as the conjugation degree on a set is computed using the number of conjugacy
classes. The result turns out to be 7/8 or 1, depending on the orbit and the order of Q.
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INTRODUCTION

Given two elements x and y in a group G. The probability that these
two randomly selected elements commute is called the commutativity
degree, which was first introduced by Erdos and Turan in their four
series of research on the statistical group theory done in 1965 up to
1970. The definition of the commutativity degree of a group is given in
the following.

Definition 1 (Erdos and Turan, 1965)
Let G be a finite group. The commutativity degree is the probability

that two random elements (x,y) in G commute, defined as follows:

I{(x,y)erGlxy=yx}\'

P(G)=
@ |G’

In their study (Erdos and Turan, 1965; Erdos and Turan, 1968;
Erdos and Turan, 1967a; Erdos and Turan, 1967b), several problems on
symmetric groups are also investigated. Later on, (Gustafson, 1973)
discussed and proved that the probability of a random pair of elements
can be computed by dividing the number of conjugacy classes with the

size of the group. He also showed that P(G) < g

Since then, the concept of the probability have been generalized and
extended by several authors (Pournaki and Sobhani, 2008; Alghamdi
and F. G. Russo, 2012; Erfanian et al., 2007; Castelaz, 2010; Barzgar
etal., 2016).

In this paper, one of the extensions, namely the probability that a
group element fixes a set, denoted by F; (Q), is discussed. This

probability has been introduced by (Omer ef al., 2013). In this research,
the probability that an element of a metacyclic 3-group fixes a set Q
is determined by using the conjugation action.

The set Q is the set of a pair of distinct commuting elements in the
group G in which their orders satisfy a certain condition, which can

also be written as Q = {(x,y) eGxG:lem( x|, y]) =3, xy=yx,x # y}
()}

The computation of the probability is started by first finding the
elements of Gx G that satisfy the condition of the set Q. Next, the
number of orbits under the same group action on the set Q is
determined. Later on, we will see that the probability that an element of
G fixes the set Q depends on the number of the orbits.

Next, some concepts related to this paper are given in the following
two definitions.

Definition 2 (Rose, 1994) Metacyclic Group
A group G is called metacyclic if it has a cyclic normal subgroup H

such that the quotient group % is also cyclic.

Definition 3 (Rotman, 2010) Group Action on a Set

530 OPEN 8 ACCESS Freely available online



Zamri et al. / Malaysian Journal of Fundamental and Applied Sciences Vol. 16, No. 5 (2020) 530-535

Let G be any finite group and X be a set. A group G acts on X if
there is a function G x X — X, such that
i.(gh)x = g(hx),Vg,h eG,xeX.

il.l;x=x,VxeG.

Next, the presentation of the metacyclic p-groups that is used in this
paper is presented in the following theorem.

Theorem 1 (Basri, 2014) Let G be a non-abelian metacyclic p-group.
Then G is one of the following:

Type 1: G;<a)b a” =p”’ zlj[b,a]:gpw>,where p is an odd

prime and @, 8,6 € ,6<a<26,6< 8,6 <min{a-1,A}.

Type 2: G= <a,b

a B e a-p .
a” =Lb" =a”" [b,a]l=a" >, where p is an

odd prime and «, f,9,c€ ,0+e<a<20, X, a<f+e,

5Smin{a—1,ﬂ}.

In this paper, these two presentations of metacyclic p-groups,
named as Type 1 and Type 2, p=3 are considered.

Since the number of the orbit is needed before the probability can
be computed, the definition of orbit in a group action, specifically
conjugation action, denoted as O(x) is given in the following

definition.
Definition 5 (Goodman, 2006) The Orbit
Let Gactonaset X and xe X. The orbit of x, denoted by O(X),

is the subset of X where 0(x) = {gx ‘g€ G} c X.Ifagroup G acts

on X by
O(x) = {gxg’l 1g€ G} c X. This orbit is also known as the conjugacy

conjugation, the orbit is given by

classes of x in G. The elements that belong to the same orbits have
the same order.

Next, since the research focuses on conjugation action on a set, the
probability that an element of a group has been defined as follows:

Definition 6 Conjugation Degree on a Set
Let G be a finite group and Q a set of ordered pairs (X,») in GxG

such that lcm(‘x y‘):p, xy=yx andx=#y. If G actson Q by

>

conjugation, the conjugation degree on the set Q is given as

(g.0)eGxQ:gwg™ = a)}‘
iellg

PG(Q)J{

This means the action on the set Q is the conjugation action.
Throughout this paper, the probability that an element of a group
fixes a set will be named as the conjugation degree on a set.
In the next section, some previous studies on the commutativity
degree and probability will be presented.

SOME PRELIMINARIES

This section provides some previous results that have been done
by several authors on the extension of the commutativity degree and
probability.

(Sherman, 1975) extended the concept of commutativity degree by
introducing the probability that an automorphism of a finite group fixes
an arbitrary element with the following definition.

Definition 7 (Sherman, 1975) Let G be a group. Let X be a non-
empty set of G, where G is a group permutation of X. Then, the

probability that an automorphism of a group fixes a random element
from X is defined as follows:

|{(g,x)| gx=xVg e G,xe X}

Folx) = IX[|G]

Next, (Omer et al., 2013) extended the probability given by
(Sherman, 1975) by introducing the probability that a group element
fixes a set. Later, (El-Sanfaz, 2016) generalized the probability given
by (Omer et al., 2013) with the following definition.

Theorem 2 (Gustafson, 1973) Let G be a finite group and let
Q:{(a,b)erGHa‘ =|b|=2,ab=ba}. Let Gact on Q. Then the

probability that an element of a group G fixes the set Q is given as

‘{(g,a))e GxQ:gw:w}‘
Q|

PG(Q):

Next, the following theorem shows the simplified formula in
computing the probability that an element of a group fixes a set under
the group action of G onto the set Q.

Theorem 3 (El-Sanfaz, 2016) Let G be a finite group and let
Q={(a,b)€ GxG|a| =|b|=2,ab =ba}. Let Gact on Q. Then the

probability that an element of a group G fixes the set Q is given by

K(Q)
P, (Q)=—,
where K(Q) is the number of orbits under the group action of G on
Q.

Throughout this paper, the conjugation degree of a metacyclic 3-
group is computed, which will be presented in results and discussions.

RESEARCH METHDODOLOGY

In this section, the methodology of the research is presented and an
extension of the commutativity degree of a group, defined as the
conjugation degree on a set is explored. Note that in this research, the
group G represents the metacyclic p-group, where p is the odd prime

3. Meanwhile, the set considered is €2, a set of ordered pair of elements
in G of the form (x,y), such that the lcm(| x|,y |)=P7 Xy = yx,

x# yandif (x,y)€Q, then (y,x)2Q .

In addition, the group action employed in this research is
conjugation action. The computation of the conjugation degree on the
set Q is started by determining the order of each element in the group,
whereby the elements that follow the restriction of the set Q are
considered. The presentation of metacyclic p-groups, where p is an
odd prime given by (Basri, 2014) is referred.

The group’s presentation is categorized as Type 1 and Type 2. Since
the value p is 3, there are a total of two groups that are considered in
this research, namely metacyclic 3-group of Type 1 and metacyclic 3-
group Type 2. Thereafter, the elements in the group are gathered
together by following the restrictions in the setQ . Once the set Q has
been determined, the computation of the orbits in the set Q is
conducted. Next, the number of orbits in the set Q is determined, by
following the size of each orbit. Subsequently, the conjugation degree
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on the set Q is computed by dividing the number of orbits with the size
of the set Q.
RESULTS AND DISCUSSIONS

In this section, the main result of this paper which is the
conjugation degree on a set of metacyclic 3-group of Type 1 and
metacyclic 3-group Type 2 are presented. Before that, six lemmas that
will be used in the computation of the conjugation degree are given in
the following.

Lemma 1 gives the form of all elements of order three in
metacyclic 3-groups of Type 1.

Lemma 1 Let G be a metacyclic 3-group of Type 1,
G=(ab:a" =b" =1[b,a]= a,B,8 e

0<p,0< min{a —1,,3}.Then, the elements of order three in G are

namely

a3aiﬁ)where ,0<a <20,

e

<i<o <<, 1<i<21< <2,

a>3and f2>2.

where

Proof:

Suppose a and bare elements of G. Since ¢* =1 and b =1, thus
|a| divides 3 and |b|divides 3”. Then, the elements of order three
are described as follows: Two elements of G generated by the

. (o) .
generator a € G are in the form of a ,1<i<2, two elements of G

A .
T1<j<2,

and four elements of G generated by the generator ab € Gare in the

generated by the generator b € G are in the form of b

3(4171) i

B ,1<i<2,1< j <2.Therefore, there are eight

elements of order three in G, where @ >3 and f2>2.

form of a

Lemma 1 will be used to form the elements in the set Q , since the
size of the set Q plays a crucial part in the computation of the
conjugation degree on a set.

In Lemma 2, the size of the set Q2 of metacyclic 3-groups of Type
1 is presented.

Lemma 2 Let Gbe a metacyclic 3-group of Type 1,
G={ab:da’ “=p” =1,[b,a]= } where «,f3,0 €
5Sﬂ,5smn{a—1,ﬂ},ande={(x,y)erGzlcm(\xuy\):s,

namely

,0<a<20,

Xy =YX,X# Yy} \ {(x,y)} . Then, the order of Q,|Q |=36.

Proof:

Suppose x,yeCG and Q={(x,y)eGxG:lem(|x|,|y|)=3,

Xy =X, X # y}\{(x, y)}. By Lemma 1 there are eight elements of

) ; .
order  three,  namely a b 1< <2,

ayw"b}wi”j,l <i<2,1<j<2. Considering (x,y)eQ such that
|xle{l,3} and|yle{l,3}. Thus, Case (i)
|x|=1L|y|=3, Case (ii) |x|=3,| y|=1,Case (iii)| x|=| y |=3 . Since if

there are three cases:

(x,y)€Q then(y,x)e €, only one case is considered from (i) and
(ii). Since the identity element commutes with all g € G, there are a

total of eight ordered pairs(x,y)eQ, described as follows:

(L "N 1<i<2,Lb" )< <2, (la NI<i<2,
1< j<2}. Next, consider Case (iii). It is found that 8x8 =64 pairs

3@ 3</f n

commute. However, since x # yand (y,x) ¢ Q, four pairs of (x,x)

and (y,y), and 32 of (y,x)pairs are excluded. Thus, there are 28

ordered pairs left, namely {(a o 3(MZ) (a a”,bwin),
(as‘“""a3<” Y2y 30 “) ( 3 a3“’ ”2b3</‘ “2) (a 3y bs“’ ”)
(as‘”’”z’bs‘”’“z), (asf’"’z “'>b3‘/“) ( 3 l’z 3 ”bzﬁ“z)

(a3‘”"’z a3(ﬂ’”2b3”””) (a3<“"’z a3<“"’2b3‘/’"’2) (bw’“ b3‘/’">2)

(bS(M “"bs‘ﬁ") (bs‘”” 3] ”b3‘ﬁ”2) (bs‘”” 3] ”2b3““)
(b3f/’""a3f"’”2b3‘”"’2)’ (bsw’”z “”bz‘” ”) (b3‘/’ 2 3‘” "b3‘/’ ”2)

(b3‘/””2 as‘“"’zbs‘/’"’) (bzw’”zjas‘“’”zbsﬂ’”z)’ (as‘“’”ba‘/’" 3D ),

(a-1)  2(p-1) 3(a 1), 304D @) 306D glal)y 38,
Uy b ), (@ b e b7,
3@l 31/3 1)2 3lﬂ \)2 3(/9 1) 3@l 31/3 |

b b ), (@ b

310*U2b3(/34h2) {(ayam a}lﬂf\)z)

i E ’

(a-1) 3</i 0 (a-1) 3(ﬁ 1y 3 3</f 0

), (@ . (@ ). (a

3le-1) 3(a 1;2b31/1 1;) ( 3(e-D) 3141 I)2b3(/i 1)2) ( 3@y b31/7 n)

(@D 3(11 1) 3(ﬂ Dy

)s
b
(- “2 3

), (a’ b™ ),
3(ay a3 a—|>2b3‘ﬂ—1 ) (a3<a—1>2’a3m—l>2b31ﬁ—l)2) (b3<ﬂ—1>’b3<ﬁ—u2)’

(f-1) 3l 4 3 ( ( ( (ﬂfl) (p-1)
@) @, 6,
(b3(/i—n ’a3(a—1)2b3rﬂ—n2)’ (b3</!—n2,a3(a—nb3tﬁ—n )’ (b3(/i—n2’a3w—l>b3(ﬂ—n2)

- - - - - - 1) 308D) Iz

(bS(ﬁ 1)2,03(41 I)2b3(ﬁ 1) )’ (b3(/3 Iiz’a3(a 1)2b3(/3 1)2), (aS(a 1)b3( 1) b}( 1 )

@ 3D gla-hy 38 3@ 3D glay) 36Dy
(@ b a0 b ), (@ b oa b7,

(a-) 3By 3@y 3B 3D 3By 3laly; 3By
(@ b a P ), (@ b Cd b Y)

3(:1 1)2 b3(ﬁ 1)2) ( 3[:1 I 3(!1 1) 3(13 1) 3(11 1) (-] 1)2

(a
(a
(@’
(a
(a
(a

AN AN (ﬂ h A1y AN

(a 1)

il

(a3(a7”2b3w7“ ,a3‘a4)2b3(ﬂ7”2)}. Thus, a total of 8+ 28 =36 ordered pairs

of Q is found. From then it follows that| Q|=36.

As mentioned in the introduction, the orbit of @ € Q2 is the subset
of the set Q. If G acts on the set Q by conjugation, the orbits is also
called the conjugacy classes of w, written as cl (@) or cl (x, y), where
cl(x,y)={g(x,»)g "' :geG}, w=(x,y)eQand K(Q) denotes the
number of orbit.

In the following lemma, the number of orbit is computed for
metacyclic 3-groups of Type 1. This result will later be used in proving
Theorem 4.

Lemma 3 Let G be a metacyclic 3-group of Type 1,
G=(ab:a" =b" =1[ba]=d"") where a,f,6€ , §<a<26,
§<pB.6<min{a-1B},and Q={(x,y)eGxG:lem(x|,|y|)=3,.

namely

Xy = yx,X # y} \ {(x,y)}. If Gacts on Qby conjugation, then the

number of orbits in the setQ ,

14, when f=0

k@)= {36, when fB>8

Proof:

If Gacts on Q by conjugation, then there exists a function

$:GxQ—>Q such thatqﬁg(w)=g(a))g'],a)e§2,geG . By Lemma 2,

532 OPEN a ACCESS Freely available online



Zamri et al. / Malaysian Journal of Fundamental and Applied Sciences Vol. 16, No. 5 (2020) 530-535

|Q=36, and the
xy)={dxyd"

action of G is divided into two cases: Case (i) / =" , and Case (ii)

orbit is written as cl(/) = cl

d'" & . Thus, the orbit of / under conjugation

I >"
Case (i). The orbit of Case (i) is described as follows: Consider
(x,y)! G G. There are three orbits of size one, {(1,a> )},
{a "), i=2), and{(a® ", & ", i=2}, where/ " 3, and there are
size {@,a*"v*"),08i$2,
@M 08i$2,j=2, {707, a7),08i$2},
(0", 07,8 @ TE T, (@, 8T )
i=2{(0*", "' "), @, &), @,
b*")i=2, {77, & 7),08i$2,j=2, {(b¥7, &
b, 0 Ty, @ e ) =2, = 2,
(R D W G A ) T Ul (N e A Y
i=2j=2, {(ag‘“’”, a¥" e’ ),0$1i$2,j=2, {(a T,
ot 2F 2 and ("

@b ), (a Ni=2,j=12,
o >3, >2 . From this it follows that K(Q2) =14 , when S =7 .

Case (ii). The orbit of Case (ii) can be described as follows: Consider
(x,y)eGxG, and all elements of order three, namely

a7 <i<o b 1< <28 1<i<2,1< <2, where
a>3and f2>2 areinZ(G), thus commute with all g € G . Thus, the
orbits of w are equal to themselves, ie.
cl(x,y) ={(x,»)},VY(x,y) € Q . Therefore, there are 36 orbits of w of
size one. From this it follows that K(Q2) =36, when S > ¢ . The proof
then follows.

Next, the following three lemmas give the elements of size three in
metacyclic 3-groups of Type 2, as well as the size of the set Q0 and the
size of orbits of the same group.

In Lemma 4, the elements of order three for metacylic 3-groups of
Type 2 are presented.

11 orbits of three,

" #1)

3(u1b3(/il )

35 H 3(/“ 0l 3l 31/3 1 38D

et
1@ Mip where

3la-l)

Lemma 4 Let G be a metacyclic 3-group of Type 2, namely
G={ab: a = l,bsﬁ =a"" Jb,a]= " ), where a, B,0,c€
S<B, 5+5Sa<25,a<ﬂ+g,§Smin{a—l,,B}. Then,  the
elements of order three in G is divided into two cases, with the given
presentation. For Case (i), where & = 3, the elements are described as
“Uci<a, » =258, o

i=1,4,7) = 2, wherea>3,8>3. For Case (ii) wherea < 3, the

5(@2)
follows: a a

elements are described as follows: :’:13{@i 1<i<2, bwi”j,l <jL2,

2" 1<i<2,1< <2, where / #3" #4.

Proof:
Suppose a and b are elements of G. Since a* =1, thus |a| divides

3’ . Then, the elements are described as follows:

Case (i) / =" . Twoelements of G generated by the generator a! G

a-1) .
are in the form of a* ",1 <i<2, three elements of G generated by the

),i=2,5,8, and three
elements of G generated by the generator ab € G are in the form of

3 ib'o(” )

. (a2)} ) 56
generator abe G are in the form ofa’ 'b’

a ,i=1,4,7j= 2. Therefore, there are eight elements of
order three, where / #3" # 3.

Case(ii) / <" . Two elements of G generated by the generator a! G

. (") ,
are in the form ofa® ', #i#2, two elements of G generated by the

(f-1) ¢ .
generator b€ G are in the form of b*" 1,1< j<2, and four elements

of G generated by the generator ab! G are in the form of

a1|b3

order three, where a 23, 5 > 4. The proof then follows.

J,1<i<2,1< j<2. Therefore, there are eight elements of

Next, the size of the set of metacyclic 3-groups of Type 2 is found.

Lemma S Let G be a metacyclic 3-group of Type 2, namely
G;(a,b:aSa =1,b3ﬁ =a"H,[b,a]=

3&!75
a’ ), where a,f,5,6€ , and

Q={(x,y)eGxG:lem(|x|,| y]) =3,xy =yx,x¢y}\{(x,y)}. Then,

the order of Q, Q‘ =36.
Proof:
Suppose  x,yeG and Q={(x,y)eGxG:lem(x|,|y|)=3,

xy=yx,x#y, if (x,y)€Q then (y,x)2Q}. By Lemma 4, the
elements of order three in G is divided into two cases.

Case (i). a=p. Considering (x,y)€Q such that |x|e {l,3} and
| y|e {1,3}, there are 3 cases: (ia)| x|=1,| y =3, (ib)| x|=3,| y |=1, (ic)
|x|=/¥|=3. Since (y,x) € Q, only one case is considered from (ia)
and (ib). Next, since identity element commutes with all g € G, there
(x,y)€Q  described as follows:

are eight ordered pairs

(L"), 1<i<2, (LB, 122,58, i=1,4,7, /=2

A,a* b7y, i=1,4,7,j =2} where a>3,>3. Next, consider
case (ic), it is found that 8x8 =064 pairs commute. However, since
x#yand(y,x)2Q, 4 pairs of (x,x) and (»,y), and 32 pairs of
(¥,x) were excluded. Thus, there are 28 pairs left, described as follows:
e i () 3“"

3l 30D

3(a) 3(a1)
{(@ "), (a ), (@ D, (@ dt b,
(a-1) 31(1 1) 3‘ﬂ 1 a 1) 3(01 \)2 3ﬁ 1)
(@ b7 ), (@ b™ ),

(a-1) (c-1) = (a-1)y (1) (a-1) (5-1) 3la) ( 1) 48D
(aS (13 2b3 2)’ (a3 3 ) ( 32 b3 ) ( 2 b3 )’
(a3(a 1)y 31(1 Hb34ﬂ 1)y ) ( 3= |)2 31(1 1i2b3(ﬂ n) (a3(a 1y 3(:1 1)2b31ﬁ |)2)’

(5-1) 31,5 )y 306D 3la 1) 306D 36D gy 38y
@’ ); (b b= ), 0" a b7,

(b_ﬂ,(/Hiz a}(ﬂfhb:;‘/f*‘) ) (b:;(/i*l)z’a}(ﬂfl)byﬂ*l\z)’ (b:;(/i*l)z a}(ﬂf*l)2b3‘/”*1) )’
(b3(/5 nz 3 2b3</3 1)2) ( b3 (5) m 1)b3lﬁ "2)’

3((1 1) 3/! 1) 3(171)2 3(/77]) 3({171) 3(/1*1} 3((1*1)2 3(/)‘71)2
(@ b ,a b ), (@ b ,a b )

3(0(71)2 3(/371) 3(1171)2 3(/3*1) (071)2 (f-1)
(@ v d ), (@

aDy, 38D glaby, 308Dy
(@ b ,a b

>

3@y, 3By
a b )

>

)}, where a >3,8>3. Therefore, a total of
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8+ 28 =36 ordered pairs of Q is found. From then, it follows that
Q| =36.

Case (ii). a <. Considering (x,»)€Q, such that |x|e{,3} and
| y|e{1,3}, there are 3 cases: (iia)| x|=1,| ¥ |=3, (iib) |X| =3,|y| =1,
(iic)| x| y|=3 . Since (x, y) = (¥,x) , only one case is considered from
(iia) and (iib). Since identity element commutes with allg! G, there
(x
{La"™)1$1$2,0b" )18 }$ 2,0* "b* " ) Bis 288
. Next, consider case (iic), it is found that 8! 8= 64 pairs commute.
then (y, x)!"

are eight ordered pairs described as follows:

However, since X! y and if (X, y)!" , 4 pairs of

(x,X) and (Y, y) , and 32 pairs of (Y, X) were excluded. Thus, there are

28 pairs left, described as follows:
{( ag(./m), aa( :41)2), (aé( w1), bé ::1)), (a/j M), bé t:1)2), (/aétu) ,/aéwlr béu)),
(a?’(/#l) ’ a3( #1) bé #1)2), (aé #1) , éé a1)2b3 »1))’ (/aé #1) ,/aé#l)“zbéu) 2)’
(a3(r#1)2 bs( #1)) (aE( ) bé #1) 2) (afé #1) Jaé:m) ”béttl)) (raéﬂ) 2! aé# 1 bgw 1) 3
3(! ”1)2 3(/#1)2 é’ #1) é #1) 2 /é #1) 2 é #1) 3{/"1) 3(’ " 1)2
@ % a )@ La b ), 0> ,b" ),
(ba(m) ,a3(' #1) bj #1) )7 (bs(./ #) , asc' #1) b3( ”1)2)' (b3(/ #) ,a3(' #1)2b§ #1) )l
(bgﬂ’” , a@“’l)zbéﬁ’l)Z), (bS‘ﬂ"’Z’aS"””bS‘ﬁ"’ )’ (bg/“l)Z, af #) bé #) 2),
(b3(./ #1)2, asc' #1)2b5 #1) ), (b3(!#1)2, asc' w1)2b§ w1)2)' (a3u#1) b3( #1) , as( #1) b3( #1) 2),
(a3(/#1) b3( #) aé #1)2b§ #1)) (a3(f#1) bs,c #1) aé #1)2b§ #1)2)
(a3(!#1)2b3(‘ #1) ’ ag #1)2b5 #1) )' (a3(!w1)2b3(‘ #1) , ag #1)2b§ #1) 2)'
(as(,#l)zbacr #1), a1 2)}, where / #3" # 4. Therefore, a total of

8+28=36 ordered pairs of !
' £ 36.

is found. From then, it follows that

Next, the number of orbits, K (! ) of metacyclic 3-groups of Type

2 is given in the following lemma. This result will later be used in
proving Theorem 5.

Lemma 6 Let G be a metacyclic 3-group of Type 2, namely
G&'ab:& =16 =d" [hd= 3
= {(xy & Glem( X v) 3% yex WX} 16

by conjugation, then the number of orbits in the set ! ,

and

acts on !

_ #14, when / ="
K= % hen 7 <-

Proof:

If G acts on ! by conjugation, then there exists a function
7:G"#$#  such that /g(" ):g g", $%,9$ G By Lemma 5,
['9 36, and the orbit is written by cl(/) = cl

xY)={d x ¥y dg*: d G Thus, the orbits under conjugation action
of G on ! is divided into two cases: Case (i), / =" # ¥ and
Case (ii), / <" # % .

Case (i). The orbits of Case (i) is described as follows: Consider
(X,¥)! G G. There are three orbits of size one, in the form of

{wa "y (@a™y, i=2, anaf(a®" @M},

1

i=1

>
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i=1j =2where/ #3,” # 3, and there are 11 orbits of size three, in
the form of {1,a 0 ")}i=258j=1 i=147j=2,
(a7 a1 "™, i=1, j=258k=1, {(a " a"p ™),
i=1j=147k =2, {7, a7 0"™), i=2j=258=1,
(@7 a7, i=2, j=1,4,7k = 2)

{(a3(rwz)ib3(" ) j ’ () bﬂ ””m)’
1H2); o #1) #2), A #1)
(a3( Ib3( J’a§ kb§ m),

(a3(’ #Z)i b3( #1)1- , aé #Z)k b3( #l)m)'

i=2,j=1k=5m=1,

i=5j=1k =8m=1
i=8,j =1k = 2, m=1,
(a7 & e ), i=2,j=1k =8m=2
@ a8 Ty i=5, j=1k=Tm=2,@ """ @
b*™i & Pkt M), i=5,j=1k=7m=2,@ '8 " & "*
b* '™,i=2,j=1k =5m= 2}, (@™ & k),
i=2,j=1k =4am=2, (@ 0" & "M,
k=tm=2,@"""6",d 8", =8, j= 1k= 7,m= 2
(27" & ), i=2, j=1k=7,m=2 @,
a®? ™) i=5,j=1k = 4m=2,& "0’ &™)
(a7 & M), =1, =1,
k=4, m=2, (@ 0", &™), i=7 j=2 k=1 m=2,

@& ™), i=4,j=2k=Tm= 2, where /"3,
"3,

Case (ii). The orbit of Case (ii) can be described as follows: Consider

i=5=1,

i=8,j =1k =1m = 2},

(X, ¥)! G G, and all elements of order three, namely as(”l)i A#i1# 2,
b1 j#2, @@ I 1$i1$2,18 S 2 where/ #3" #4,

are in Z(G), thus commute with all g! G. Thus, the orbits of / are
equal to themselves, ie. cl (X, ¥)={(% Y} '( X V'#
there are 36 orbits of /
K( F 36 when/ <" # % .

. Therefore,

of size one. From this it follows that

THE CONJUGATION DEGREE OF METACYCLIC 3-GROUPS

Based on the six lemmas given, the conjugation degree on a set of
metacyclic 3-groups of Type 1 and Type 2 are computed, presented in
the following two theorems.

The following theorem gives the conjugation degree on a set for
metacyclic 3-group of Type 1.

Theorem 4 Let G be a metacyclic 3-group of Type 1, namely
G%&bd ¥ 2[bhd =4 wher
IVAS A A 9 omif "8},
1= {(xy & Gloem( Xy 3® vex WX} 1 G

acts on !

and

by conjugation, then the conjugation degree on the set !

A when / ="
is given by P, (%) =§18' '
$1, when /7 >"

Proof.
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By Lemma 2, |Q|=36. Next, using Lemma 3, the number of orbits,
K(Q)=14, when f=0J, and K(Q2) =36, when f>J . Thus, using

Theorem 3, the conjugation degree on the set Q,
K©Q) 14 7 36
P.(Q) = =—=", whenf =6, and P.(Q)==—=1, when
o(€) Q| 36 18 g o) 36
p>0.

Theorem 5 gives the conjugation degree on a set for metacyclic 3-group
of Type 2.

Theorem 5 Let G be a metacyclic 3-group of Type 2, namely
G=(ab :d" = l,bsﬁ =a"", [b,a]=a3w)

and

Q:{(x,y)erG:lcm(|x\,|y|):3,xy:yx,x;ty}\{(x,y)}. If G

acts on Q by conjugation, then the conjugation degree on the set Q

7
is given by P,(Q) =118’ when =4,

I, when a<p.
Proof:
By Lemma 5,

Q‘ =36. Next, using Lemma 6, the number of orbits,

K(Q)=14 ,whena = f,and K(Q)=36,whena < >0 > ¢ . Thus,

using Theorem 3, the conjugation degree on the set Q

>

KQ) 14 7

P.(Q)= =—=—whena =/ and P.(Q)=1 whena = .
+(€2) Q| 36 18 B w () B
CONCLUSION

In this paper, the conjugation degree on a set is found for metacyclic
3-groups of Type 1 and Type 2. The result shows that the conjugation

. 7 .
degree on a set for both groups are either 3 or 1, depending on the

parameters &, B.7,U. It was also found that the conjugation degree on

a set for both groups depend on the size of the orbits and the size of the
set Q.
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