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Topological Indices

Topological Indices

A topological index is a numerical value that can be calculated from 2D
graph which represents a molecule.

The information contained in a graph is converted into numerical
characteristics in order to link the molecular topology to any molecular
property.

Chemist uses topological indices because it is simpler since it only takes
account the degree of vertices and the distance between them.

Many types of topological indices have been developed by many researchers.
For example, Wiener index, Zagreb index, Szeged index, and Harary index.
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Wiener Index

In 1947, Wiener has introduced the Wiener index and computed the Wiener
index of some types of alkanes.

Its formula has been modified by Hosoya(1971) since Wiener does not take
account the ring molecule.

Definition 1

Let Γ be a connected graph with a vertex set V (Γ) = {1, 2, . . . ,m}. The Wiener
index of Γ, denoted by W (Γ), is defined as half of the sum of the distances
between every pair of vertices of Γ, written as

W (Γ) =
1

2

m∑

i=1

m∑

j=1

d(i, j),

where d(i, j) is the distance between vertices i and j.
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Example 1

Let Γ be a simple connected graph which has vertices, V (Γ) = {1, 2, 3, 4} and edges
E(Γ) = {e1, e2, e3, e4, e5} as shown in Figure 1.

Figure 1: A simple connected graph
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Example 1 (Cont.)

Then, the Wiener index of Γ,

W (Γ) =
1

2

4∑

i=1

4∑

j=1

d(i , j)

=
1

2

4∑

i=1

[d(i ,1) + d(i ,2) + d(i ,3) + d(i ,4))]

=
1

2
[(d(1,1) + d(1, 2) + d(1,3) + d(1, 4)) + (d(2,1) + d(2, 2) + d(2, 3) + d(2,4))

+ (d(3, 1) + d(3,2) + d(3, 3) + d(3,4)) + (d(4, 1) + d(4, 2) + d(4,3) + d(4, 4))

=
1

2
[(0 + 1 + 1 + 1) + (1 + 0 + 1 + 2) + (1 + 1 + 0 + 1) + (1 + 2 + 1 + 0)

= 7.
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Zagreb Index

The Zagreb index has been developed by Gutman and Trinajstić(1972) where
the calculation is based on the degree of the vertices in a graph.

Definition 2

Let Γ be a connected graph with a vertex set V (Γ) = {1, 2, . . . , n}. The first
Zagreb index, M1(Γ), is defined as the sum of square of the degree of each vertex
in Γ while the second Zagreb index, M2(Γ) is defined as the sum of the product of
the degree of two vertices for each edge, respectively, written as

M1(Γ) =
∑

v∈v(Γ)

(deg(v))2

and
M2(Γ) =

∑

{u,v}∈E(Γ)

deg(u)deg(v).
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Example 2

Let Γ be a simple connected graph which has four vertices and five edges as
shown in Figure 1. Then, the first Zagreb index of Γ,

M1(Γ) =

4∑

i=1

(deg(i))2

= (deg(1))2 + (deg(2))2 + (deg(3))2 + (deg(4))2

= 32 + 22 + 32 + 22

= 26,

and the second Zagreb index of Γ,

M2(Γ) =
∑

{u,v}∈E(Γ)

deg(u)deg(v)

= deg(1)deg(2) + deg(2)deg(3) + deg(1)deg(4) + deg(3)deg(4)+

deg(1)deg(3)

= (3)(2) + (2)(3) + (3)(2) + (3)(2) + (3)(3)

= 33.
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Szeged Index

Gutman and Dobrynin(1998) defined the Szeged index, as stated in the
following.

Definition 3

Let Γ be a connected graph with vertex set V (Γ) = {1, 2, . . . , n}. The Szeged
index, Sz(Γ) is given as in the following :

Sz(Γ) =
∑

e∈E(Γ)

n1(e|Γ)n2(e|Γ),

where the summation embraces all edges of Γ,

n1(e|Γ) = |{v|v ∈ V (Γ), d(v, x|Γ) < d(v, y|Γ)}|

and
n2(e|Γ) = |{v|v ∈ V (Γ), d(v, y|Γ) < d(v, x|Γ)}|

which means that n1(e|Γ) counts the vertices of Γ lying closer to one endpoint x

of the edge e than to its other endpoint y while n2(e|Γ) is vice versa.

Nor Haniza Sarmin (UTM) 6BIGTC 4 March 2021 9 / 52



10/52

Example 3

Let Γ be a simple connected graph which has four vertices and five edges as
shown in Figure 1. Note that N1(ei |Γ) is the vertices of Γ lying closer to one
endpoint x of the edge ei than to its other endpoint y while N2(ei |Γ) is vice
versa. First, N1(ei|Γ) and N2(ei|Γ) are calculated for all i.
For e1 = {1, 2},

N1(e1|Γ) = {x ∈ V (Γ) : d(x, 1) < d(x, 2)}, n1(e1|Γ) = 2,

= {1, 4},

N2(e1|Γ) = {y ∈ V (Γ) : d(y, 1) > d(y, 2)}, n2(e1|Γ) = 1.

= {2},

For e2 = {2, 3},

N1(e2|Γ) = {x ∈ V (Γ) : d(x, 2) < d(x, 3)}, n1(e2|Γ) = 1,

= {2},

N2(e2|Γ) = {y ∈ V (Γ) : d(y, 2) > d(y, 3)}, n2(e2|Γ) = 2.

= {3, 4},
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Example 3(Cont.)

For e3 = {1, 4},

N1(e3|Γ) = {x ∈ V (Γ) : d(x, 1) < d(x, 4)}, n1(e3|Γ) = 2,

= {1, 2},

N2(e3|Γ) = {y ∈ V (Γ) : d(y, 1) > d(y, 4)}, n2(e3|Γ) = 1.

= {4},

For e4 = {3, 4},

N1(e4|Γ) = {x ∈ V (Γ) : d(x, 3) < d(x, 4)}, n1(e4|Γ) = 2,

= {2, 3},

N2(e4|Γ) = {y ∈ V (Γ) : d(y, 3) > d(y, 4)}, n2(e4|Γ) = 1.

= {4},
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Example 3(Cont.)

For e5 = {1, 3},

N1(e5|Γ) = {x ∈ V (Γ) : d(x, 1) < d(x, 3)}, n1(e5|Γ) = 1,

= {1},

N2(e5|Γ) = {y ∈ V (Γ) : d(y, 1) > d(y, 3)}, n2(e5|Γ) = 1.

= {3},

Hence,

Sz(Γ) =
5∑

i=1

n1(ei |Γ)n2(ei |Γ)

= n1(e1|Γ)n2(e1|Γ) + n1(e2|Γ)n2(e2|Γ) + n1(e3|Γ)n2(e3|Γ)+

n1(e4|Γ)n2(e4|Γ) + n1(e5|Γ)n2(e5|Γ)

= (2)(1) + (1)(2) + (2)(1) + (2)(1) + (1)(1)

= 9.
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Harary Index

Plavšić et al.(1993) introduced the Harary index which involves the reciprocal
distance matrix.

Definition 4

Let Γ be a connected graph with vertex set V = {1, 2, . . . , n}. The Harary index
is defined as a half-sum of the elements in the reciprocal distance matrix,
Dr = Dr (Γ), written as

H =
1

2

n∑

i=1

n∑

j=1

Dr(i, j),

where

Dr (i, j) =

{ 1
d(i,j) if i 6= j,

0 if i = j,

and d(i, j) is the shortest distance between vertex i and j.
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Example 4

Let Γ be a simple connected graph which has five vertices and six edges as shown in
Figure 1. The Harary index of Γ,

H (Γ) =
1

2

4∑

i=1

4∑

j=1

D
r (i , j)

=
1

2
[(Dr(1, 1) + D

r (1, 2) + D
r(1, 3) + D

r(1, 4))+

(Dr (2, 1) + D
r(2, 2) + D

r(2, 3) + D
r (2, 4))+

(Dr (3, 1) + D
r(3, 2) + D

r(3, 3) + D
r (3, 4))+

(Dr (4, 1) + D
r(4, 2) + D

r(4, 3) + D
r (4, 4))]

=
1

2

[(

0 +
1

d(1,2)
+

1

d(1, 3)
+

1

d(1,4)

)

+

(
1

d(2,1)
+ 0 +

1

d(2, 3)
+

1

d(2, 4)

)

+

(
1

d(3, 1)
+

1

d(3,2)
+ 0 +

1

d(3, 4)

)

+

(
1

d(4, 1)
+

1

d(4,2)
+

1

d(4, 3)
+ 0

)]

=
1

2

[(

0 +
1

1
+

1

1
+

1

1

)

+
(

1

1
+ 0 +

1

1
+

1

2

)

+

(
1

1
+

1

1
+ 0 +

1

1

)

+
(

1

1
+

1

2
+

1

1
+ 0
) ]

=
11

2
.

Nor Haniza Sarmin (UTM) 6BIGTC 4 March 2021 14 / 52



15/52

Group Theory

Dihedral groups

The dihedral group is a group that consists a set of elements which involves
rotations and reflections and is denoted as D2n with order of 2n. The group
presentation of the dihedral groups is as follows (1996) :

D2n = 〈a, b|an = b2 = 1, bab = a−1〉,

where n ∈ N.

Through out the presentation, the non-abelian dihedral groups are considered
in which n ≥ 3.
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Graph Theory

Non-commuting Graph (Abdollahi et al., 2006)

Let G be a finite group. The non-commuting graph of G, denoted as ΓNC
G , is the

graph with vertex set G − Z(G) and two distinct vertices x and y are joined by an
edge whenever xy 6= yx.
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Gutman and Das (2004)

Let Γ be a graph with n vertices and m edges, where the average value of the
vertex degree is 2m

n
. The average value of the vertex degree is denoted as p.

Then, the first Zagreb index is bounded from both below and above by
expressions depending solely on the parameters n and m:

2(2p + 1)m − p(p + 1)n ≤ M1 ≤ m

(
2m

n − 1
+ n − 2

)

.
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Muhuo and Bolian (2010)

Li and Zheng (2005) introduced the concept of first general Zagreb index Mα

1 (Γ):

M
α

1 (Γ) =
∑

v∈V

d(v)α.

Let T1 = K1,n−1,T2,T3, . . . ,T6 be the trees on n vertices as shown in the
following figure.

Suppose T ∈ Tn − {T1,T2, . . . ,T6}.

1 If α < 0 or α > 1, then

M
α

1 (T1) > M
α

1 (T2) > M
α

1 (T3) > max{Mα

1 (T4),Mα

1 (T6)} >M
α

1 (T)

2 If 0 < α < 1, then

M
α

1 (T1) <M
α

1 (T2) <M
α

1 (T3) < min{Mα

1 (T4),Mα

1 (T6)} < M
α

1 (T)
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Das et al. (2015)

Let Γ be a graph of order n, m edges with maximum degree 4. Then

M1(Γ) ≤ (n + 1)m −4(n −4) +
2(m −4)2

n − 2
.

Let Γ be a graph on n vertices with m edges, maximum degree 4, second
maximum degree 42, and maximum degree δ. Then,

M2(Γ) ≥ 2m2−(n−1)m4+
1

2
(4−1)

[

42 +
(2m −4)2

n − 1
+

2(n − 2)

(n − 1)2
(42 − δ)

2

]

with equality if and only if Γ is a regular graph.
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Motivation of Research

Many types of topological indices have been developed and widely used by
chemists to find the physico-chemical properties of the molecules.

Some types of topological indices have been generalized for the
non-commuting graph associated to a finite group, in terms of the properties
of the groups and graphs.

A graph of larger number of vertices and edges lead to difficulties in
computing its topological indices. Same goes to the larger and compact
molecules.

Therefore, the general formulas of the topological indices (Zagreb index - in
this presentation) of the non-commuting graph of some groups are
determined to simplify the computation.

The results can help chemists to save their time and cost in determining the
physico chemical properties of the molecules.
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Preliminaries

Proposition 1 (Samaila et al., 2013) Center

Let G be a dihedral group of order 2n, D2n where n ≥ 3, n ∈ N and Z(G) is the
center of G. Then,

Z(G) =

{
{1}, if n is odd,

{1, a
n
2 }, if n is even.

Proposition 2 (Samaila et al., 2013) Conjugacy classes

Let G be a dihedral group, D2n of order 2n. Then, the conjugacy classes of G are
as follows :

For odd n :
{1}, {a, a−1}, {a2, a−2}, . . . , {a

n−1
2 , a−

n−1
2 } and {aib : 0 ≤ i ≤ n − 1}.

For even n :
{1}, {a

n
2 }, {a, a−1}, {a2, a−2}, . . . , {a

n−2
2 , a−

n−2
2 }, {a2ib : 0 ≤ i ≤

n−2
2 } and
{a2i+1b : 0 ≤ i ≤ n−2

2 }.
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Lemma 1
Let G be a dihedral group, D2n of order 2n and the number of the conjugacy
classes of G is denoted by k(G). Then,

k(G) =

{ n+3
2 , if n is odd,

n+6
2 , if n is even.

Proof

From Proposition 2, for n is odd, there are n−1
2 conjugacy classes for ai , where

i = {1, 2, . . . , n−1
2 }. There is a conjugacy class of an identity and a conjugacy

class of aib, where i = {1, 2, . . . , n − 1}. Thus, the number of conjugacy classes
of D2n when n is odd:

k(D2n) =
n − 1

2
+ 1 + 1 =

n + 3

2
.
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Proof (Cont.)

For n is even, there are n−2
2

conjugacy classes for ai , where i = {1, 2, . . . , n−2
2
}.

There is a conjugacy class of an identity elements, a conjugacy class of a
n
2 , a

conjugacy class of a2ib, where 0 ≤ i ≤ n−2
2 , and a conjugacy class of a2i+1, where

0 ≤ i ≤ n−2
2 . Thus, the number of conjugacy classes of D2n when n is even:

k(D2n) =
n − 2

2
+ 1 + 1 + 1 + 1 =

n + 6

2
.

Therefore, the number of conjugacy classes of G,

k(G) =

{ n+3
2 , if n is odd,

n+6
2 , if n is even.

�
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Proposition 3 (Mirzargar and Ashrafi, 2012)

Let G be a finite group and ΓNC
G be the non-commuting graph of G. Then, the

first Zagreb index of the non-commuting graph of G,

M1(ΓNC
G ) = |G|2(|G|+ |Z(G)| − 2k(G)) −

∑

x∈G−Z(G)

|CG(x)|2.

Proposition 4 (Mirzargar and Ashrafi, 2012)

Let G be a finite group and ΓNC
G be the non-commuting graph. Then, the second

Zagreb index of the non-commuting graph of G,

M2(ΓNC
G ) = −|G|2|E(ΓNC

G )|+ |G|M1(ΓNC
G ) +

∑

x,y∈E(ΓNC
G

)

|CG(x)||CG(y)|.
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Proposition 5 (Abdollahi et al., 2006)

Let G be a finite group and ΓNC
G be the non-commuting graph of G. Then,

2|E(ΓNC
G )| = |G|2 − k(G)|G|,

where k(G) is the number of conjugacy classes of G.
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Proposition 6 (Mahmoud, 2018)

Let G be the dihedral groups of order 2n where n ≥ 3, n ∈ N and let ΓNC
G be the

non-commuting graph of G. Then,

ΓNC
G =







K1, 1, . . . , 1
︸ ︷︷ ︸

n times

,n−1, if n is odd,

K2, 2, . . . , 2
︸ ︷︷ ︸

n
2

times

,n−2, if n is even.

If n = 3, the non-commuting graph of D6 is K1,1,1,2. If n = 4, the
non-commuting graph of D8 is K2,2,2.

K1,1,1,2 K2,2,2
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The Zagreb Index of the Non-commuting
Graph of Dihedral Group
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The First Zagreb Index of the Non-commuting Graph of
Dihedral Group

Lemma 2

Let G be the dihedral group, D2n where n ≥ 3 and CG(x) is the centralizer of an
element x ∈ G. Then,

∑

x∈G−Z(G)

|CG(x)|2 =

{
n3 − n2 + 4n, if n is odd,

n3 − 2n2 + 16n, if n is even.
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Proof.

For n is odd, there are n elements that have |CG(x)| = 2 since aibj does not
commute with bjai where i = 0, 1, . . . , n − 1 and j = 0, 1. There are also n − 1
elements which have |CG(x)| = n since all ai commute each other where
i = 0, 1, . . . , n − 1 and |Z(G)| = 1. Then,

∑

x∈G−Z(G)

|CG(x)|2 = n3 − n2 + 4n.

For n is even, there are n elements that have |CG(x)| = 4 since it has two central
elements which lead to having four elements that commute with x. There are
n − 2 elements that have |CG(x)| = n since all ai commute among each other
where i = 0, 1, . . . , n − 1 and |Z(G)| = 2. Then,

∑

x∈G−Z(G)

|CG(x)|2 = n3 − 2n2 + 16n.

Therefore,

∑

x∈G−Z(G)

|CG(x)|2 =

{
n3 − n2 + 4n, if n is odd,

n3 − 2n2 + 16n, if n is even.

�
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Theorem 1

Let G be the dihedral groups, D2n where n ≥ 3, n ∈ N. Then, the first Zagreb
index of the non-commuting graph of G is stated as follows :

M1(ΓNC
G ) =

{
n(5n − 4)(n − 1), if n is odd,

n(5n − 8)(n − 2), if n is even.
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Proof
By Proposition 1, Proposition 2, Lemma 1 and Lemma 2, the first Zagreb index of
the non-commuting graph for D2n is as follows :
For n is odd,

M1(ΓNC
G ) = |G|2 (|G|+ |Z(G)| − 2k(G))−

∑

x∈G−Z(G)

|CG(x)|2

= 4n2

[

2n + 1− 2

(
n + 3

2

)]

− 22n + n2(n − 1)

= n (5n − 4) (n − 1) .
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Proof (Cont.)

For n is even,

M1(ΓNC
G ) = |G|2 (|G|+ |Z(G)| − 2k(G))−

∑

x∈G−Z(G)

|CG(x)|2

= 4n2

[

2n + 1− 2

(
n + 6

2

)]

− 42n + n2(n − 2)

= n (5n − 8) (n − 2) .

Therefore, the first Zagreb index of the non-commuting graph for D2n, where
n ≥ 3,

M1(ΓNC
G ) =

{
n(5n − 4)(n − 1), if n is odd,

n(5n − 8)(n − 2), if n is even.

�
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The Second Zagreb Index of the Non-commuting Graph of
Dihedral Group

Lemma 3

Let G be the dihedral group, D2n where n ≥ 3 and CG(x) is the centralizer of an
element x ∈ G. Then,

∑

x,y∈E(ΓG)

|CG(x)||CG(y)| =

{
2n(n2 − 1), if n is odd,

4n(n2 − 4), if n is even.
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Proof
By definition of the non-commuting graph, the vertices in the non-commuting
graph of the dihedral group are connected by an edge if and only if aibj 6= bjai

where i = 0, 1, . . . , n − 1 and j = 0, 1.
For n is odd, two vertices x and y which have |CG(x)| = 2 and |CG(y)| = n

where there are n(n − 1) edges connecting them while another
|E(ΓG)| − n(n − 2) edges connect two distinct vertices x and y which have
|CG(x)| = |CG(y)| = 2. Then,

∑

x,y∈E(ΓG)

|CG(x)||CG(y)| = n(n − 1)(2)(n) + [|E(ΓG)| − n(n − 1)] (2)(2)

= n(n − 1)(2)(n) +

[
|G|2 − k(G)|G|

2
− n(n − 1)

]

(2)(2)

= n(n − 1)(2)(n) +

[

4n2 −
n + 3

2
(2n) − 2n(n − 1)

]

(2)

= 2n(n2 − 1).

For n is even, there are n(n − 2) edges which connect two vertices x and y that
have |CG(x)| = 4 and |CG(y)| = n while the rest of edges connect two distinct
vertices that have |CG(x)| = |CG(y)| = 4. Then,

∑

C (x) C (y) = n(n 2)(4)(n) + [ E(Γ ) n(n 2)] (4)(4)
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Theorem 2

Let G be the dihedral groups, D2n where n ≥ 3, n ∈ N. Then, the second Zagreb
index of the non-commuting graph of G is stated as follows :

M2(ΓNC
G ) =

{
2n(2n − 1)(n − 1)2, if n is odd,

4n(n − 1)(n − 2)2, if n is even.
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Proof
By Proposition 1, Proposition 4, Proposition 5, Lemma 1 and Lemma 3, the
second Zagreb index of the non-commuting graph for D2n is as follows :
For n is odd,

M2(ΓNC
G ) = −|G|2|E

(
ΓNC

G

)
|+ |G|M1

(
ΓNC

G

)
+

∑

x,y∈E(ΓNC
G

)

|CG(x)||CG(y)|

= −2n2

[

4n2 −
n + 3

2
(2n)

]

+ 2n2(5n − 4)(n − 1)+

2n2(n − 1) + 2n(n − 1)

= 2n(n − 1)2(2n − 1).
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Proof (Cont.)

For n is even,

M2(ΓNC
G ) = −|G|2|E

(
ΓNC

G

)
|+ |G|M1

(
ΓNC

G

)
+

∑

x,y∈E(ΓNC
G

)

|CG(x)||CG(y)|

= −2n2

[

4n2 −
n + 6

2
(2n)

]

+ 2n2(5n − 8)(n − 2) + 4n2(n − 2)+

8n(n − 2)

= 4n(n − 2)2(n − 1).

Therefore, the second Zagreb index of the non-commuting graph for D2n, where
n ≥ 3,

M2(ΓNC
G ) =

{
2n(n − 1)2(2n − 1), if n is odd,

4n(n − 2)2(n − 1), if n is even.

�
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The Zagreb Index of the Non-commuting
Graph of G ×D2n
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The Non-commuting Graph of G × D2n

Lemma 1

Let ΓNC
G×D2n

be the non-commuting graph of the direct products of an abelian
group, G, and the dihedral groups, D2n, which is denoted as G × D2n. Then,

ΓNC
G×D2n

=







K|G|, |G|, . . . , |G|
︸ ︷︷ ︸

n times

,(n−1)|G|, if n is odd,

K2|G|, 2|G|, . . . , 2|G|
︸ ︷︷ ︸

n
2

times

,(n−2)|G|, if n is even.
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Proof
The vertices of the non-commuting graph for G × D2n is,

V
(
ΓNC

G×D2n

)
= (G × D2n) \Z (G ×D2n)

= (G × D2n) \ (G × Z(D2n)) .

By Proposition 6, there are two cases of the non-commuting graph of dihedral groups,
which are n is odd and n is even. By Proposition 1, there is a center of D2n when n is
odd and two centers of D2n when n is even.
For n is odd, there are |G| × (n − 1) elements that do not commute to each other and
there are n sets of |G| elements which do not commute to each other. Then,

K|G|, |G|, . . . , |G|
︸ ︷︷ ︸

n times

,(n−1)|G| .

For n is even, there are |G| × (n − 2) elements that do not commute to each other and
there n

2
sets of 2|G| elements that do not commute to each other. Then,

K2|G|, 2|G|, . . . , 2|G|
︸ ︷︷ ︸

n
2

times

,(n−2)|G| .
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Proof (Cont.)

Therefore,

ΓNC
G×D2n

=







K|G|, |G|, . . . , |G|
︸ ︷︷ ︸

n times

,(n−1)|G|, if n is odd,

K2|G|, 2|G|, . . . , 2|G|
︸ ︷︷ ︸

n
2

times

,(n−2)|G| , if n is even.

�
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The First Zagreb Index of the Non-commuting Graph of
G × D2n

Theorem 3
Let G × D2n be the direct product of an abelian group with dihedral groups.
Then, the first Zagreb index of the non-commuting graph for G ×D2n ,

M1

(
ΓNC

G×D2n

)
= |G|3M1

(
ΓNC

D2n

)
.
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Proof.
Let X be the elements in G and Y be the elements in D2n . Then, X = {x1, x2, . . . , xm}, where m is the
total number of elements in X and Y = {y1, y2, . . . , yn}, where n is the total number of vertices in Y .
For G ×D2n , where G is abelian, based on the definition of Zagreb index,

M1

(
ΓNC

G×D2n

)
=

∑

(x,y)∈V (ΓNC
G×D2n

)

deg2(x, y)

= deg
2
(x1, y1) + deg

2
(x1, y2) + . . .+ deg

2
(x1, yn)+

deg
2
(x2, y1) + deg

2
(x2, y1) + . . .+ deg

2
(x2, yn)+

. . .+ deg2(xm , y1) + deg2(xm, y2) + . . . + deg2(xm, yn)

=

[

|G|deg
ΓNC

D2n

(y1)

]2
+

[

|G|deg
ΓNC

D2n

(y2)

]2

+ . . . +

[

|G|deg
ΓNC

D2n

(yn)

]2

+

. . .+

[

|G|deg
ΓNC

D2n

(y1)

]2

+

[

|G|deg
ΓNC

D2n

(y2)

]2

+ . . .+

[

|G|deg
ΓNC

D2n

(yn)

]2

= |G|
2

n∑

i=1

deg
2

ΓNC
D2n

(yi) + |G|
2

n∑

i=1

deg
2

ΓNC
D2n

(yi) + . . .+ |G|
2

n∑

i=1

deg
2

ΓNC
D2n

(yi)

=
[
|G|

2
+ |G|

2
+ . . . |G|

2
]
|G|

2

n∑

i=1

deg
2

ΓNC
D2n

(yi)

= m|G|2
n∑

i=1

deg2

ΓNC
D2n

(yi) = |G|3M1(ΓNC
D2n

).
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The Second Zagreb Index of the Non-commuting Graph of
G × D2n

Theorem 4
Let G × D2n be the direct product of an abelian group with dihedral groups.
Then, the second Zagreb index of the non-commuting graph for G ×D2n ,

M2

(
ΓNC

G×D2n

)
= |G|4M2

(
ΓNC

D2n

)
.
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Proof.
Let X be the elements in G and Y be the elements in D2n. X = {x1, x2, . . . , xm}, where
m is the total number of elements in X and Y = {y1, y2, . . . , yn}, where n is the total
number of vertices in Y .
For G ×D2n , where G is abelian, based on definition of Zagreb index,

M2

(
ΓNC

G×D2n

)
=

∑

((xi,yj ),(xk,yl ))∈E(ΓNC
G×D2n

)

deg(xi, yj)deg(xk , yl)

= deg(x1, y1)deg(x1, y1) + deg(x1, y1)deg(x1, y2) + . . .

+ deg(x1, y1)deg(x1, yn) + deg(x1, y2)deg(x1, y2)+

deg(x1, y2)deg(x1, y3) + . . .+ deg(x1, y2)deg(x1, yn) + . . .+

deg(x1, y1)deg(x1, yn) + . . .+ deg(x2, y1)deg(x2, y1)+

deg(x2, y1)deg(x2, y2) + . . .+ deg(x2, y1)deg(x2, yn)+

deg(x2, y2)deg(x2, y2) + deg(x2, y2)deg(x2, y3) + . . .+

deg(x2, y2)deg(x2, yn) + . . .+ deg(x2, yn)deg(x2, yn) + . . .+

deg(xm, y1)deg(xm, y1) + deg(xm, y1)deg(xm, y2) + . . .+

deg(xm, y1)deg(xm, yn) + deg(xm, y2)deg(xm, y2)+

deg(xm, y2)deg(xm, y3) + . . .+ deg(xm, yn)deg(xm, yn)
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Proof (Cont.)

= |G|degΓNC
D2n

(y1)|G|degΓNC
D2n

(y1) + |G|degΓNC
D2n

(y1)|G|degΓNC
D2n

(y2) + . . .

+ |G|degΓNC
D2n

(y1)|G|degΓNC
D2n

(yn) + |G|degΓNC
D2n

(y2)|G|degΓNC
D2n

(y2)+

|G|degΓNC
D2n

(y2)|G|degΓNC
D2n

(y3) + . . .+ |G|degΓNC
D2n

(y2)|G|degΓNC
D2n

(yn)+

. . .+ |G|degΓNC
D2n

(yn)|G|degΓNC
D2n

(yn) + . . .+

|G|degΓNC
D2n

(y1)|G|degΓNC
D2n

(y1) + |G|degΓNC
D2n

(y1)|G|degΓNC
D2n

(y2) + . . .

+ |G|degΓNC
D2n

(y1)|G|degΓNC
D2n

(yn) + |G|degΓNC
D2n

(y2)|G|degΓNC
D2n

(y2)+

|G|degΓNC
D2n

(y2)|G|degΓNC
D2n

(y3) + . . .+ |G|degΓNC
D2n

(y2)|G|degΓNC
D2n

(yn)+

. . .+ |G|degΓNC
D2n

(yn)|G|degΓNC
D2n

(yn)

=
∑

(yi ,yl )∈E(ΓNC
D2n

)

deg(yi)deg(yj)
[
|G|2 + |G|2 + . . . + |G|2

]
×m

= m ×m × |G|2
∑

(yi ,yl )∈E(ΓNC
D2n

)

deg(yi)deg(yj)

= |G|4M2

(
ΓNC

G×D2n

)
.
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Conclusion

The general formulas of the first and second Zagreb indices of the
non-commuting graph associated to the dihedral groups are found, in terms
of n.

The general formulas of the first and second Zagreb indices of the
non-commuting graph associated to the larger group which is direct product
of an abelian group G and the dihedral groups,D2n are determined.
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Suggestions for Future Research

The research can be extended in finding the other types of topological indices
i.e. Degree-distance index and Randić index.

The direct product of arbitrary number of dihedral groups,
Dn1 ×Dn2 × . . .× Dnm

can be considered.

The upper and lower bound of the topological indices can be determined.
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Thank you
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