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Topological Indices

Topological Indices

@ A topological index is a numerical value that can be calculated from 2D
graph which represents a molecule.

@ The information contained in a graph is converted into numerical
characteristics in order to link the molecular topology to any molecular
property.

@ Chemist uses topological indices because it is simpler since it only takes
account the degree of vertices and the distance between them.

@ Many types of topological indices have been developed by many researchers.
For example, Wiener index, Zagreb index, Szeged index, and Harary index.
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Wiener Index

@ In 1947, Wiener has introduced the Wiener index and computed the Wiener
index of some types of alkanes.

@ Its formula has been modified by Hosoya(1971) since Wiener does not take
account the ring molecule.

Definition 1

Let T be a connected graph with a vertex set V(I') = {1,2,..., m}. The Wiener
index of T', denoted by W(T'), is defined as half of the sum of the distances
between every pair of vertices of I', written as

;zz (3,4),

where d(i, 7) is the distance between vertices ¢ and j.
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Example 1

Let ' be a simple connected graph which has vertices, V(I") = {1, 2,3,4} and edges
E(T) = {eu, €2, €3, €4, e5} as shown in Figure 1.

Figure 1: A simple connected graph
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Example 1 (Cont.)
Then, the Wiener index of T,

W) =535 diirg)

= %Z[d(i, 1) + d(i,2) + d(i,3) + d(i,4))]
= ~[(d(1,1) + d(1,2) + d(1,3) + d(1,4)) + (d(2,1) + d(2,2) + d(2,3) + d(2,4))
(d(3,1) + d(3,2) + d(3,3) + d(3,4)) + (d(4,1) + d(4,2) + d(4,3) + d(4,4))

[(0+14+1+1)+(1+0+1+2)+(1+14+0+1)+(1+2+1+0)

I Y
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Zagreb Index

@ The Zagreb index has been developed by Gutman and Trinajsti¢(1972) where
the calculation is based on the degree of the vertices in a graph.

Definition 2

Let T be a connected graph with a vertex set V(I') = {1,2,...,n}. The first
Zagreb index, M;(T'), is defined as the sum of square of the degree of each vertex
in T while the second Zagreb index, M (T') is defined as the sum of the product of
the degree of two vertices for each edge, respectively, written as

M(T) = ) (deg(v))?

veu(T')

and

M) = ) deg(u)deg(v).

{u,v}€E(T)
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Example 2

Let ' be a simple connected graph which has four vertices and five edges as
shown in Figure 1. Then, the first Zagreb index of T,

M~

Mi(T) = ) _(deg(d))?

deg(1))* + (deg(2))” + (deg(3))* + (deg(4))*
2 _|_22 _|_32 _|_22
65

.
Il

—

N W

and the second Zagreb index of T,

My(T)= ) deg(u)deg(v)
{u,v}€E(T)

= deg(1)deg(2) + deg(2)deg(3) + deg(1)deg(4) + deg(3)deg(4)+
deg(1)deg(3)

=3)2)+2)B)+B)2)+(3)(2) +(3)3)

= 33.
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Szeged Index

@ Gutman and Dobrynin(1998) defined the Szeged index, as stated in the
following.

Definition 3

Let T' be a connected graph with vertex set V(I') = {1,2,...,n}. The Szeged
index, Sz(I") is given as in the following :

S2(T) = Y m(eD)ma(elD),

eeE(T")
where the summation embraces all edges of T',
m(e]l') = [{v]v € V(I'), d(v, 2|l") < d(v, y[I')}|

and
nz(ell') = [{v|v € V(I'), d(v, y|I') < d(v, z|T)}|

which means that n;(¢e|T") counts the vertices of I" lying closer to one endpoint z
of the edge e than to its other endpoint y while ng(e|T") is vice versa.
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Example 3

Let ' be a simple connected graph which has four vertices and five edges as
shown in Figure 1. Note that N;(e;|T") is the vertices of I" lying closer to one
endpoint z of the edge e; than to its other endpoint y while Ny(e;|T") is vice
versa. First, Ni(e;|I") and Na(e;|T') are calculated for all 4.

For e1 = {1, 2},

N (eT) ={z e V(T):d(z,1) <d(z,2)}, m(eall')=2,

= {1,4},

Nao(ea|l') ={y € V() - d(y,1) > d(y,2)},  ma(a|l) =1.
=1{2},

For e2 = {2, 3},

Ni(eT) ={z € V() :d(z,2) < d(z,3)}, m(el)=1,
— {2},

Ny(eoT) ={y € V(') : d(y,2) > d(y,3)}, mna(e2l’) =2.
= {3,4},
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Example 3(Cont.)

For es = {1,4},
N1(63|F) = {ZL’ S V(F) 3 d(l’, 1) < d(l’, 4)}, n1(63|F) = 2
= {1a2}a
Na(esl') ={y € V(L) : d(y,1) > d(y,4)}, ma(es|l) = 1.
= {4},
For e, = {3,4},
Ni(es)T) ={z € V() :d(z,3) < d(z,4)}, m(esT) =2,
= {2a3}a
Na(eal') ={y € V(L) : d(y,3) > d(y,4)}, ma(ea|l') = 1.
= {4},
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Example 3(Cont.)

For es = {1, 3},
Ni(es|T) ={z € V() :d(z,1) < d(z,3)}, m(e|l) =1,
={1},
Na(es|l) ={y € V(L) : d(y,1) > d(y,3)}, ma(es|[) = 1.
= {3},

Hence,

5
an ;| Tna(e;|T)
=il

=m (e1|T)n2(e1|T) + n1(ea|T)na(e2|T) + ny(es|T)na(es|T)+
1 (ea|T)n2(ea|T') + nu(es D) na(es|T)
:( )(1) + (1)(2) + (2)(1) + (2)(1) + (1)(1)
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Harary Index

o Plavsié¢ et al.(1993) introduced the Harary index which involves the reciprocal
distance matrix.

Definition 4

Let T be a connected graph with vertex set V = {1,2,...,n}. The Harary index
is defined as a half-sum of the elements in the reciprocal distance matrix,
D" = D™(T"), written as

n n

H=33"3" D))

i=1 j=1

where

oo oy if i# 7,
D(Z’j)_{ d(SJ) if §=j

and d(i, ) is the shortest distance between vertex ¢ and j.
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Example 4

Let I' be a simple connected graph which has five vertices and six edges as shown in
Figure 1. The Harary index of I,

HID)= 335 D'(0d)

i=1 j=1

[(D"(1,1) + D"(1,2) + D"(1,3) + D"(1,4))+
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Group Theory

Dihedral groups

The dihedral group is a group that consists a set of elements which involves
rotations and reflections and is denoted as D,,, with order of 2n. The group
presentation of the dihedral groups is as follows (1996) :

Doy, = (a,bla"™ = b*> =1, bab = a™ '),

where n € N.

@ Through out the presentation, the non-abelian dihedral groups are considered
in which n > 3.
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Graph Theory

Non-commuting Graph (Abdollahi et al., 2006)

Let G be a finite group. The non-commuting graph of G, denoted as I'NC is the
graph with vertex set G — Z(G) and two distinct vertices = and y are joined by an
edge whenever zy # yx.
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Gutman and Das (2004)

Let I' be a graph with n vertices and m edges, where the average value of the
vertex degree is 27’" The average value of the vertex degree is denoted as p.
Then, the first Zagreb index is bounded from both below and above by
expressions depending solely on the parameters n and m:

2m
2(2p—|—1)m—p(p—|—1)n§Ml§m<—1—|—n—2>.
" —
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Muhuo and Bolian (2010)

@ Li and Zheng (2005) introduced the concept of first general Zagreb index M7 (T'):

M (D) = d(v)*.

Let Th = K1 n—1, 12, T3, ..., Ts be the trees on n vertices as shown in the
following figure.

: T >T;< y Ty / T / 1

Suppose T € T, — {T1, T2,..., Ts}.
Q Ifa<0ora>1,then

M (T2) > M (Ta) > M{(Ts) > maa{ Mg (Ta), M{'(To)} > M{(T)
Q If0<a<, then

My (Ty) < My (T2) < My'(Ts) < min{M;*(Ta), My (Te)} < My'(T)

Nor Haniza Sarmin (UTM 6BIGTC 4 March 2021
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Das et al. (2015) )

Let I" be a graph of order n, m edges with maximum degree /\. Then

2(m — A)?

Mi(T)<(n+1)m—A(n—A)+ p—

Let I" be a graph on n vertices with m edges, maximum degree /\, second
maximum degree Ay, and maximum degree J. Then,

2m—A)2  2(n-2)

n1 totple

My(T) > 2m? —(n—1)mA+ %(A—l) A? +

with equality if and only if I" is a regular graph.
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Motivation of Research

Many types of topological indices have been developed and widely used by
chemists to find the physico-chemical properties of the molecules.

(]

(]

Some types of topological indices have been generalized for the
non-commuting graph associated to a finite group, in terms of the properties
of the groups and graphs.

(]

A graph of larger number of vertices and edges lead to difficulties in
computing its topological indices. Same goes to the larger and compact
molecules.

(]

Therefore, the general formulas of the topological indices (Zagreb index - in
this presentation) of the non-commuting graph of some groups are
determined to simplify the computation.

(]

The results can help chemists to save their time and cost in determining the
physico chemical properties of the molecules.
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Preliminaries

Proposition 1 (Samaila et al., 2013) Center
Let G be a dihedral group of order 2n, Ds,, where n > 3, n € N and Z(G) is the
center of G. Then,
{1}, if nisodd,
{1,a3}, if nis even.

2(6)={

Proposition 2 (Samaila et al., 2013) Conjugacy classes

Let G be a dihedral group, D, of order 2n. Then, the conjugacy classes of G are
as follows :

@ For odd n : » »
{1}, {a,a "}, {a® a2},....{a" T ,a="7 }and {a’b:0< i< n—1}.
@ For even n :

{1}, {a%},{a, a1}, {a2, 0 2},... . {a"=,a""T },{a®b:0< i <
232} and
{a**1h:0<i< ”772}

v
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Lemma 1

Let G be a dihedral group, Ds,, of order 2n and the number of the conjugacy
classes of G is denoted by k(G). Then,

K(G) = "T‘L?’, if n is odd,
N ”T*G, if n is even.
Proof
From Proposition 2, for n is odd, there are ”%1 conjugacy classes for a®, where
i={1,2,...,251}. There is a conjugacy class of an identity and a conjugacy
class of a’b, where i = {1,2,...,n — 1}. Thus, the number of conjugacy classes

of Dy,, when n is odd:

-1 +3
k(Dzn):nT+1+1:n2 .
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Proof (Cont.)
n—2

For n is even, there are ”T’Q conjugacy classes for af, where i = {1,2,..., L1
There is a conjugacy class of an identity elements, a conjugacy class of aZ, a
conjugacy class of a*?, where 0 < ¢ < 252, and a conjugacy class of a1, where
0<i< ”T*Q Thus, the number of conjugacy classes of Ds,, when n is even:

n+ 6

_9
B(Don) = S+ 1+ 14141 = 202,

Therefore, the number of conjugacy classes of G,

nt3 i
K(G) = 5=, if nis odd,
”T*ﬁ, if nis even.
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Proposition 3 (Mirzargar and Ashrafi, 2012)

Let G be a finite group and Fléc be the non-commuting graph of G. Then, the
first Zagreb index of the non-commuting graph of G,

M (TE0) = GG +12(G)| - 2k(&)) — D [Ca(=)*.
2€G—Z(G)

Proposition 4 (Mirzargar and Ashrafi, 2012)

Let G be a finite group and Fléc be the non-commuting graph. Then, the second
Zagreb index of the non-commuting graph of G,

My(TE0) = —|GPIEXE) + 1GIMLTE) + Y [Ca@)|Ca(y)l.
z,ye B(IRC)
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Proposition 5 (Abdollahi et al., 2006)
Let G be a finite group and I'NC be the non-commuting graph of G. Then,

2|E(TEO)] = |GI* - K(G)|Gl,

where k(G) is the number of conjugacy classes of G.
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Proposition 6 (Mahmoud, 2018)

Let G be the dihedral groups of order 2n where n > 3,n € N and let 'R be the
non-commuting graph of G. Then,

Kii1,.. 1n-1, if nisodd,

1_‘ch _ n times
¢ K2, .. 2n-2, if niseven.

B times
2 times

If n =3, the non-commuting graph of Dg is K 11,2 If n =4, the
non-commuting graph of Dy is K3 2 o.

Kii1,2 K20

9dbgdly
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The Zagreb Index of the Non-commuting
Graph of Dihedral Group
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The First Zagreb Index of the Non-commuting Graph of

Dihedral Group

Lemma 2
Let G be the dihedral group, Do, where n > 3 and Cg(x) is the centralizer of an
element x € G. Then,

n® —n?+4n, if nisodd,
Z |CG(1')|2:{ 3_9p2416 if .
t€G—Z(G) w n n, if niseven.
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Proof.

For n is odd, there are n elements that have |C(z)| = 2 since a’b’ does not
commute with »a’ where i =0,1,...,n—1and j =0, 1. There are also n — 1
elements which have | Cg(z)| = n since all a® commute each other where
i=0,1,...,n—1and |Z(G)| = 1. Then,

Z |Ca(z)|? = n® — n® + 4n.
2€G—2(G)

For n is even, there are n elements that have |Cg(z)| = 4 since it has two central
elements which lead to having four elements that commute with z. There are

n — 2 elements that have |Cg(z)| = n since all a® commute among each other
where ¢ =0,1,...,n — 1 and |Z(G)| = 2. Then,

Z |Cg(z)|? = n® —2n? + 16n.
2€G—2(G)

Therefore,

n3 —n? +4n, if nisodd,

g Ca(z)? =
|Ca(@)] n3 —2n% +16n, if niseven.
t€G—2Z(Q)
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Theorem 1

Let G be the dihedral groups, Ds,, where n > 3, n € N. Then, the first Zagreb
index of the non-commuting graph of G is stated as follows :

n(bn—4)(n—1), if nisodd,

M(TEC) =
1T {n(5n—8)(n—2), if nis even.

Nor Haniza Sarmin (UTM 6BIGTC 4 March 2021
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Proof

By Proposition 1, Proposition 2, Lemma 1 and Lemma 2, the first Zagreb index of
the non-commuting graph for D, is as follows :
For n is odd,

M (TEO) = G2 (IGI+12(G)| - 2k(G)) = > |Ca()?
2€G—Z(G)

3
= 4n? [2n+1—2<"+ )] — 22+ n2(n - 1)

2
=nbBn-—4)(n—-1).
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Proof (Cont.)
For n is even,

M (TEO) = G2 (IGI+12(G)| - 2k(G)) = > |Ca()?
2€G—Z(G)

"+6>] —£2n+n2(n—2)

2

= 4n? [271—!—1—2(
=n(Bn-28)(n—2).

Therefore, the first Zagreb index of the non-commuting graph for Ds,,, where
n > 3,
n(bn —4)(n —1), if nisodd,

1Te?) {n(5n—8)(n—2), if nis even.
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The Second Zagreb Index of the Non-commuting Graph of

Dihedral Group

Lemma 3

Let G be the dihedral group, Do, where n > 3 and Cg(x) is the centralizer of an
element x € G. Then,

> |CG(1’)||CG(3/)|:{ Znf ~1), it nis odd

2 . .
n(n® —4 if nis even.
z,y€E(Tc) ( ),
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Proof

By definition of the non-commuting graph, the vertices in the non-commuting
graph of the dihedral group are connected by an edge if and only if a’b’ # b a’
where 1 =0,1,...,n —1 and 7 =0, 1.

For n is odd, two vertices = and y which have |Cg(z)| =2 and |Ca(y)| = n
where there are n(n — 1) edges connecting them while another

|[E(T'¢)| — n(n — 2) edges connect two distinct vertices z and y which have
|Co(@)] = | Ca(y)| = 2. Then,

Y. 1Ca@)|Ca(y) = n(n = 1)(2)(n) + [ ET6)| - n(n - 1] (2)(2)
z,yeE(T'q)
=n(n—1)(2)(n) + [w — n(n— 1)] 2)(2

n—+3

=n(n—1)(2)(n) + [4712 — (2n) — 2n(n — 1)] (2)

=2n(n? —1).

For n is even, there are n(n — 2) edges which connect two vertices = and y that
have |Cg(z)| =4 and |Ce(y)| = n while the rest of edges connect two distinct
vertices that have |Cq(z)| = |Ca(y)| = 4. Then,
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Theorem 2

Let G be the dihedral groups, Do, where n > 3, n € N. Then, the second Zagreb
index of the non-commuting graph of G is stated as follows :

2n(2n — 1)(n—1)%, if nisodd,

My(TRC) =
2(T'e™) { dn(n —1)(n —2)%, if nis even.
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Proof

By Proposition 1, Proposition 4, Proposition 5, Lemma 1 and Lemma 3, the
second Zagreb index of the non-commuting graph for Dy, is as follows :
For n is odd,

My(TFC) = —|GPIE (TEO) | +1GIM; (PFC) + > [Cel@)]|Caly)]
z,ye B(IRC)

= —2n? |4n? - "T”(zn)] +2n2(5n — 4)(n — 1)+

2n2(n — 1) + 2n(n — 1)
=2n(n—1)?(2n - 1).
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Proof (Cont.)

For n is even,

My(TE0) = —|GPIE (TEO) | +1GIM (TEO) + ) |Ca(@)|Caly)l
z,ye B(IRC)
— _op? [4712 - "TM(%)] +2n2(5n — 8)(n — 2) + 4n2(n — 2)+
8n(n — 2)
=4n(n — 2)2(n —1).

Therefore, the second Zagreb index of the non-commuting graph for Ds,,, where
n >3,
2n(n —1)?(2n — 1), if nisodd,

2(T'e™) { dn(n —2)%(n—1), if nis even.
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The Zagreb Index of the Non-commuting
Graph of G x Dy,
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The Non-commuting Graph of G x Ds,

Lemma 1

Let FE{&D% be the non-commuting graph of the direct products of an abelian
group, G, and the dihedral groups, Ds,, which is denoted as G x Ds,. Then,

Ka,ja),....1¢l,(n-1)q,  if nisodd,
————
F n times
G Don — . .

e Ksjal2(al,... 216 (n-2)|q|, 1f m is even.

—_———

% times
Nor Haniza Sarmin (UTM
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Proof

The vertices of the non-commuting graph for G x Do, is,

V (085 p2n) = (G X D2a)\Z (G x D2n)
= (G x D2u)\ (G x Z(D3y)).

By Proposition 6, there are two cases of the non-commuting graph of dihedral groups,

which are n is odd and n is even. By Proposition 1, there is a center of Da,, when n is
odd and two centers of D>, when n is even.

For n is odd, there are |G| X (n — 1) elements that do not commute to each other and
there are n sets of |G| elements which do not commute to each other. Then,

Kia),1cl,...,16],m-1)ic]-
—_———
n times

For n is even, there are |G| X (n — 2) elements that do not commute to each other and
there % sets of 2| G| elements that do not commute to each other. Then,

Kalcl,216l,. .., 2(Gl(n—2)IG]"
—_————

ot
Z times
2

>
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Proof (Cont.)

Therefore,
Kiay,ial,...,16],m-vicD if nis odd,
FgCD _ n times
o Kial,2161,.. ., 216), (216, If  nis even.
—_———
% times

m
V.
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The First Zagreb Index of the Non-commuting Graph of

G x D2n,

Theorem 3

Let G x Dy, be the direct product of an abelian group with dihedral groups.
Then, the first Zagreb index of the non-commuting graph for G x Ds,,,

M (T8, ) = |GPPMy (TFD).

Nor Haniza Sarmin (UTM 6BIGTC 4 March 2021 42 / 52



Proof.

Let X be the elements in G and Y be the elements in Do,,. Then, X = {z1, 22, ..., Zm}, where m is the
total number of elements in X and Y = {y1, y2,..., yn}, where n is the total number of vertices in Y.
For G X Da,, where G is abelian, based on the definition of Zagreb index,

()= Y dee

NC
(z,y)€ V(chD%)

= deg” (21, y1) + deg” (z1,y2) + - - . + deg” (z1, yn)+
deg® (2, y1) + deg®(z2,41) + .. . + deg® (22, yn)+

-+ deg® (Tm, y1) + deg® (Tm, y2) + - . . + deg” (Tm, yn)
2

2 2
- [|G|dchNc <y1>} +[|G|degFNc <yz>} +»~+[|G|dcgpm <yn>} +
Doy, Doy, Doy,

2

2 2
- [|G|degFNc <y1>} + [|G|degFNc <y2>} P [|G|dchNc <yn>}
Doy, Doy, Doy,

|G|2§ deg’ne <yi>+|G|2§ deg?nc <yi>+,vv+|a|2§ degZnc (vi)
— Dan — Dan — Dan

= [ler+16” +...1617] 161> degpno (4:)
2n
i=1

= m|GI? Y deglnc (u) = |GI°Mi(T)S)).
- Dan

Nor Haniza Sarmin (UTM 6BIGTC 4 March 2021 43 / 52



The Second Zagreb Index of the Non-commuting Graph of

G x D2n,

Theorem 4

Let G X Dy, be the direct product of an abelian group with dihedral groups.
Then, the second Zagreb index of the non-commuting graph for G x Ds,,,

My (T8, ) = |G*Mo (TT) .

Nor Haniza Sarmin (UTM 6BIGTC 4 March 2021 44 / 52



Proof.

Let X be the elements in G and Y be the elements in Da,. X = {11, 22, . . .,

Tm }, Where

m is the total number of elements in X and Y = {y1,92,...,Yn}, where n is the total

number of vertices in Y.

For G X Day, where G is abelian, based on definition of Zagreb index,

My (TS p,,) = Z deg(zs, y;)deg(zx, y1)

(o9 (or ) EETRS )

Nor Haniza Sarmin

= deg(z1, y1)deg(z1, y1) + deg(z1, y1)deg(z1, y2) + ...
+ deg(z1, y1)deg(z1, yn) + deg(m, y2)deg (21, y2)+
deg(z1, y2)deg(z1, y3 .+ deg(m, y2)deg(m, yn) + ... +

) )+
deg (21, y1)deg(z1, yn) + . . . + deg (a2, y1)deg(z2, y1)+
deg (w2, y1)deg(z2, y2) + . .. + deg(z2, y1)deg(z2, yn)+
deg(x2, y2)deg(z2, y2) + deg(% y2)deg(z2,y3) + ... +
deg(z2, y2)deg(22, Yn) + ... + deg(z2, yn)deg(z2, yn) SR
deg(zm, y1)deg(zm, y1) + deg(mm y1)deg(Tm, y2) + ...+
deg(zm, y1)deg(zm, yn) + deg(zm, y2)deg(zm, yz)+
deg(zm, y2)deg(Tm, y3) + ... + deg(zm, yn)deg(zm, yn)
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Proof (Cont.)

= | Gldegrxe (y1)|Gldegrxe (y1) + [Gldegrne (y1)| Gldegrxe (y2) + ...
2n Doy Doy Doy
+ |Gldegrxe (y1)|Gldegpe (yn) + [ Gldegrye (y2)|Gldegrne (y2)+
2n Doy Doy Doy
|G|degrne (y2)| Gldegrxe (ys) + ... + |Gldegpne (y2)| Gldegre (yn)+
2n Doy Doy Doy
-+ +|Gldegpye (ya)|Gldegrye (yn) +... +
2n Doy
|G|degrne (y1)| Gldegrne (y1) + |Gldegrne (y1)| Gldegrne (y2) + - .-
2n Doy Doy Doy
+ |Gldegrxe (y1)|Gldegpe (yn) + [ Gldegrye (y2)|Gldegrne (y2)+
2n Doy Doy Doy
|G|degrne (y2)|Gldegpye (ys) + ... + | Gldegpye (y2)| Gldegrye (ya)+
2n 2n 2n 2n
-+ | Gldegrxe (ya)| Gldegpye (yn)
2n 2n

= Z deg(y:)deg(y;) [|G|2—|—|G|2—|—...—|—|G|2] X m

(yi,yz)EE(ng)
=mxmx |G Z deg(y:)deg(y;)
(yi,yz)EE(ngn)

=|GI*"M2 (TE5n,,) -

Nor Haniza Sarmin (UTM 6BIGTC 4 March 2021 46 / 52




Conclusion

@ The general formulas of the first and second Zagreb indices of the
non-commuting graph associated to the dihedral groups are found, in terms
of n.

@ The general formulas of the first and second Zagreb indices of the
non-commuting graph associated to the larger group which is direct product
of an abelian group G and the dihedral groups, Ds,, are determined.

Nor Haniza Sarmin (UTM 6BIGTC 4 March 2021 47 / 52



Suggestions for Future Research

@ The research can be extended in finding the other types of topological indices
i.e. Degree-distance index and Randi¢ index.

@ The direct product of arbitrary number of dihedral groups,
D,, x Dy, x ...x D, can be considered.

@ The upper and lower bound of the topological indices can be determined.
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