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Abstract. The study of graph properties has gathered many attentions in the past years. The
graph properties that are commonly studied include the chromatic number, the clique number
and the domination number of a finite graph. In this study, a type of graph properties, which is
the perfect code is studied. The perfect code is originally used in coding theory, then extended
to other fields including graph theory. Hence, in this paper, the perfect code is determined for
the commuting zero divisor graphs of some finite rings of matrices. First, the commuting zero
divisor graph of the finite rings of matrices is constructed where its vertices are all zero divisors
of the ring and two distinct vertices, say x and y, are adjacent if and only if xy = yx = 0. Then,
from the vertex set of the graph, the neighborhood elements of the vertices are determined in
order to compute the perfect codes of the graph.

1. Introduction

A graph is defined as a structure which consist of vertices and edges [1]. It has been widely
used in various fields to show relations between objects. For instance, graphs are used to show
the covalently bonded compound in chemistry [2]. In addition, graphs are used to describe
tight-binding models [3] in physics.

In mathematics, particularly in group theory, graphs have been frequently used to show
relations between the algebraic structures of groups. For example, a co-prime graph of a finite
group G is a graph where its vertices are the elements of G and two vertices are adjacent if and
only if the greatest common divisor of the order of the elements is equal to one [4]. Hence, the
co-prime characteristics between the elements are described by the co-prime graph. There are
many more graphs introduced related to finite groups, which includes the commuting graph [5],
noncommuting graph [6], conjugacy class graph [7] and orbit graph [8].

The idea of graphs has also gained the attention of ring theorists, where it is studied on some
finite rings. This includes the zero divisor graph [9], inclusion ideal graph [10] and Jacobson
graph [11]. In this article, a variant of the zero divisor graph, which is the commuting zero
divisor graph is studied.

Meanwhile, properties of graph have been a popular topic in graph theory. The properties of
graph are usually determined to assist in understanding the characteristics of the graph. Some
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graph properties which are commonly studied by the researchers are the chromatic number,
clique number, dominating number and independent number of finite graphs. In this article,
one of the graph properties, which is the perfect codes will be discussed for the commuting zero
divisor graph.

This article is divided into five sections. The first section is the introduction, followed by
some preliminaries on zero divisor graph and perfect codes in the second and third section,
respectively. The fourth section presents the results and discussion. Lastly, the summary of this
study will be provided in the conclusion as the fifth section.

2. Zero Divisor Graph of Finite Rings

In this section, past researches and recent updates on a graph related to finite rings, which is the
zero divisor graph is provided. To begin, the definition of zero divisor of a finite ring is firstly
given as follows.

Definition 1. [12] Let x and y be two nonzero elements of a finite ring R. If xy = 0, then x
and y are the zero divisors of R. The set of all zero divisors in R is denoted as Z(R).

The idea of zero divisor graph was originated from Beck [13] where the focus of the study was
on the coloring of graphs. Beck had discussed on a graph where the vertices are the elements of
a finite commutative ring R and two vertices are adjacent if and only if the product is zero.

Then, few years later, Anderson and Livingston [9] had formally defined the graph by the
following definition.

Definition 2. [9] Let R be a commutative ring (with 1) and Z(R) be its set of zero divisors.
Then, the zero divisor graph, I'(R) is a simple graph with vertices Z(R)* = Z(R) — {0}, the set
of nonzero zero divisors of R, and for distinct x,y € Z(R)*, the vertices x and y are adjacent if
and only if xy = 0.

Afterwards, many studies have been done on the zero divisor graph, focusing on finite
commutative rings. Then, Redmond [14] had extended the research on the zero divisor graph
of finite noncommutative ring, where the author had found that the graph must be a directed
graph. The definition is given in the following.

Definition 3. [14] Let R be a ring. Then, I'(R) is defined as a graph where Z(R)* = Z(R)—{0}
18 its vertices, and x — y is an edge between distinct vertices x and y if and only if xy = 0.

The study of zero divisor graph on noncommutative rings have been done by some researches,
which include Wu [15], where the author focused on Artinian rings. Then, Zaid et al. [16] had
also studied the graph on some finite rings of matrices. In addition, Han [17] had studied the
zero divisor graph under group actions in some finite ring of matrices.

A number of studies had been done on the zero divisor graph which leads to its extensions.
Some extensions of the graph includes the total zero divisor graph [18], compressed zero divisor
graph [19] and commuting zero divisor graph [20]. In this article, the focus is given on the
commuting zero divisor graph of some finite ring of matrices. The definition of the commuting
zero divisor graph is given in the following.

Definition 4. [20] The commuting zero divisor graph of a finite noncommutative ring R is a
simple graph of R where its vertices is the set of zero divisors of R, Z(R). A directed edge is
constructed between two vertices, say x and y in Z(R) if and only if zy = yx = 0.

In this article, the commuting zero divisor graph of a finite ring will be denoted as T copmm (R).
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3. Perfect Codes of Finite Graphs

In this section, some definitions and concepts related to the perfect codes of finite graphs are
presented.

Just like its name, perfect codes is originally associated with coding theory. In coding
theory, the study started with error correcting codes which is used to correct errors on noisy
communication channel [21]. This subject has then been extended to other fields, including
graph theory. The study of perfect codes in graphs was started by Biggs [22] where the
author investigated on the existence of nontrivial perfect codes of the distance-transitive graph,
depending on the diameter of the graph.

Later, Kratichvil [23] extended the definition of perfect codes in graphs, where the author
introduced the t-perfect codes, focusing on the complete bipartite graph and products of graphs.
To determine the t-perfect codes, the independent sets of the graph are considered.

In this article, the perfect codes of the commuting zero divisor graph of some finite rings are
determined using a method discussed by Van Lint [24], where the distance between vertices of
a graph is considered. The related definitions are firstly given below.

Definition 5. [25] The distance between two distinct vertices x and y of a connected simple
graph is the length (number of edges) of the shortest path between x and y.

Definition 6. [25] The set of all neighbors (adjacent) vertex of a vertex v in a graph G is called
the neighborhood of v.

If any subset C of a vertex set V is called a code, then the definitions of the e-error-correcting
code and e-perfect code as described by Van Lint [24] is as follows:

Definition 7. [24] If S.(x) is the set of neighborhood elements of x with distance less than or
equal to e, then a code C is an e-error-correcting code if for all x and y in C, Se(x) N Se(y) =0
when x and y are distinct.

Definition 8. [24] If for an e-error-correcting code C, the union, UC Se(x) =V, then the code
xre

1s called a perfect code.

In this article, based on the e-error-correcting code, its perfect code is called the e-perfect
code.

4. Results and Discussions

In this section, the main results of the perfect codes of the commuting zero divisor graphs are
obtained for some finite rings. The finite rings considered are the ring of 2 x 2 matrices over Z3
and Zj,.

First, the commuting zero divisor graphs are constructed based on Definition 4. Then, from
the graphs constructed, the neighborhood elements of their vertices are analyzed and the e-
perfect code of the graphs are determined using Definition 8. The results are presented in the
following propositions.

d
Leomm (R1) is a directed graph of 32 vertices and 56 edges.

Proposition 1. Let Ry = { [ Z b ]

a,b,c,de Zg}. Then, its commuting zero divisor graph,

Proof. Suppose R = { [ Z Z ]
by Zaid et al. [16], it is found that the ring R; has 32 zero divisors, which are listed as follows.

a,b,c,de Zg}. Referring to Definition 1 and the study done
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Hence, referring back to Definition 4, it is clear that the graph e (R1) has 32 vertices.
Two vertices are adjacent if and only if the elements commute and their product is the zero
matrix. Therefore, the graph T'comm (R1) has 56 directed edges, as shown in figure 1. The
vertices, numbered from 1 to 32, represent the zero divisors as listed previously.

1 2 3 4 85 7
15 24 6 17 2516 26
9 10 1411X1319 32
12 21 2718 3023 28
20 22
31 29

Figure 1. The commuting zero divisor graph of R;

Based on T'comm (R1), the set of neighborhood elements of its vertices are determined and the
e-perfect codes are then computed in the next two propositions.

Proposition 2. Let Tcopm (R1) be the commuting zero divisor graph of the ring Ry. Then,
Leomm (R1) has no 1-perfect code.
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Proof. Suppose T'comm(R1) is a graph as shown in Figure 1. Based on Definition 7, the e-
error-correcting codes of R are determined. First, the set of all neighborhood elements in
V(Leomm(R1)) are determined.

When e = 1, the set Si(z), which is the set of all neighborhood elements with distance less
than or equal to one (namely 0 and 1) are determined for all  in V(T comm (R1)). The sets are
listed as follows.

o Si(1) = {1,15,24} o S1(12) = {9,12} o S1(23) = {19,23,32}
o Si(2) ={2,15,24} o Si(13) = {13,18, 30} o S1(24) = {1,2,24)
e 51(3)={3,6} o Si(14) = {14,21,27} o 51(25) = {4,8,25}

o Si(4) ={4,17,25} o Si(15) = {1,2,15} . 5,(26) = {5.7,26)
o Si(5) = {5,16,26} o S1(16) = {5,7,16} . $1(27) = {10,14,27}
o S1(6) = {3,6 o Si(17) = {4,8,17} '

o Si(7) ={7,16,26} o S(18) = {11,13, 18} * 51(28) = {19, 28, 32}
o 51(8) = {8,17, 25} o S1(19) = {19, 23,28} * 51(29) = {22,29}

o S1(9) ={9,12} o $(20) = {20,31} * 51(30) = {11,13, 30}
e 51(10) = {10,21,27} e Si(21) = {10, 14,21} e 51(31) ={20,31}

o Si(11) = {11, 18, 30} o $1(22) = {22,29} o S1(32) = {23,28,32}

Let C ={1,3,4} be a code. Since S1(1)NS1(3) =0, S1(3)NS1(4) =0 and S1(1)NS1(4) =0,
then the code C' is an 1-error-correcting code of T'copm (R1). However, from Definition 8, since
S1(1)US1(3)uSi(4) =11,3,4,6,15,17,24,25} # V(T comm (R1)), then the code C' = {1, 3,4} is
not a 1-perfect code of T comm (R1).

Other possibilities of 1-error-correcting codes of T'comm (R1) includes {1,3},{7,8,9,10} and
{1,3,4,5,9,10,11, 13,19, 20, 22}. But since the union of the sets is not equal to the whole vertex
set of T'comm (R1), then the codes are not 1-perfect codes of T comm (R1).-

Proposition 3. Let Teppm(R1) be the commuting zero divisor graph of Ry. Then, C =
{1,3,4,5,9,10,11,19, 20,22} is a 2-perfect code of T comm(R1).

Proof. Suppose T'comm (R1) is as shown in Figure 1. To obtain the 2-error-correcting code, the
set of neighborhood elements of the the vertices V(I comm (R1)) is firstly determined for distance
less than or equal to two and are listed as follows.

0521
Sa(3

So(4

) ={1,2,15,24} = 55(2) = S5(15) = So(24)

) ={3,6} = 5>(6)

) = {4,8,17,25) = So(8) = So(17) = So(25)
S5(5) = {5,7,16,26} = S3(7) = S2(16) = S5(26)

)

0

(

(

(

(

S2(9) = {9,12} = S»(12)

S5(10) = {10, 14,21,27} = Sp(14) = S5(21) = S2(27)

»(11) = {11,13,18,30} = S2(13) = S5(18) = S5(30)

So(19) = {19, 23,28,32} = S»(23) = S5(28) = S5(32)
o 52(20) =
(22) =

$5(20) = {20, 31} = S5(31)
$5(22) = {22,29} = 55(29)

Let C = {1,3,4,5,9,10,11,19,20,22} be a code. From the sets stated above, the
intersections, Sa(z1) N Se(xz) = 0 for all x1, x9 in C. Therefore, C' is a 2-error-correcting



Simposium Kebangsaan Sains Matematik ke-28 (SKSM28) IOP Publishing
Journal of Physics: Conference Series 1988(2021) 012070  doi:10.1088/1742-6596/1988/1/012070

code of Teomm(R1). In addition, the union U So(z) = V(Leomm(R1)). Hence, C is also a

zeC
2-perfect code of T'comm (R1).
Other possibilities of the 2-perfect codes of T'copmm (R1) includes {1,6,8,5,9,10,11, 19, 20,29}
and {2, 3,12, 16, 17,21, 29, 30, 31, 32}

From Figure 1, the maximum distance of the graph is two. Therefore, when e > 2, the results
of the e-perfect codes will be the same as e = 2.

d
Leomm (R2) is a directed graph of 159 vertices and 314 edges.

Proof. Let Ry = { [ Z Z ]

has 159 zero divisors. Hence, from Definition 4, its commuting zero divisor graph, T comm (R2)
has 159 vertices. Then, two vertices of the graph are adjacent if and only if the elements com-
mute and the product is the zero matrix. Hence, it is found that T'cppm (R2) has a total of 314
directed edges.

Proposition 4. Let Ry = { [ Z b ]

a,b,c,de Z4}. Then, its commuting zero divisor graph,

a,b,c,de Z4}. Based on Definition 1, it is found that the ring Ry

Proposition 5. Let Teppm (R2) be the commuting zero divisor graph of Ra. Then, Tcomm (R2)
does not have any 1-perfect code and 2-perfect code.

Proof. Suppose I'copmm (R2) be the commuting zero divisor graph of Ry. The proof follows that
of Proposition 2. By Definition 7, it is found that when e = 1, for all elements z in a code C,
there is no 1-error-correcting code that satisfies the union condition as in Definition 8 where

LGJC S1(z) = V(Leomm(R2)). Therefore, T'comm (R2) has no 1-perfect code. The same situation
x

occurs when e = 2. Hence, I'comm (R2) does not have any 2-perfect code.

Proposition 6. Let U'cppm (R2) be the commuting zero divisor graph of Re. Then, C' = {z} for
all x € V(Teomm(R2)) is a 3-perfect code of T comm (R2).

Proof. Suppose T'comm (R2) be the commuting zero divisor graph of Rs. With similar method
as in Proposition 2, the 3-error-correcting code of T'comm (R2) is determined. It is found that for
all x in V(T eomm (R2)), S3(x) = V(Leomm(R2)). Hence, the code C' = {z} is a perfect code since
it satisfies the union operation as stated in Definition 8. This also shows that the maximum
distance of the graph is three.

5. Conclusion

In this paper, the commuting zero divisor graph of the ring of 2 x 2 matrices over integer
modulo three and four have been constructed. Based on the commuting zero divisor graphs, the
e-perfect codes are determined. It has been found that the graph T'comm (R1) has no 1-perfect
code. However, the graph has several 2-perfect codes. Meanwhile for the graph I'copm (R2), there
is no 1-perfect code and 2-perfect code, but all singleton sets of V(T comm(R2)) is a 3-perfect
code of the graph. From the results, it is concluded that if n is the maximum distance of a
graph, then the e-perfect codes of the graph when e > n will be the same as e = n.
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