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ABSTRACT— The topological structure or connectedness of a molecular network can be understood
through the use of topological indices, which are numerical values. The topological indices are widely used
in various disciplines including chemistry, mathematics, physics and many applications including the drug
design and chemical property studies. In this paper, the topological indices of the non-commuting for the
direct product of an abelian group and the dihedral groups are determined. The non-commuting graph is a
graph where two of its vertices are adjacent if and only if they represent elements in a group that do not
commute with one another. Moreover, the vertices of this graph correspond to the noncentral elements of the
group. The general formula of the non-commuting graph for the direct product of an abelian group and the
dihedral groups is established. Then, it is used to find its topological indices by using some preliminaries.
The topological indices involve in this study are the Wiener index, Zagreb index, Szeged index and Harary
index. It is found that their general formulas have relation between the order of an abelian group and the
topological indices of the non-commuting graph for the dihedral groups.
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1. INTRODUCTION

The term "topological index" refers to an algorithm that calculates a molecular descriptor from a molecular
graph. In this graph, the vertices represent atoms of the molecule, while the edges represent the bonds
between these atoms [1]. The information in the molecular graph must be transformed into numerical
characteristics to connect the molecular topology to any molecular property [2]. The number of elements
forming the graph and the information about their connection are retrieved from the hydrogen-suppressed
graph and used in a specific algorithm to compute the topological indices [3].

Recent years have seen a significant increase in the use of topological indices and have been employed in
QSPR (quantitative structure-property relationship) and QSAR (quantitative structure activity relationship)
studies. The literature on mathematical chemistry has seen the development of numerous new topological
indices and got many attentions among researchers [4]. Wiener index, which was introduced by Wiener, is
one of the earliest types of topological indices in 1947 [5]. Then, its formula has been modified by Hosoya
[6] since Wiener does not take into account the ring molecule. The idea of introducing the Wiener index’s
formula is by first implementing the polynomial expression and the latest formula is stated in Definition
1.1. Many studies have been done and new concepts of the Wiener index have been established [7- 9]. In
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addition, the Wiener, the Szeged and the Harary indices are classified as the distance-based topological
index. Meanwhile, the Zagreb index is classified as the degree-based topological index.

Definition 1.1 [5] The Wiener Index
Let I be a simple connected graph with a vertex set V(I') = {1,2, ---, n}. The Wiener index of T, denoted
by W (T), is half of the sum of the distances between all pair of vertices in T', written as

n

W =) > d),

n
i=1j=1
where d (i, j) is the distance between vertices i and j.

In 1972, [10] developed the Zagreb index, which is divided into first and second Zagreb indices, defined in
the following definition. Some recent studies on the Zagreb index can be found in [11- 13].

Definition 1.2 [10] The First and Second Zagreb Indices

Let T be a simple connected graph with a vertex set V(I') = {1,2,---,n}. The first Zagreb index, M, (T), is
defined as the total summation of square of the degree of each vertex in I while the second Zagreb index,
M, (T) is defined as the summation of the product of the degree of two vertices for each edge, respectively,
written as

M= D (deg(v))?
vev ()
and

M,(T) = Z deg(u) deg(v).
{u,v}eeE(l)

The concepts of Szeged and Harary indices are then introduced from the Wiener index [14], as stated in the
following definitions.

Definition 1.3 [15] The Szeged Index
Let I be a simple connected graph with vertex set V(T') = {1,2,::-,n}. The Szeged index, Sz(I") is given as
in the following:

s2M) = ) melNnyelr),
ecE(D)
where the summation embraces all edges of ',
ni(e|l) = [{vlv e V(I"), d(v,x|I) < d(v, [}
and
n(e|l) = {v|v e VI, d (v, y|I) < d(v, x|}

which means that n, (e|T") counts the I'’s vertices are closer to one edge’s terminal x than the other while
n,(e|Tl) is vice versa.
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Definition 1.4 [16] The Harary Index
Let T be a connected graph with vertex set V(I') = {1,2,-:-,n}. Half the elements’ sum in the reciprocal
distance matrix, D" = D" (), is what is known as the Harary index, written as

1 n n
HID) =5 > D7),
i=1j=1
where

1 PR
P VN 1 L ]
D"(i,j) =1d(i,)) J
0, if i=}j,

and d(i, j) is the shortest distance between vertex i and j.

The Harary index of certain types of graphs and its properties have been done by many researchers and
many interesting findings have been found such as in [17- 19].

In this paper, the general formula of some topological indices of the non-commuting graph associated to the
direct product of an abelian group and the dihedral groups are established. The main results and their proofs
are presented in Section 4. Next, the non-commuting graph is defined as follows.

Definition 1.5 [20] Non-commuting Graph
Let G be a finite group. The non-commuting graph of G, denoted as I}, is the graph with vertex set G —
Z(G) and two distinct vertices x and y are joined by an edge whenever xy # yx.

2. Prelimiaries
Some preliminaries that are used to prove the main theorems are stated in this section. The number of
conjugacy classes of D,,, are found as given in the following proposition.

Proposition 2.1 Let G be the dihedral group, D,,, and k(G) denotes the number of the conjugacy classes of
G. Then,

n+3 )
> if nisodd,
k(G) = n+6
5 if niseven.

The center of the dihedral group is presented in the following proposition.
Proposition 2.2 [21] Let G be a dihedral group, D,,, where n > 3,n € Z and Z(G) is the center of G. Then,

{1}, if nisodd,
Z(G) = n
(@) {1, aZ}, if niseven.

Next, the general formula of the non-commuting graph of dihedral groups has been determined by [22].
Proposition 2.3 [22] Let G be the dihedral groups of order 2n where n = 3,n € Z and the non-commuting

graph of G is denoted by I;. Then,
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Kl,l,m,l,n—li if nis Odd,
ntimes

K5..2n-2, if niseven.
e
2 rmes

FG =

Proposition 2.4 [23] Let G be the dihedral groups of order 2n where n > 3,n € Z. Then, the Harary index
of the non-commuting graph of G,

1

7 [7n? —9n + 2], if nisodd,
H(FG) = 1
7 [7n? —16n+ 6], if niseven.

3. The Non-commuting Graph of G x D5,

In this section, the degree of the vertices in the non-commuting graph of an abelian group and the dihedral
groups, G X D,,, is stated in the following lemma. In addition, the general formula of the non-commuting
graph for G x D,, is also found, which is presented in Proposition 3.1. These results will be used to prove
the main theorems.

Lemma 3.1 Let G x D,,, be the direct product of an abelian group and the dihedral group of order 2n and
T¢xp,, be the non-commuting graph of G X D,,,. Then, the degree of the vertices of I';xp, ,

degrg,,, (9,%) = |Gldegr, (x),
where degr.  (x) is the degree of vertex x in T,_ .
g Don 2n

Proof. The center of an abelian group G is G. Hence, the center of G X D,,, is G X Z(D,,). Then,
V(Texp,,) = (G X Dap)\G X Z(Dapn)
={(g,%)|g € G,x € Dy3p\Z(D,p)}.
If (g,x) € V(FGXDZn), then
degr,p, () = [{a € V(I'p,,)|a is adjacent to x}|
= |{a € V(Ip,, )ax # xa}|
= |{a € V(Ip,, )la€ CDZn(x)}|
= |D2n\CD2n(x)|-
Then,
degrg,p, (%) = |(G X D20)\Coxp,, (9]
= |G X Daul = |Coxp,, (9, %)|
= |G|I1Dzn| = 1G1|Cp,, ()]
= |G1(1D2n| = |Cp,, (0)])
= |Gldegr,, (x). -

Next, the general form of the non-commuting graph for G x D,,, is stated, as follows.

Proposition 3.1 Let Iz, be the non-commuting graph of the direct products of an abelian group, G, and
the dihedral groups, D,,,, which is denoted as G X D,,,. Then,
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K|G|,|G|,»~,|G|,(n—1)|G|r if nis Odd,
I _ ntimes
GXDzp — KZ|G|,2|G|,---,2|G|,(n—2)|G|v if niseven.
gtimes

Proof. The vertices of the non-commuting graph for G x D,,,,

V(chuzn) = (G X Dap)\Z(G X D3p)

= (G X Dap)\(G X Z(D2y)).

By Proposition 2.3, there are two cases of the non-commuting graph of dihedral groups, which are n is odd
and n is even. By Proposition 2.2, there is a center of D,,, when n is odd and two centers of D,,, when n is
even.
For n is odd, there are |G| x (n — 1) elements that do not commute to each other and there are n sets of |G|
elements which do not commute to each other. Then,

K661 161,(n-1)6]-

ntimes

For n is even, there are |G| X (n — 2) elements that do not commute to each other and there are g sets of
2|G| elements that do not commute to each other. Then,

K3161,2161,216],(n-2)6)-
2|G1,2IG},-,216]

n,.
Etlmes
Therefore,
Kigi6-l61m-vjgy  1f nisodd,
F n times
6xDan =\ Ka61216)--2l6l,(n-2)6], if 7 iseven. -
2lGlalbl - 21G]
Et'l'mes

2

4. The Topological Indices of I¢yp,,
This section states the topological indices for I';,p,, which includes the Wiener index, the first Zagreb
index, the second Zagreb index, the Szeged index and the Harary index.

4.1 The Wiener Index of I'gxp,
In this subsection, the Wiener index of the non-commuting graph for G x D,,,, denoted as W (G X D,,,), is
computed and its general formula is found by using Proposition 3.1, as stated in the following theorem.

Theorem 4.1 Let the group be the direct product of an abelian group with dihedral groups, G X D,,,. Then,
w(r ) = IGI*W(Tp,,) +1GI(IG] —1)(2n — 1), if nisodd,
OPon) TG 12W (Tp,, ) + 2IG|(IG] = D(n—1), if niseven.

Proof. Based on Proposition 3.1, the number of vertices of the non-commuting graph for G x D,,, is
| G X D,,| — 1. There are |G|? sets of elements that have the Wiener index of the non-commuting graph of
G %X D4, which is the same as the Wiener index of the non-commuting graph for D,,. Since G is abelian,
then all the elements do not commute and the distance between each other is two. Then, there are (|G|? —
|G])(2n — |Z(D3y,)|) elements in [y p, Where they have distance two. Thus, the Wiener index of the non-
commuting graph for G X D,,,
W (Toxp,,) = IGIPW (Tp,, ) + (IGI? — 1G] (2n — |Z(D2n) ).
Since Z(D,,) = 1ifnisodd and Z(D,,) = 2 if nis even, then,
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w(r ) IGI*W(Tp,,) +1GI(IG] = 1)(2n — 1), if nisodd,
©Pens TG 1PW(Tp,, ) + 2IGI(IG] = D(n—1), if niseven.

4.2 The Zagreb Index of I'gxp,,
In this subsection, the general formula of the first and second Zagreb indices of the non-commuting graph
for G x Dy, denoted as M, (Txp,, ) and M, (Tgxp,, ), respectively, are found by using their definitions, as
stated in the following theorems.

Theorem 4.2 Let the group be the direct product of an abelian group with dihedral groups, G x D,,. Then,
M1 (Texp,,) = 1GI*My(Tp,,)-

Proof. Let X be the elements in G and Y be the elements in D,,,. Then, X = {x;, x5, -+, X, } Where m is the
total number of elements in X and Y = {y;, ¥5, -**, ¥}, Where n is the total number of vertices in Y.
For G x D,,, where G is abelian, based on Definition 1.2,

Mi(Top,) = ). (deg(ey))?

x!yEV(FGXD2n)
2 2 2
= |IGIdegr,, )| +|IGldegr,, )| + -+ [IGIdegr,, G| +-+

[1G1degr,, 0] +[1G1degr,, @] +-+ [1G1degr,, O]

n n n
= 1612 ) degt, () +1GI ) degt, ()+-+I1GI7) degh, ()
i=1 i=1 i=1

n
=[G + 161 + -+ 1G] ) deg?, ()

i=1
n
= mlGI? ) deg?,, ()
i=1

= |G|3M1(FD2n)' 0

Theorem 4.3 Let the group be the direct product of an abelian group with dihedral groups, G x D,,,. Then,
My (Taxp,,) = |G1*My(Tp,,,)-

Proof. Let X be the elements in G and Y be the elements in D,,,. X = {xq, x5, **, X, }, Where m is the total
number of elements in X and Y = {y,, ¥, -, ¥}, where n is the total number of verticesinY.
For G x D,,, where G is abelian, based on Definition 1.2,
M, (Texp,,) = Z deg(x;,y;)deg (x, y1)
((xi»Yj):(xk»J’l))EE(FGxDZn)
= ) deg(y)degGIIGR + 1617 + -+ 1G] x m
(Yj»J’l)EE(FDZn)
=mxmx|G|? z deg(y;)deg(y))
(J/j.J’l)EE(FDZn)
= |G|4M2(F132n)- O
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4.3 The Szeged Index of I'gxp,,

In this subsection, the general form of the Szeged index of the non-commuting graph associated to the direct
product of an abelian group, G, and the dihedral groups, D,, and its proof are presented in the following
theorem.

Theorem 4.4 Let the group be the direct product of an abelian group with the dihedral groups, G X D,,,.
Then, the Szeged index of the non-commuting graph for G x D,,,,
52(Txp,,) = 1GI*S2(Ip,,).

Proof. By Proposition 3.1, the non-commuting graph of G x D,,, has a multiple of |G| elements in each
independent set of the multipartite graph for both cases, when n is even and n is odd, compared to the
elements in each independent set of the non-commuting graph of D,,. So that, there are multiple of |G|
elements that an element is closer to the other element of an edge in a graph, and vice versa. In addition,
there are multiple of |G|?> edges in the non-commuting graph of G x D,,, compared to in the non-
commuting graph of D,,, Therefore, the Szeged index of the non-commuting graph of G X D,,, is multiple
of |G|* of the Szeged index of the non-commuting graph for D,,,, as written in the following.

SZ(FGXDZn) = |G|4SZ(FD2n)' O

4.4 The Harary Index of I'gyp, .
In this subsection, the Harary index of the non-commuting graph associated to the direct product of an
abelian group, G and the dihedral groups, D,,, denoted as H (I';xp,,, ), is found.

Theorem 4.5 Let the group be the direct product of an abelian group and a non-abelian dihedral groups, G x
D,,,. Then,

G
|G|2H(1"D2n)+|4—|(|0|—1)(2n—1), if nisodd,

H(Tsxp,,) = |G|
IGI*W(Tp,, ) + 7(|G| —1(n—-1), if niseven.

Proof. By Definition 1.4 and Proposition 2.4, the Harary index of [;.p, 1is proved as follows. There
are|G|? sets of elements which have the same value of Harary index of the non-commuting graph ofD,,,. All
the entries are the same as the entries for calculating the H(FDM) but there are (|G| —|G|)(2n —

|Z(D,,)|) elements that have reciprocal distance % Then,

1
H(T6xp,,) = |GI*H(Tp,,) + 1 (1GI* = 16N@2n = |Z(Dzn))-
Therefore, by Proposition 2.2,
2 G| . .
IGI*H(Tp,,) + T(|G| -1)(2n—-1), if nisodd,
H(FGXDZn) = |G|
IGI*W (Tp,, ) + 7(|G| —1(n—-1), if niseven.

5. Conclusion

In this paper, some topological indices of the non-commuting graph associated to the direct product of an
abelian group and the dihedral groups are presented. Their general formulas in terms of the order of the
groups are stated in the main theorem and have been proved by using some preliminaries and definitions.
These results can be used to predict the chemical and physical properties of molecules by developing a new
mathematical model which consists the topological index as the variable. In addition, future studies on the
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relation between these general formulas and some molecular structures can be done.

6. Acknowledgement

This work was funded by the Ministry of Higher Education Malaysia (MoHE) under Fundamental Research
Grant Scheme (FRGS/1/2020/STG06/UTM/01/2) and Universiti Teknologi Malaysia Fundamental
Research Grant (UTMFR) Vote Number 20H70.

7. References
[1] N. Trinajstic. Chemical graph theory. Routledge, 2018.

[2] I. Gutman and O. E. Polansky. Mathematical Concepts in Organic Chemistry. Springer Science &
Business Media, 2014.

[3] R. Garcia-Domenech, J. Gélvez, J. V. de Julidn-Ortiz and L. Pogliani, “Some New Trends in
Chemical Graph Theory” Chemical Reviews, Volume 108, Issue 3, 2008, pp. 1127-1169.

[4] A. Ali, I. Gutman, E. Milovanovic and I. Milovanovi, “Sum of Powers of the Degrees of Graphs:
Extremal Results and Bounds” MATCH Commun. Math. Comput. Chem., Volume 80, Issue 1, 2018, pp.
5-84.

[5] H.Wiener, “Structural Determination of Paraffin Boiling Points” Journal of the American Chemical
Society, Volume 69, Issue 1, 1947, pp. 17-20.

[6] H. Hosoya, “Topological Index. A Newly Proposed Quantity Characterizing the Topological
Nature of Structural Isomers of Saturated Hydrocarbons” Bulletin of the Chemical Society of Japan,
Volume 44, Issue 9, 1971, pp. 2332-2339.

[7] S. Goyal, P. Garg and V. N. Mishra, “New Corona and New Cluster of Graphs and Their Wiener
Index” Electron J Math Anal Appl, Volume 8, Issue 1, 2020, pp. 100-108.

[8] Y. Li and B. Deng, “A New Method to Find the Wiener Index of Hypergraphs” Discrete Dynamics
in Nature and Society, 2020, 1-6.

[9] Y.Wei and R. Luo, “ The Wiener Index of the Zero-Divisor Graph For A New Class of Residue
Class Rings” Frontiers in Chemistry, Volume 10, 2022, pp. 985001.

[10] L Gutman and N. Trinajsti¢, “Graph Theory and Molecular Orbitals. Total ®-Electron Energy of
Alternant Hydrocarbons” Chemical Physics Letters, Volume 17, Issue 4, 1972, pp. 535-538.

[11] B. Horoldagva, C. Xu, L. Buyantogtokh and S. Dorjsembe, “Extremal Graphs with Respect to the
Multiplicative Sum Zagreb Index” MATCH Commun. Math. Comput. Chem., Volume 84, 2020, pp. 773—
786.

[12] H.Liu and Z. Tang, “The Hyper-Zagreb Index of Cacti with Perfect Matching” AKCE International
Journal of Graphs and Combinatorics, Volume 17, Issue 1, 2020, pp. 422-428.

[13] S. Filipovski, “Newbounds for the First Zagreb Index” MATCH Commun. Math. Comput. Chem.,
1180


https://www.kzyjc.org/

KZYJ C ISSN: 1001-0920

R ——— Volume 38, Issue 03, July, 2023
Volume 85, Issue 2, 2021, pp. 303-312.
[14] 1. Gutman and A. Dobrynin. Graph Theory Notes, New York, 27(9), 1994.

[15] P. V. Khadikar, N. V. Deshpande, P. P. Kale, A. Dobrynin, I. Gutman and G. Domotor, “The
Szeged Index and An Analogy with the Wiener Index” Journal of Chemical Information and Computer
Sciences, Volume 35, Issue 3, 1995, pp. 547-550.

[16] D. Plavsi¢, S. Nikoli¢, N. Trinajsti¢ and Z. Mihali¢, “On the Harary Index for the Characterization
of Chemical Graphs” Journal of Mathematical Chemistry, Volume 12, 1993, pp. 235-250.

[17] B.-H. Xing, G.-D. Yu, L.-X. Wang and J. Cao, “The Harary Index of All Unicyclic Graphs with
Given Diameter” Discrete Dynamics in Nature and Society, 2018.

[18] Z. Cui and B. Liu, “On Harary Matrix, Harary Index and Harary Energy” MATCH Commun.
Math. Comput. Chem., Volume 68, 2012, pp. 815-823.

[19] Z. Su, Z. Tang and H. Deng, “Extremal Harary Index of Graphs with Given Number of Vertices of
Odd Degree” Mathematical Problems in Engineering, 2022.

[20]  A. Abdollahi, S. Akbari and H. Maimani, “Non-commuting Graph of a Group” Journal of Algebra.
Volume 298, Issue 2, 2006, pp. 468-492.

[21] D. Samaila, B. I. Abba and M. P. Pur, “On the Conjugacy Classes, Centers and Representation of
The Groups S_n and D _n.” International Journal of Pure and Applied Sciences and Technology, Volume

15, Issue 1, 2013, pp. 87-89.

[22] R. M. Birkia. Energy and Laplacian Energy of Graphs Related to a Family of Finite Groups. PhD
thesis, Ph. D. thesis, Universiti Teknologi Malaysia, 2018.

[23] N. Alimon, N. Sarmin and A. Erfanian, “The Harary Index of The Non-Commuting Graph for
Dihedral Groups” Southeast Asian Bulletin of Mathematics, Volume 44, Issue 6, 2020.

@@ This work is licensed under a Creative Commons Attribution Non-Commercial 4.0
— International License.

1181



