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e Differential equations are commonly used for
mathematical modeling in science and engineering.

 Often there is no known analytic solution and numerical
approximations are required.
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e First order ordinary differential equation

du _ —0.27(u — 60)**
dt

dy

—— =X+

dx Y
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® Second order ordinary differential equation

d*0  PI* .

. = —
dx El

2
Z{+4%+4y:23x—3kosx
X X
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m Given the first order ordinary differential equation,
d
—yzf(x,y) a<x<b
dx

with
ya)=a
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® \We want to approximate,
y(x1), y(x2), ..., y(xn)
for a=xo, X1, .... XN=b

where X; = Xytih
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yo y1 y2 YN-1 YN
—
X0=a X1 X2 XN-1 XN=D
\ J

-5 <
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 Let [a,b] be the interval over which we want to find the
solution to the initial value problem,

%=f(x,y)
Wa)=a
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® \We subdivide the interval [a,b] into N equal subinterval.

yo yl y2 yN-1 YN
— - ———
X0=a  XI X2 XN-1 - XN=D
\ J
Y
b—a
h: N xi:a+ih’ i=0,1,2,...,N
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® Taylor's theorem,

W)= ol + 1) = 3l )+ (e )+ 2 37(E)

e If the step size h is chosen small enough, then we may
neglect the second-order term and get,

J/(xm):J’(xi)Jrhy’(xi) i:O, 1, 2,...,N—1
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)/’()Ci)z f(xiay(xi))
v Ve () + (e, v(x)  i=0,1,2,.., N-1

® Which is Euler’s approximation.
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E Let,

® [hus, Euler's method is,

Yo =&

yi+1zyi+hf(-xiayi)9 i=0,1,2,....,N—1
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® Use Euler's method to approximate the solution for the
following initial value problem.

D_vyy  00<x<05
dx
1(0)=1

with N=5.
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FRELR L —  floy)=x+y
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YVia =, +hf('xi9yi) = Vi +h(xi +yi)

E N=5
B 0.5-0.0 B

5

h 0.1

prepared by Razana Alwee

INSPIRING CREATIVE AND INNOVATIVE MINDS 15



PN UN T, S
S’ UNIVERSITI TEKNOLOGI MALAYSIA Exa p I e

www.utm.my

Y(()'l):yl ~ Vo +hf(xo>J/o):J’0 +h(x0 "‘J’o)
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W0.2)=y, =y, +bf(x,,3,) =y, +hlx, + )

=1.1+(0.1)£(0.1,1.1)
=1.1+(0.1)(0.1+1.1)
=1.22,
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J/(O°3)ZJ/3 ~ V) +hf(x2,y2)=y2 —I—h(x2 +J/2)

=1.22+(0.1)£(0.2,1.22)
=1.22+(0.1(0.2+1.22)
=1.362,
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J/(O'4):J’4 ~ V3 "‘hf(xs:)@):% —I—h(x3 +J/3)

=1.362+(0.1)£(0.3,1.362)
=1.362+(0.1)(0.3+1.362)
=1.5282,
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J/(()'S):J/s = V4 +hf(x4aJ’4)ZJ/4 +h(x4 +J/4)

=1.5282+(0.1)£(0.4,1.5282)
=1.5282+(0.1)(0.4 +1.5282)
=1.7210.
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® Use Euler's method to approximate the solution for the
following initial value problem.

y=xy+x 0.0<x<1.0
y(0)=0

with h=0.2.
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® Taylor's Theorem,
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® [he general step for Taylor's method of order N,

h’ o
J’(xi+1): y(xi)+ hy’(xi)-l_?y”(xi)_l_"‘ +7!y( )(xi)
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® Given the initial value problem,
y'=x"-y 0.0<x<1.0
y(0) =1

® Approximate y(0.2) and y(0.4) using Taylor's method of
order three.
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® [he Taylor's method of order three,

/ hz " h3 m
y(‘xi+1):y(‘xi)+hy (xi)+7y (xi)_l_?y ('xi)
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E Given,

y(O):l —_— XOZO yozl

® h=0.2
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s Given, L,
y =x -y
y” — (X2 _y)r
=2x—y
=2x—(x" - )
=2x—x"+y
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ym :(2)6—)62 _|_y)r
=2-2x+)'
=2-2x+x’—y.
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2
Yier = Vi +h(‘xi2 _yi)+7(2xi _xi2 +yi)
h’ )
+?(2_2xi+xi _yi)
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h’ h
Yi=XVo ""h(xg _yO)—I_?(sz _xg +y0) "‘?(2_2)60 +x§ _yo)

(0.2)°
6

(0.2)°

y, =1+(0.2)(0* 1) + (2(0)= 0> +1) + (2-2(0)+0% 1)

y, =1-0.2+0.02 + 0.0013 =0.8213.
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"

h3
Vs :y1+h(x12_yl)+ > 2%, — X +Y1)+_(2_2x1+x12_3ﬁ)

v, =0.8213+(0.2)(0.2% —0.8213) + (0.2)° (2(0.2)- 0.2 +0.8213)
3
+ (0'62) —0.8213)

v, =0.8213-0.15626+0.023626+ 0.0010916 = 0.6898
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® [he solution,

$(0.2) = y, =0.8213

1(0.4) ~ y, = 0.6898

 Exercise: Approximate y(0.6), y(0.8), and y(1.0).
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Use Taylor's method of order two and three to
approximate the solution for the following initial value

problem.
y'=3y+3x 0<x<l1
y(0) =1

with h=0.5.
Do calculations in 4 decimal points.
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