
RANDOM VARIABLES 

CHAPTER 2 



Sample space  S will be tedious if element S is not numbers 
. 

How the elements s of  S can be represented by numbers? 

Experiment: Toss a  coin 

 

 

Let X be a function  such that 
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X is real valued function defined on S, it takes from a sample 

space S to a space of real number              X is called a random 

variable and in this example, the space associated with X is  
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Definition1:  A function X, which assigns to each element 

one and only one real number                   is called a  

random variable. Set of real numbers   

is the space or domain of X. 

 

If the set S has element of real numbers then                     so   

that A = S .                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                 
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Let X be a random variable that is defined on  a sample  
space S and let A be the space or domain of X. Consider an 
event E with               for which the random variable X 

has a value that in  E, written as               

With               ,  let C  be that subset of S such that 
                                                         
 
 
Thus C has its element in S for which the random variable X 
has a  value that is in E.                                                                                 
 
 
 
Induced probability. 
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Example 2.1 

A teacher wishes to select three representatives for a tour to 

other school. Students consisting of six male and three  

female are picked at random. If Y is the number of female  

students selected; 

a) Construct a sample space S. 

b) Find the domain A associated with Y. 

c) Find the probability of B if B is the event students selected are all 

female. 

d) Construct the probability distribution table of the random variable 

Y. 



Solution : 

a) The sample space S can be constructed by drawing a tree 

 diagram representing the events.  
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b) From the diagram above the domain A associated with Y is 

  

c) The probability of                                                  

  

d)   

 

  



 
 Example 2.2 

A certain area of tropical rainforest will be declared as national 

park if the survival of at least two species of wild orchids are 

maintained. The probability of species A, B and C will be 

extinct is 0.25, 0.36 and 0.42 respectively. If X  is the number of 

wild orchid species survived, 

 a) Construct the probability distribution of X. 

 b) Find the probability the area will be declared as  

  national park. 



Quiz 2. 1 

 

In an industrial factory, the probability of a foreign worker being 

selected is triple compared to a local worker since the former 

outnumbered the former. If k is the probability a local worker being 

selected in each trial find the value                                                                                                                             

of k. Two workers are to be selected at random find the probability 

none of the locals are selected. 

                  

(Hint : Assume the sum of probabilities is 1) 



2.2   Distribution of Random Variables 
 

Definition 2 

A random variable X will be defined to be discrete if its space 

or domain A, contains a countable number of points; that is A 

contains a finite number of points. 

 

Definition 3 

A random variable X will be defined to be continuous random 

variable if its space or domain of X that is A, contains infinite 

number of point element. 

 



2.2.1  Discrete Probability Distributions  

 

Suppose  X is a univariate discrete random variable with 

domain A and             Consider A having at most a set of discrete 

infinite points, then with each points we associate a number  

                           or  called the probability of x. 
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Definition 4 

Assume X is a univariate random variable with 

domain E. Let a domain E is a set of finite points in a 

finite interval then the set E is called a discrete set of 

points. Let a function  f(x) be such that 

 

 i)       and ii) 

 

f(x) is said having to satisfy the condition of being 

probability distribution .                                                                                                                                                            
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If a probability set function            can be expressed in 

terms of such an  f(x) by 

 

 

 

Then X is called a random variable of the discrete type and X is 

said of having a discrete probability distribution. 

 

     



Example 2.3 

 

A discrete random variable X has probability function 

 

 

 a) Proof that f(x) satisfies the condition of being a      

  probability function. 

 b) Find 

 



Solution : 

a) In order for a function to satisfy the condition of being a 

probability function it must be  positive for  all values of  

           and the sum of its probability 

equals to one. 

  

 Substituting all the values into the function, 



Since all the values of the probabilities are non zero, it satisfy the 

first  condition. 

 

Summing the probabilities,                             

   

which satisfies the second condition. Thus f(x) satisfies the 

condition of being the probability function. 

 

b)  



Exercise: 
 
1.Let f(x) =x/15, x= 1,2,3,4,5 zero elsewhere, be the probability 
distribution of X. 
Find 
 
2. For each of the  following,  find the constant c so that f(x)   
satisfies the condition  of being a probability distribution : 
(a) 
 
 
 
(b)   

   21 ,  2or  1  XPXXP

  elsewhere zero,...3,2,1,
3

2
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  elsewhere zero  6,5,4,3,2,1,  xcxxf



2.2.2  Continuous  Probability Distributions 

 

Definition 5 

Suppose X is a random variable with one-dimensional space A, 

which consists of an interval or a union of intervals. Whenever a 

probability set function         can be expressed in terms of 

f(x), by 

  AEEP ,



Then f(x) is called the probability density function (pdf) of X. f(x) 

has the following properties : 

 

i)  

ii) 



Example 2.5  

 

The weight of a steel beam say X is defined in a domain 

 

 

a) Check if f(x) satisfies the condition of being the probability 

density function of  X. 

b) If                                      

 

  



Solution : 

 

a)The function is non zero for all 

 

 

 

Thus satisfies the condition of being the probability density 

function of X. 

 

b)  

 



Exercise: 
 
1. The length of an electric cable, say X is defined in a 

domain                         and 
 
(a) Check  if f(x) satisfies the condition of being the pdf  of 
  X. 
(b)If 
 
2. If the function f(x) is  defined by  
 
                                                            
 
 Find the  value of   constant  c. 
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Example 2.7 

 

Let X be a random variable with probability density function  



Solution : 

a) Since         therefore 

 

b) Since          therefore 

 

 

c) We knew that              by finding 

the value of 

 

 thus        



2.3  Distribution Function 

Definition 6 

Let X be a random variable and E is a set such that 

where            Then                     This function is denoted by 

the symbol               and it is called the distribution 

function (sometimes cumulative distribution function) of the 

random variable X.  

For the disrete random variable, 

 

For the continuous random variable,   



Example 2.8:  

Suppose Y is a random variable whose probability function is 

given by    Find the distribution function 

        of this random variable and plot it’s graph. 

  



Solution : 

 -2          -1                         0                 1         

1 
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Exercise: 
 
Let the random variable X of the discrete type have the prob                      
.function  
 
Find the distribution function of X and plot the  graph                             

  elsewhere. zero  ,3,2,1,6  xxxf



Example 2.9 

 

The probability density function of a continuous random 

variable X is given as 

 

 

 Find the distribution function F(x) and sketch the graph of F(x). 

 

 



Solution : 

 

Firstly we will consider values of the random variable X in the 

interval  thus 

 

Next for values of X in the interval  2 < x < 6, 

 

 

Substituting    and               we obtained 

   

 



Lastly for values of X in the interval x > 6, 

 

 

 

 

 

The plot of  the graph of F(x) versus x is shown as the following: 

 

  

                          0                   2                4              6                

1 



Example 2.10 

 

The probability density function of random variable X is given by 

 

 

 

 

Find the cumulative distribution function of the random variable X. 

 



Solution: 

Firstly we want to find the distribution function for values of X 

in the interval x < 0. 

 

 

Next  we look at the second interval 

 

 

For  



Lastly, for  

 

 

 

 

Thus,   



Exercise: 
The probability density  function of  random variable X 
is given as  
 
 
 
 
 
Find the cumulative distribution function of the random 
variable X. 
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Solution: 

Firstly we want to find the distribution function for values of X 

in the interval x < 0. 

 

 

Next  we look at the second interval 

 

 

For  



Lastly, for  

 

 

 

 

Thus,   



PROPERTIES OF F(X) 

1.                            Since 
2. F(x)   is a non-decreasing function of x. Consider                                    
 and 
 
 
 
 
 
F(x) is a non-decreasing function, as x increases.Ex: F(4)>F(3) 
 
3.                    since                is the whole of one-

dimensional space and          since the set  
   is the null set. 

    . as  1212 xxxFxF 



4) From the property (2), suppose that if a < b, then 

            and   where the derivative 

exists.  If we want to compute probability P(X=a) then 

 by considering h > 0 then  

   

  )()( aFbFbxaP 

where    is the left-handed limit of F(x) at x = a 

 

 aF

Note : If F(x) is discontinuous at x = a, then P(X=a) is 

the height of the step F(x) has at x = a. If it is 

continuous at x = a, then P(X=a) = 0. 



40 

 

5) F(x)is everywhere continuous from the right, that is  

            

  Proof:    Consider        for 

                thus, 

                .    

 As      that is 

         where          is the right 

hand limit of F(x) at x = a. Thus F(x) is continuous from the 

right. 



     0                 1        1.5                 2                   3                      

 1 

 0.8 

0.2 

F(x) is discontinuous at x = 0 and x = 2, then P(x=0)=0.2 – 

0 =0.2 and P(X=2) = 1 – 0.8 =0.2, F(x) is continuous at x=1 

and x=1.5, then P(X=1.5)=0.2 – 0.2=0 and P(X=3) = 1 – 1 

=0 



 Continuity properties of  F(x) 

 

1) If F(x) is continuous everywhere from the left and right 

 then  X is continuous random variable. Refer to the 

 following  graph. 



2) If F(x) jumps and continuous from the right, then X is a 

discrete random variable. Refer to the following graph. 

 

 

 

 

3) If F(x) has the combination of property (1) and (2) then  is a 

mixed random variable. Refer to the following graph. 

 

1 

x 

F(x) 

1 

x 
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Example 2.11 

 

A continuous random variable Y has the distribution function 

 

 

 

Find the probability density function f(y). 
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Solution : 

 

The probability density function can be found by differentiating 

the distribution function,  

 

Thus,    for  

and zero elsewhere. 
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Example 2.12 

 

Given the distribution function 

 

 

 

a) Sketch the graph of F(x) and infer on the distribution of X. 

b) Find  

c) Compute                   and        
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a) 

 

 

 

 

 

 

From the graph, it can be inferred that the distribution is 

discontinuous at X =1. 

     0                   1                     2                      

1 
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b) The distribution function can be used to find values of 

     probabilities. 

 

 

c)                                     and  
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Quiz 2.3  

 

Given distribution function of random variable X  

 

 

 

Based on the sketch of  F(x) compute P(x = 1) and P(x = 1.5)  

              


